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Abstract

Efficient variable mesh techniques to solve interior layer problems

Charles K. Mbayi
PhD thesis, Department of Mathematics and Applied Mathematics, University of the
Western Cape.

Singularly perturbed problems have been studied extensively over the past
few years from different perspectives. The recent research has focussed on the
problems whose solutions possess interior layers. These interior layers appear
in the interior of the domain, location of which is difficult to determine a-priori
and hence making it difficult to investigate these problems analytically. This
explains the need for approximation methods to gain some insight into the be-
haviour of the solution of such problems. Keeping this in mind, in this thesis
we would like to explore a special class of numerical methods, namely, fitted
finite difference methods to determine reliable solutions. As far as the fitted
finite difference methods are concerned, they are grouped into two categories:
fitted mesh finite difference methods (FMFDMs) and the fitted operator fi-
nite difference methods (FOFDMs). The aim of this thesis is to focus on the
former. To this end, we note that FMFDMs have extensively been used for
singularly perturbed two-point boundary value problems (TPBVPs) whose
solutions possess boundary layers. However, they are not fully explored for

problems whose solutions have interior layers. Hence, in this thesis, we intend



firstly to design robust FMFDMs for singularly perturbed TPBVPs whose so-
lutions possess interior layers and to improve accuracy of these approximation
methods via methods like Richardson extrapolation. Then we extend these
two ideas to solve such singularly perturbed TPBVPs with variable diffusion
coefficients. The overall approach is further extended to parabolic singularly

perturbed problems having constant as well as variable diffusion coefficients.
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Chapter 1

General Introduction

This chapter gives a general overview of the work presented in this thesis. In particular, we
provide some background information, review on literature relevant to this work followed

by the outline of the rest of the thesis.

1.1 Introduction

There have been several studies on analytical and numerical aspects of singularly per-
turbed problems. It was noticed that the singular perturbation problems (SPPs) became
popular after the Heildeberg conference at the begining of previous century where Prandtl
[60] presented his remarkable work. The original ideas in the area on fluid dynamics were
subsequently spread over many other areas of science and engineering including

geophysical fluid dynamics, ocean and atmospheric circulation, chemical reactions and
optimal control [19, 50]. There have been numerous survey articles covering applications

of such SPPs in life sciences and engineering.

The SPPs are characterised by a small positive parameter called the singular pertur-
bation parameter, often denoted by ¢, known as the diffusion coefficient. This parameter
multiplies the highest order derivative term of the differential equation of the underlying

problem. When this parameter approaches zero, the solution to the problem displays
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rapid variation(s) in narrow regions of the domain referred to as boundary or interior
layer(s). The smaller the ¢, the more difficult the problem becomes, whether one wishes
to analyse this qualitatively or quantitatively. The studies over the past three decades
have shown that the analytical methods are unable to capture the overall dynamics of
the solutions of such problems [25, 26, 28, 69]. This motivated researchers to look for
possible numerical approximations for the solutions of these types of problems. To this
end, several numerical techniques have been proposed by numerous researchers. The most

popular ones are the fitted methods.

As far as the above mentioned fitted methods, in particular, the finite difference ana-
logues, are concerned, there are two categories of these: fitted mesh finite difference
methods (FMFDMs) and the fitted operator finite difference methods (FOFDMs). The
aim of this thesis is to focus on the former. To this end, we note that FMFDMs have
extensively been used for singularly perturbed two-point boundary value problems (TP-
BVPs) whose solutions possess boundary layers [18, 24,'58]. However, they are not fully
explored for problems whose solutions have interior layers. Hence, in this thesis, we intend
to do the following: (i) design robust FMFDMs for singularly perturbed TPBVPs whose
solutions possess interior layers; (ii) improve accuracy of these approximation methods
via methods like Richardson extrapolation; and (iii) extend the ideas presented in (i)
and (ii) to TPBVPs with variable diffusion coefficients. The second major contribution
is to collectively explore the ideas discussed in (i)-(iii) for parabolic singularly perturbed

problems having constant as well as variable diffusion coefficients.

To obtain a better picture of what has transpired over the past few years, we now discuss
some approximation methods used for solving singularly perturbed turning point prob-
lems. There are various types of numerical methods discussed in the literature which
can broadly be classified as Finite Difference Methods, Finite Element Methods, Spline
Approximation Methods, and so on [19, 27, 42, 43, 70]. Since we are focusing on a special

class of finite difference methods, in what follows, we will only provide details on methods
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falling under this major category.

1.2 Fitted Numerical methods to solve singularly per-
turbed problems

The standard finite difference method is not suitable to solve SPPs especially when the
perturbation parameter ¢ is very small unless the mesh is very fine, which unfortunately,
increases the round-off error. It is to circumvent this drawback that FMFDMs and
FOFDMs were developed. These methods allow one to utilise a reasonable number of
mesh points and still achieve reliable accuracy. Moreover, these methods are e-uniform

convergent in the sense of the following definition [42]:

Definition 1.2.1. Consider a family of mathematical problems parameterized by a singu-
lar perturbation parameter e, where €, lies in the semi-open interval 0 < ¢ < 1. Assume
that each problem in the family has a unique solution denoted by U,, and that each u. is
approzimated by a sequence of numerical solutions {(U., QN)}55_,, where U. is defined on
the mesh QN and N is a discretization parameter. Then, the numerical solutions U. is
said to converge e-uniformly to the exact solution u., if there exists a positive integer Ny,
and positive numbers C' and p, where Ny, C' and p are all independent of N and e, such
that, for all N > Ny,

sup ||Us — ue||gy < CN7P.
0<e<1

Here p is called the e-uniform rate of convergence and C'is called the e-uniform error

constant.

Below we describe these two categories of methods in more details.

1.2.1 Fitted Operator Finite Difference Methods (FOFDMs)

These methods are divided in two categories, namely: Exponentially Fitted Methods and
Non-Standard Fitted Finite Difference Methods. The FOFDMs consist of replacing the

3
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standard finite difference operator with a finite difference operator which reflects the sin-
gularly perturbed nature of the differential operator [42, 62]. In other words, modifying
the difference scheme coefficients in such a way that the scheme becomes more suitable

in order to achieve e-uniform convergent behaviour.

Mickens [41] was the first to introduce the concept denominator function. The prin-
ciple idea of constructing this FOFDMs is to substitute the denominator functions of
the classical derivatives with positive functions derived in order to capture some notable
properties of the governing differential equations [8]. Many researchers have been ded-
icated to construction of FOFDMs for singularly perturbed differential equations (see

e.g.,[34, 48, 55, 56]).

1.2.2 Fitted Mesh Finite Difference Methods (FMFDMs)

The FMFDMs involve the use of a mesh that is adapted to the layer regions. They require
transforming the continuous problem into a discrete one on a non-uniform mesh which is

adapted to the singularly perturbed nature of the problem [42, 62].

Layer-adapted meshes have first been proposed by Bakhvalov in the context of reaction-
diffusion problems [3]. In the late 1970s and early 1980s special meshes were investigated
by researchers such as [17, 36, 77] in order to achieve uniform convergence. Further in-
vestigations and discussions led to the introduction of a special piecewise-uniform meshes
by Shishkin [68]. Due to their simple structure, they have attracted attention and are
now widely referred to as Shishkin meshes [35]. Parallel to the piecewise uniform meshes,
there are also other layer-adapted meshes known as the graded meshes that allow one
to achieve uniform convergence We will describe these types of meshes in more detail in

Chapter 4.
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1.2.3 Richardson extrapolation

This is a post-processing technique which combines two numerical solutions calculated
on two embedded meshes to obtain a third and better (in terms of accuracy and rate of
convergence) numerical solution [49]. In this work, we will use Richardson extrapolation
on fitted mesh finite difference methods constructed on Shishkin meshes as well as on

Bakhvalov meshes.

We provide a brief review of works already accomplished on singularly perturbed prob-

lems.

1.3 Literature review on Finite difference methods

for SPPs

This section presents a survey of the works done on singularly perturbed problems.

Geng et al. [19] presented a numerical method for solving singularly perturbed

turning point problems exhibiting an interior layer. Through this paper, many methods
have been discussed, but the interior layer problem is treated by the method of starching
variable and the reproducing kernel method. It is very difficult to extend the application

of reproducing kernel method to singularly perturbed differential equations.

Sharma et al. [64] surveyed those works until 2011. In that paper, these authors re-
viewed existing literature on asymptotic and numerical methods techniques for solving
singularly perturbed turning point and interior layer problems with the aim of reporting
on problems studied, the numerical and asymptotic methods utilised to solve them over
the last forty-one years. In this brief survey, we consider some of the works cited in [64]

but also some of the works published after 2011.
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Existence and asymptotic stability of periodic solutions with an interior layer of reaction-
convection-diffusion equation were considered by Nefedov et al. [52]. The goal of this
paper was to establish the existence of a solution for a problem with an interior layer and
to determine the stability of this solution. They constructed sufficiently precise asymp-
totic lower and upper solutions and applied the results from where they developed an
approach to investigate the asymptotic stability of periodic solutions to singularly per-
turbed reaction-convection-diffusion equations by using the theorem of Krein—Rutman

[51].

An asymptotic numerical method to solve singularly perturbed fourth order ordinary
differential equations with weak interior layer was presented by Shanti and Ramanujam
[63]. The goal for this paper was the construetion of a numerical method for a singularly
perturbed two-point boundary value problem of convection-diffusion type for fourth ordi-
nary differential equations with the interior layer. The given fourth-order boundary value
problem was transformed into a system of two weakly coupled second-order ODEs, one
without the parameter and the other with the parameter. In this paper they developed
two approaches: firstly an asymptotic numerical method, which dealt with the equation

without the parameter, and secondly a Shishkin mesh, which dealt with the parameter.

O’Riordan and Shishkin [54] established numerical methods for a singularly perturbed
reaction-diffusion problem with discontinuous source term. In this paper, they used the
standard finite difference operator and the piecewise-uniform mesh. They also showed
that the mesh is fitted to the boundary and interior layers that occur in the solution of

the problem.

Rai and Sharma [66] were concerned with the numerical study of singularly perturbed
boundary value problems for delay differential equations with a turning point. They de-
veloped the fitted mesh technique to generate a piecewise uniform mesh, condensed in

the neighbourhood of the boundary /interior layers. The difference scheme was shown to
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converge to the continuous solution uniformly with respect to the perturbation parameter.

An initial value method for singularly perturbed system of reaction-diffusion type de-
lay differential equations was considered Subburayan and Ramanujam [75]. The aim was
to present a numerical method to solve the singularly perturbed weakly coupled system of
reaction-diffusion type second order ordinary differential with negative shift (delay) terms.
They developed an asymptotic numerical method named which they referred to as initial
value method to solve this problem. In this method, the original problem of solving the
second order system of equations was reduced to solving eight first order singularly per-
turbed differential equations without delay and one system of difference equations. These
singularly perturbed problems were solved by the order hybrid finite difference scheme.
An error estimate for this method was derived by using the supremum norm and it is

almost second order.

Erdogan and Amiraliyey [14] developed a numerical method to solve singularly perturbed
delay differential equations. This paper dealt with a singularly perturbed initial value
problem for a linear second-order delay differential equation. They presented the com-
pletely exponentially fitted scheme on a uniform mesh. The difference scheme was con-
structed by the method of integral identities with the use of exponentially basis functions

and interpolating quadrature rules with weight and remainder terms integral form.

An interior layer in the thermal power-law blown in film model was developed by Bennet
and Shepherd [4]. Film blowing is a highly complex industrial process used to manufac-
ture thin sheets of polymer. This paper investigated the structure of typical solutions
that arise when the polymer is assumed to be described by a power-law fluid operating
under non-isothermal conditions. In this paper, they considered the problem determining
the radial bubble of the film as a singular perturbation problem. Asymptotic analysis was
used to identify an interior layer in this problem, by applying heuristic techniques along

with singular perturbation theory to obtain a closed form approximate expression for the
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film radius, which was subsequently used to iteratively obtain a numerical solution to the

highly nonlinear system determining this radius.

Singularly perturbed parabolic problems with non-smooth data was proposed by O’Riordan
and Shishkin [54]. The aim from this paper was to obtain numerical methods for solving a
class of singularly perturbed parabolic equations with discontinuous data when the pres-
ence of interior layers appears in the solutions. A piecewise-uniform mesh was constructed
for a numerical solution of a class of singularly perturbed parabolic differential equations

whose solutions exhibit interior layers.

Singular perturbed convection-diffusion problems with boundary and weak interior lay-
ers were considered by Farrell et al- {15]. They discussed a two point boundary value
problem for a singularly perturbed convection-diffusion equation with a singular pertur-
bation parameter. Therefore they constructed a piecewise-uniform mesh for solving this
problem. The method was shown to be uniformly convergent with respect to the singular

perturbation parameter.

A uniformly convergent method for a singularly perturbed semilinear reaction-diffusion
problem with discontinuous data was developed by Boglaev and Pack [7]. The purpose
of this paper was to construct a uniform numerical method for solving nonlinear singu-
larly perturbed two point boundary-value problems with discontinuous data of reaction-
diffusion type. Long and a piecewise uniform meshes were constructed to solve this
problem, which generated uniformly convergent numerical approximations to the solu-
tion. They also used a monotone iterative method based on the method of upper and

lower solutions for computing the nonlinear difference scheme.

A global maximum norm parameter-uniform numerical method for a singularly perturbed
convection-diffusion problem with discontinuous convection coefficient was discussed by

Farrell et al. [16]. The aim of this paper was to obtain a numerical method for a sin-
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gularly perturbed convection-diffusion problem, with discontinuous convection-diffusion
coefficient and a singular perturbation parameter. Due to the discontinuity an interior
layer appears in the solution. They developed a finite difference, on a piecewise uniform
mesh, which was fitted to the interior layer, the standard upwind finite difference operator

on this mesh.

Some aspects of adaptive grid technology related to boundary and interior layers were
discussed by Graham et al. [21]. Boundary and interior layers structures in the solution
are a familiar feature of certain classes of applications in engineering and science. In this
paper, they gave a brief overview of the main adaptive grid strategies in the context of
problems with layers. They also explained why numerical approaches must be applied with
due care, indicating why some methods fail and others succeed. In the present context,

they provided insight into the question of constructing successful adaptive mesh strategies.

A class of nonlinear singular perturbed differential systems with time delays was pro-
posed by Xu and Jin [78]. Singular perturbed differential equations are often used as
mathematical models describing processes in biological sciences and physics, such as ge-
netic engineering and the El Nino phenomenon of atmospheric physics. The main purpose
of this paper was to deal with the interior layer for a class of nonlinear singularly per-
turbed differential difference equations and construct its asymptotic expansion formula.
They also proved the existence of the smooth interior layer solution and the uniform va-

lidity of the asymptotic expansion.

Internal layers of a transient convection-diffusion problem by perturbation methods were
considered by Shih and Tung [67]. Understanding pollutant transport mechanisms in wa-
ter bodies, including surface and subsurface flow, is essential for risk assessment, pollutant
clean up, monitoring network design, and various other related activities. The objective
of this study was to propose a reasonable approximate solution to a solute transport pro-

cess using singular perturbation procedures. The accuracy of the approximate solution
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was examined and its relative performance can be used to compare with other solution
techniques. Furthermore the proposed solution allows one to investigate the effect of
uncertainties in model parameters, initial and boundary conditions on the pollutant con-

centration level.

Limitation of adaptive mesh refinement techniques for singularly perturbed problems
with interior layer was considered by Shishkin [70]. Numerical analysis of heat and mass
transfer with fixed concentrated sources median characterised by small coefficients heat
conductivity /diffusion often result in diffraction boundary value problems for singularly
perturbed partial differential equations. In this paper they considered an initial value
problem on an axis R for a singularly perturbed parabolic reaction-diffusion equation in
a composed domain with a moving interface boundary between two sub-domains. In the
case of problems with moving transition layers, they developed special numerical methods
whose errors depended rather weakly on the parameter and, in particular were indepen-

dent.

Kadalbajoo-2010 and Patidar [27] introduced a second order numerical method based

on cubic splines on a non-uniform mesh to solve such problems.

Liseikin [37] considered the problem: —(e + pz)’u” + a(x)u + f(x,€) =0,

0<z<1, p=0,1,8> 0. Estimates of the solution and its derivatives were expressed in
the form of exponential and polynomial functions both dependent of €. The same author
in [39] considered the equation: —(¢ + z)%u" — a(x)u + f(r,e) =0, 0 <2 < 1,8 > 0.
Bounds on the solution and its derivatives were derived and for = 1 a numerical method
was presented and its convergence analysed. But in [38], Liseikin treated the boundary
value problem: (¢4 x)u” + a(z)u’ — c(x)u = f(x), 0 <z < 1. Estimations of the solution
and its derivatives were derived and a numerical scheme was developed and its conver-

gence analysed.
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Chapter 1: General Introduction

Time-dependent parabolic singularly perturbed problems are well studied in the literature.
While Riordan et al. [72] derived various finite difference schemes using a semi-discrete
Petrov-Galerkin finite element method, Clavero et al. [11] and Gracia and ORiordan [20]
proposed a upwind finite difference scheme, Kadalbajoo et al. [30] designed a B-spline
collocation method, Kadalbajoo and Ramesh [29] developed an upwind and midpoint up-
wind difference methods to discretize the problem in the spatial direction. All these all

authors used the implicit Euler method for the time discretization.

The problems considered in the above works are non-turning point problems. Turning
point problems are those in which the coefficient of the convection term vanishes inside
the spatial-domain by changing signs. This gives rise to the presence of boundary and/or
interior layers depending on the number of zeros and the signs of the convection term
coefficient. Examples of works where turning points give rise to boundary and/or interior

layers include [6, 19, 33, 47, 65].

As far as time-dependent singularly perturbed parabolic problems are concerned, most
researchers combine the backward Euler method for the time discretization and an ap-
propriate space discretization that suits the features of the particular problem at hand.
For one-dimensional parabolic singularly perturbed reaction-convection-diffusion prob-
lems with parameters affecting the diffusion and the convection terms, Clavero et al. [12]
constructed a classical upwind finite difference scheme on an piecewise defined mesh of
Shishkin type. Dunne and O’Riordan [13] examined singularly perturbed parabolic prob-
lems in which the coefficients were discontinuous in the space variable. They designed
numerical methods which involved piecewise uniform meshes of Shishkin type which were
fitted to both the interior and boundary layers. The methods they proposed differ in
the way they discretized derivatives in the differential equation. In [53], O’Riordan and
Quinn considered time dependent singularly perturbed convection-diffusion problems in
which the convective coefficient contained an interior layer. They constructed a classical

upwind finite difference method on a Shishkin mesh.

11



Chapter 1: General Introduction

None of the above works considered the discretization of interior layer problems on
Bakhvalov-type and Shishkin-type meshes. These meshes have widely been used in solv-
ing singular perturbation problems. Also none of the works has considered problems with
a variable coefficient as perturbation parameter whose solution exhibits an interior layer

due to the presence of a turning point.

1.4 Outline of the thesis

This thesis deals with the design and analysis of robust fitted finite difference methods
to solve various classes of singularly perturbed problems (SPPs) whose solution displays
an interior layer due to the presence of a turning point. Moreover, in order to increase
the accuracy as well as the order of the ¢convergence of the designed methods, we use the
Richardson extrapolation technique on the proposed method. The outline of this thesis

is as follows.

In Chapter 2, we construct and analyse a FMFDM on a Shishkin mesh to solve a singu-
larly perturbed turning point problem whose solution has an interior layer with a small
positive parameter ¢ affecting the highest derivative term and we study the performance

of Richardson extrapolation on a FMEFDM.

A linear singularly perturbed time-dependent convection-diffusion problem is considered
in Chapter 3. We use the classical implicit Euler method to discretize the time variable
with a constant step-size. Then we construct a FMFDM to solve the resulting system of
two-point boundary problems at each time level. This proposed method used an upwind
scheme on a piecewise uniform mesh, fine in the (interior) layer and coarse elsewhere. We
again consider the effect of Richardson on the fitted mesh finite difference method for this

problem.

12



Chapter 1: General Introduction

In Chapter 4, we construct and analyse a FMFDM to solve a singularly perturbed prob-
lem with a variable coefficient (¢ + x?) multiplying the second derivative, whose solution
displays an interior layer due the presence of the turning point. This method is applied on
both Bakhvalov and Shishkin-type meshes. By post-processing our results using Richard-
son extrapolation, our overall method is almost second order accurate uniformly with
respect to €. We also present results obtained via Bakhvalov and Shishkin-type meshes.
After a thorough comparison, we notice that the results obtained by Shishkin-type meshes
before and after extrapolation are little inferior to those obtained by Bakhvalov-type

meshes.

In Chapter 5, we consider a class of time-dependent singularly perturbed convection-
diffusion problems with a variable coefficient (e +?) affecting the second derivative. We
discretize the time variable with a constant step-size by means of the classical implicit
Euler method. This process results in a linear system of equation in space at each time

level which we solve using a FMFDM. Richardson extrapolation is applied on a FMFDM.

A family of two-point boundary value singularly perturbed convection-diffusion problems
in which the diffusion term is expressed as (¢ + x) is the subject Chapter. We construct
and analyse a FMFDM to solve a singularly perturbed turning point problem whose so-
lution has an interior layer. This method is applied on an appropriate piecewise uniform
of Shishkin type-mesh. We study the performance of Richardson extrapolation on this
method.

Chapter 7 deals with a class of time-dependent for convection-diffusion problems with
coefficient (¢ + x) in the highest derivative. Also we study this problem whose solution
displays an interior layer due to the presence of a turning point. The proposed numerical
scheme comprises the classical Euler method to discretize the time variable. Then we
construct and analyse a FMFDM to solve the system of equations obtained from the time

dicretization. We apply Richardson extrapolation via FMFDM.

13
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Finally, in Chapter 8, we provide some concluding remarks and direction for further

research.
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Chapter 2

A fitted numerical method for

interior layer turning point problems

In this chapter, we consider singularly perturbed convection-diffusion-reaction problems
with a turning point whose solution exhibits an interior layer. After proving bounds on the
solution to these problems and their derivatives, we construct a fitted mesh finite difference
method (FMFDM) applied on a Shishkin type mesh to solve this problem. In order to

improve the accuracy of the proposed FMFDM, we apply Richardson extrapolation.

2.1 Introduction

The research field of singular perturbation problems (SPPs) was born after the Heildeberg
conference on Fluid Dynamics where Prandtl [60] presented his remarkable work. The
original ideas in the area on fluid dynamics were subsequently spread over many other

areas of science and engineering.

Due to the presence of a small parameter € in the coefficient of the highest derivative
of the model equation of singularly perturbed problems, solutions behave abruptly in
small parts of the domain called layer regions. These layers may be located at

the boundary of the domain or in its interior. In one dimension, a typical SPP consists
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of determining the solution u to the equation
Lu:=eu” + alzx)u — bla)u = f(x),z € Q= [-1,1], (2.1.1)

u(—1) =« and u(l) =3, (2.1.2)

where 0 < € < 1 and a and /3 are some constants. If the functions a(z), b(x) and f(x) are
sufficiently smooth and a(z) does not change sign throughout the domain, then the solu-
tion to (2.1.1)-(2.1.2) has a boundary layer near —1 or 1. But, if a(z) happens to change
sign, then an interior layer may occur. Interior layers are also present in the solution of
the problem above if the coefficient functions are not smooth or if the data function f(x)

is discontinuous.

The presence of layers renders classical numerical methods unfit to provide acceptable
approximations to the solution of SPPs. Over many decades now, researchers have de-
veloped reliable numerical schemes in the case of smooth coefficient functions (see e.g.,

25, 26, 28, 45, 46, 56, 57, 69] and the references therein).

All the works listed above are on non-turning point problems. Singularly perturbed turn-
ing point problems received systematic attention from late 1960s [64]. These are problems
in which the coefficient of the convection term vanishes inside the domain by changing
sign. This gives rise to the presence of boundary and/or interior layers depending on the

number of zeros and the signs of the coefficient of the convection term.

While the works accomplished for the case of boundary layers are relatively abundant
in the literature (see e.g., [18, 24, 58]), very few researchers have studied internal layer

problems.

None of the above works considered the discretization of interior layer problems on
Shishkin meshes. These meshes have widely been used in solving singular perturbation

problems. For more on these meshes, interested readers are referred to [42].
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This chapter focusses on studying singularly perturbed problems whose solution exhibits
an interior layer due to the presence of a turning point. Thus, we consider problem
(2.1.1)-(2.1.2), where « and [ are given real constants and 0 < ¢ < 1. In addition, the
coefficients a(x), b(z) and f(z) of (2.1.1) are assumed to be sufficiently smooth so as to
ensure the existence of a unique solution. The point in the domain where a(xz) = 0 is

known as a turning point.

The following assumptions guarantee that the solution to problem (2.1.1)-(2.1.2) exhibits

an interior layer at x = 0.

a(0) =0 a'(0) > 0,
) > by >0, z & [—1,1] (2.1.3)
o/ (2)| 2 4a" )} /2, € [=1,1].

Further, we assume that —2n < a(z) < 2n, where 7 is a positive constant and inde-
pendent of €. Note that interior layers may also occur in the case of singularly perturbed
convection-diffusion-reaction problems where coefficients are discontinuous or non-smooth

(see e.g., [16]). Such problems are discussed elsewhere.

The rest of this chapter is organised as follows. We establish bounds of the solution
and its derivatives in the next section. In Section 3 we develop our novel numerical
method by first designing a fitted mesh of Shishkin type. This mesh is fine around the
turning point (where the interior layer is situated) and coarse away from it. We adopt the
upwinding schemes to discretize equation (2.1.1). Section 4 is devoted to error analysis.
We prove that the method is almost first order, uniformly convergent with respect to the
perturbation parameter €. In Section 5 we present Richardson extrapolation’s method via
fitted mesh finite difference method (FMFDM). To see how the proposed method works
in practice and to confirm our theoretical results, numerical experiments are presented in

Section 6 for two examples. We conclude the chapter in Section 7.
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Throughout the chapter, C' denotes a generic constant which is independent of the per-

turbation parameter £ and of the mesh parameter which will be introduced in Section 3.

2.2 A priori estimates of the solution and its deriva-
tives

In this section, we present some qualitative results on the solution to problem (2.1.1)-

(2.1.2), including its bounds and that on its derivatives.

Under the assumptions (2.1.3), the operator L admits the following continuous minimum

principle.

Lemma 2.2.1. (Minimum principle) Let £ be a smooth function satisfying £(1) > 0,
&(=1) > 0and L&(x) <0,Vz € Q= (—1,1).Then £(z) > 0, Vz € [—1,1].

Proof. Let z* € [—1,1] such that {(z*) = minlf(:ﬁ) and assume £(z*) < 0. Then,

—1<z<

obviously z* ¢ {—1,1}, {'(z*) = 0 and £"(z*) > 0 and we have
L&(x*) = e (27) + a(x)E () — b(x)&(x*) > 0,Vz € [-1,1],
which is a contradiction. It follows that {(z*) > 0 and thus {(z) > 0, Vx € [—1,1].
The minimum principle implies the uniqueness and existence of the solution (as for linear
problems, the existence of the solution is implied by its uniqueness). We use this principle

to prove the following result which states that the solution depends continuously on the

data.

Lemma 2.2.2. [5] If u(z) is the solution of (2.1.1)-(2.1.2), then we have

1
[lu(2)]] < [max {||af|eo, [|8]]o }] + %Ilf\looavl’ € [-1,1],
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Proof. We consider the comparison functions
I*(z) = C +u(x) Vo € [-1,1],

where €' = max {[|a[[oc, [|8]loc} + 55 [|/1]oc-

Applying the minimum principle to the comparison functions, we have

LT(z) = el*(2))" + a(2)[[*(2)) - b(z)[[*(x)]
= Feu’(z) & a(z)u'(z) — bz)[Fu(z )]—b( )C
= +f(z) —bz) max{llalloo,llﬂllooH* |1/l

= 7)o ) ma (ol 1}

= _[||f||oo:|:f( = b(z)max{[|alle, [l } < 0,

implying that
Im =0, Ve e+ 1

then we have

C +u(x) > 0.

It follows immediately that ||u(z)|| < C, which completes the proof.

Hereinafter we denote the sub-domains as follows: Q; = [-1,—0), Q. = [—0,+0]

[—0,0]U (0, +0] and €, = (0, 1], where 0 < o < 1/2; the left, central and right part of the

domain, respectively. Below we provide the appropriate bounds in the following lemmas.

Lemma 2.2.3. If u(z) is the solution of (2.1.1)-(2.1.2) and a, b and f € C*(Q), then

there exist positive constants n and C such that

9 ()| < C,Vz € Q or Q,.

Proof. The proof is by induction. Following the ideas of Lemma 8.1 of [5]. A bound on

the solution u of the equation (2.1.1)-(2.1.2) is obtained by using the minimum principle

as follows. Consider the function:

V¥ (x) = Oz %+ u(z),
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where C is a constant chosen sufficiently large such that the following inequality is fulfilled
F(=1) 20, ¥F(=0) >0

and

Ly*(x) = O(x) — Cab(x) £ f(z) > C a(z) — Cxby £ f(z) < 0.

Then the minimum principle for L gives ¢* > 0, and so
9 ()| < C,Vz € Q or Q,.
Lemma 2.2.4. Let u(x) is the solution of (2.1.1)-(2.1.2). Then, for 0 < j <3
) = i
W (z)] < C|1+e7exp — |z € [—1,0]

and

ju(z)] < C [1 +e exp( ﬁxﬂ ,x € [0,1].

€
Proof. The proof is by induction by using ideas of (Lemma 8.1 of [5]). To obtain the
required estimates of the derivative of u. The first step is to find is the differential equation

satisfied by these derivatives by differentiating (2.1.1) j times. This gives
Lu) = i,

where

fo=fand1<j<3,

_ @ (I =9, ) L (T =), 9
fi=71P =Y (7 )a" " £ 37 |p )

s=0 S s=0 S
Thus, the inhomogeneous term f; of the equation satisfied by u depends on the 5t and
lower order derivatives of u and of the coefficient a, and on the j* order derivatives of f.

This observation suggests the following argument, which suffices to prove the theorem.

We assume that, for 0 < k < 7, the following estimates hold:

- . 2
ju(z)| < C {1 +eexp <Zx)] ,for all x [—1,0],
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the original equation (2.1.1) Lu = f(x), which gives Lu") = f;. From above assumption
it is clear that

Lu\) = i,

where

[ (z)] < C {1 + e exp (27;%)

and
|f9V ()| < C {1 +e 7 exp (27):)] :

Let us first determine the following:
() e — ~G-1)
lu(-1)| < C 1+5Jexp(7 SC[l—i—e J }

and

@) < C (et

Note that e~ ! exp (> < (', we obtain
€

[ (=1)| < Ce™=Y

and
w9 (0)] < Ce™
Define the new function
0 _ _
Oi(x)y=c"" | f exp[ (A<x>€ A(t»] dt (2.2.1)
where
Ax) = /w a(s) ds (2.2.2)
—1
and

u) (z) = / OR (2.2.3)
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Its general solution is written in the form

u = o) o)),

where the homogeneous solution ugj) satisfies

Lu® =0, uf (—1) = u? (~1) — uf (~1),uf (0) = u(0).

Introduce the function
1 exp{ (t)} dt

ole) = /- 1exp{ (t)} dt’

Firstly we need to obtain the value of ¢/(x) by using the lower bound on the coefficient

a(z). In the present chapter, the value of ¢/(x) will be obtained in [—1,0] . Therefore, we

consider

—2n < a(x).

(2.2.4)

Integrating both sides of (2.2.4) from —1 to @ and using the expression of (2.2.2), we

obtain
—2n(z+1) < A(x).
Multiplying both sides of (2.2.5) by —1/¢, we obtain

—A(z) - 2n(x + 1)‘

£ £

The above inequality can also be written as

_i(x)] < exp [W] .

€

exp l

Integrating both sides of (2.2.7) from —1 to 0,

/Olexp[ ] dt</ l% x+1)] dt,

we obtain

4
dt < < exp [77]
21

—A(t)
g

€

(2.2.5)

(2.2.6)

(2.2.7)
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Arranging the above inequality, therefore we obtain

_/0 exp [_A(t)] dt > — exp {477}

~1 € i €

Inverting both sides of the last above inequality, we obtain

1 1
— % exp [7A(t)} dt = ;—;exp [4’7_ .

€ € |

Multiplying both sides of the last above inequalities by exp '—M}, then gives

)

o[ oyl
=l

— f_ol exp [i(t)} dt = _—;exp [

£

Taking into account (2.2.7), the above inequality leads to

&

— exp [_ A(ﬁ)} I el exp [2n(a§+1)} | e exp {277?90}
o [ ] alf Til(BY 1 S (3]

Since

then we obtain

Using the upper and lower bounds of a(x), we obtain

2
/()] < Cetexp |2

Va € [~1,0]. (2.2.8)
It is clear that Ly = 0,¢(—1) = 1,¢(0) and 0 < ¢(x) < 1. Then uﬁj) is given by
uil) () = (@ (1) = u (=1))p() + uD(0)(0 — p(x)).
The above leads to the following expression for u/*1 as follows:
WD () = @D (1) + 0 D) = 0,1) + (WO(-1) — uP (1) — uD (0)¢ (),

where
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The above expressions lead to determine 0;(x) from (2.2.1)

0;(z) =¢"! /O C [1 +edexp (T)] exp [M] dt.

T £

Arranging the above integral, we obtain

_ 2nx\ [0 —2nt »
0;(z)] < e 'Cexp (€>/I {exp( - ) +e ]} dt,

evaluating the integral exactly, and estimating the terms in the resulting expression, we

obtain
2 , 2
0;(x)] < C {1 — exp <7737) — 2pze= Ut exp (mﬂ .
£ £

Estimating the terms in the resulting above expression, we obtain
s sefireeron )]
Since
ul()j)(—l) = —/0 6;(t) dt = —/01 C {1 4 Ut exp (imﬂ dt.
Evaluating the integral exactly, and estimating the terms in the resulting expression, we

obtain u{/)(—1) < Ce™. But
W (@)] < 18;(2)] + (| (=1)] + [u (=1)] + [P (0) )¢’ ().
Substituting and estimating in the resulting expression, we have
[ (z)| < C {1 + om0+ oxp <2zx)] + (Cg_(j_l) +Ce™¥ + C’S‘j) Ceexp <277€x> :
Wit (z)] < C {1 + e Ut exp (277 )] +C (8_1 + E_j_l) exp (M;) :
Estimating the terms in the resulting above expression, we obtain
U+ (z)] < C {1 + e U exp (22x>] ,

which completes the induction required.

Note that the solution of the SPTPP (2.1.1)-(2.1.2) can be decomposed into two parts
namely the smooth component v and the singular component w. Following the ideas of
[47], we establish the following lemma which gives bounds on the solution to (2.1.1)-(2.1.2)

and its derivatives.
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Lemma 2.2.5. We decompose u of the SPTPP (2.1.1)-(2.1.2) into smooth and singular
components as © = v + w, where, for all j, 0 < j < k, and all x € [—1,1], the smooth

component v satisfies

) ) 2
W) ()] < € [1 + 6D oxp (Z‘”)] x € [-1,0]

‘ 4 —2
|U(J)($)‘ <C {1 ) exp (;7‘”” ,x € [0,1],

and the singular components w satisfies
() i axpy [ 2
W ()] < Ceexp (22 2 € [-1,0],
3

W (z)| <O Texp (ﬂ) e 0,1,
E

for some constants 17 and C' independent of e.

Proof. The SPTPP (2.1.1)-(2.1.2) can be regarded as concatenation of problems
eu’ + a(x)u' — b(x)u = f(z),z € [-1,0],u(-1) = a,u(0) = A (2.2.9)

and

eu’ + a(x)u' —b(x)u = f(z),r € [0,1],u(0) = A, u(l) = 3 (2.2.10)
where A is still to be determined.

In the present chapter, we consider the problem (2.2.9), which can be converted to the

convection problem by using the same steps of [42]. We can write the problem (2.2.9) as
—eu” — a(zx)u’ = g(x),u(—1) = a,u(0) = A (2.2.11)

where
g(z) = —f(z) — b(z)u.

The solution u of the problem (2.2.11) can be written under the following form:

U = Vg + €Y1 + wo. (2212)
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Here, v, satisfies the reduced problem —a(z)v) = g(z), vo = A and y; satisfies

Ly, = vf, y1(—1) = —wo(—1)/e, y1(0) = 0. Moreover, note that wy is the solution to the
homogeneous problem Lw, = 0, where wy = w(0) exp (26—”), and wy(0) = A — vy. It is
clear that |wo(—1)|, |we(0)], |y1(—1)| and |vj| are all bounded by a constant independent
of e. It follows that y; is the solution of a problem similar to (2.1.1)-(2.1.2), thus for
7=1234,--- k+1,

: , 2
@] < 0|14+ exp (27
5

Following the approach of [47], we are going to obtain the bounds for the singular com-

ponent wy and its derivatives on [-1,0]. First define the comparison functions
2nx
U () = g (0 exp (%) 0o (z).

Applying the minimum principle to these functions, we see that U*(x) > 0 and conse-

quently,
2
wo(w)] < Cexp (1) cwef-1,0)
€

Therefore the singular component wy(z) of the solution can be written as follows:
wo(x) = wo(—1)p(x) — wo(0)e(x),

where

B I exp(_’i(t)> dt
0 exp(fé(t)) dt

p()

and A(z) = — [? a(s) ds. Now

wy(z) = (wo(—1) — wo(0))¢' (),
where ¢'(x) is given in (2.2.8). Therefore, substituting ¢'(z) into the equation for wy, we
obtain
2
lwp| < Ce™exp (n:v) :
€

Since Lwg = 0, the j* derivatives of w, can be estimated immediately from the estimates
wo and wy, Yo € [—1,0],

: v 2

uf’(@)] < €= exp (21,
£

26



Chapter 2: A robust fitted numerical method for singularly perturbed
turning point problems whose solution exhibits an interior

()

Since ul) = v§) + eyl?

(4)

+ wy’, we have

2
@) + ey < € 147 exp (720

and
2nx
0l ()] < €= exp (221).
for 0 < j < k and all z € [—1,0]. In particular, this shows that the smooth component
vo+ey; and its derivatives are bounded for all values of €. However, the component y; can

also be decomposed in the same manner as was u, leading immediately to y; = v1+cvo+wy

where for 0 < j < k and all z € [-1,0], we have
TRt

. _ 9
21 L0 1+ exn (7H)
€l

2
lwP| < Ce ]exp< nx)
e

Combining these two decompositions, we have u = v+ w, where v = vy + ev; + £%v, and
w = wy + cw;. Since u¥) = v0) 4w and the above estimates hold for 0 < j < k and

all z € [—1,0], we have
) - 2nz ) 2nz
](vj(x)|§0{l+6jexp<€)] and \w”()|<C’53exp<€)

Following the same ideas as above, the solution u of problem (2.2.10) can also be written
in the same form as problem (2.2.9), which u = v + w for 0 < j < k and all z € [0, 1]

where

) ) -2 ) ) -2
(W (z)| < C |14+ U2 exp( gﬁxﬂ and |wY(z)] < Ce™ exp ( ;]m> :

2.3 Construction of the FMFDM

In this section, we develop a difference scheme to solve this problem. We discretize the
problem on a special nonuniform mesh. Since the solution has large gradients in a narrow

region near x = 0, the mesh in this region will be fine and coarse everywhere else. Let
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n be a positive integer such that n = 2 with m > 3. With this in mind, the transition

T:min{;,;hl (Z)}, (2.3.1)

where T is a positive constant. The sub-intervals [—1, —7], [—7, 7] and [r, 1] of the domain

parameter 7 is chosen to be

[—1, 1] are subdivided uniformly to contain n/4, n/2 and n/4 mesh elements respectively.

Note that o = —1, x,,» = 0, and z,, = 1. The mesh spacing h; = x; — x;_; is given by
4(].—7—)/nlfj = 1’27-” 7n/473n/4:_|_1’ 7n_1’n’

hj = (2.3.2)
Ar/nifj=n/4+1,n/4+2---3n/4.

We denote this mesh by €27 .

For the rest of the chapter, for any function S(z), we adopt the notation S(z;) = ;.
We discretize the problem (2.1.1)-(2.1.2) on Q7 in the following manner:

6EU]‘ + CLjDin — bjUj = fj if a; < 0,

LUy ={ (2.3.3)
€DU]' + CL]'D+Uj — bjUj = f]' if a; > O,
U(-1)=a, U(1) =7, (2.3.4)
where
Ui — U, U —U;_ - 2
DtU; =2 pry, = 2L and DU = —=———(DTU; — D).
hjt i hj +hjp
(2.3.3) can be written in the form:
Lnt = Tin_l + Tch + T’+Uj+1 = fj, j == ]., 2,3 e, N — 17 (235)
where, for j =1,2,3--- ,n/2 — 1, we have
2 ; ; 2 2
— € N . R S : (2.3.6)

hi(h +hia)  h' 0 by by
and for j =n/2,n/24+1,--- ,n— 1, we have

T hya(hy A+ hya)

B 2e a; 2e 2e a;
= s p—— _ — b, rf = + . (237
J hj(hj + hj+1) J hj+1 hjthrl J J hj+1 (hj + hj+1) hj+1 ( )

The discrete operator L™ satisfies the following minimum principle:
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Lemma 2.3.1. For any mesh function ; such that L"§; <0,Vj =1,2,...,n—1,§ >0
and &, > 0, we have & > 0,V¥j =0,1,--- ,n

Proof. Let k be such that & = Or<11j£1 &, and suppose that & < 0. Obviously, £ # 0 and
<j<n
kE#mn. Also &1 — & > 0, and & — &1 < 0. We have
e eDE& + ap D& — b > 0, for 1<k
k= .
€D£k + CLkD_'_fk — bkfk > 0, for k
Thus L™, > 0, 1 < k < n — 1, which is a contradiction. It follows that &, > 0 and

therefore £ > 0, 0 < j <n.
Lemma 2.3.2. If Z; is any mesh function such that Zy = Z,, = 0, then

1
\Z]<—*l<m<ax |\L"Z;] Y0 <i<n,
S

where
—2n if 0<i<n/2-1,
2n  if n/2<i<n.

Proof. Let us define

1
M| = — max |L"Z,.

*1< <n—1

Introduce the two mesh functions Y;* defined by
YE = M, + 7,

Clearly Y;" > 0, V¥ > 0 and L"Y* = M*(a; — bx;) £ L"Z; <0,

since n* > —2n > 0,Vz; <0, 1 <i<n/2, and n* < —-2n<0\Vz; >0,
n/2+1<i<n-—1

The discrete minimum principle 2.2.1 then implies that Y; > 0, for 0 <17 < n.

With the above continuous and discrete results, we are in a position to provide the e-

uniform convergence result in the following section.
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2.4 Convergence analysis

In this section, the convergence of the scheme analyzed on a Shishikin mesh, is proved in

the previous section.

Lemma 2.4.1. . Let u be the solution of the continuous problem (2.1.1)-(2.1.2), and U
the solution of the corresponding discrete problem (2.3.3) and (2.3.4). Then, for suffi-

ciently large n, we have the following estimate:

2
sup max |u; — U;| < Cn™? [ln (Z)] : (2.4.1)

0<e<10sj<n

Proof. We prove the lemma on the interval [-1,0]. The proof on [0,1] follows similar steps.

The solution U of the discrete problem (2.3.3) and (2.3.4) is decomposed in regular part
V' and singular part W. Thus
U =EVig W

where V' is the solution of the inhomogeneous problem
LV = fV(=1) = v(~1), V(~1) = o(~1),
and W is the solution of the homogenous problem given by
L"W =0,W(-1) =w(-1),W(-1) = w(-1).
The error can be written in the form:
U—-—u=V —-v)+ (W —-w), (2.4.2)

so the error in the regular and singular components of the solution can be estimated
separately. The estimate of the smooth component is obtained using the following stability

and consistency argument. From the differential and difference equations, we have

L'V —v)=f—L".
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Therefore the local truncation is given by

: e - d
L(V—v):8<d$2— >v—|—a<d$—D>v.
Then, by local truncation error estimates (Lemma 4.1 [42]), we obtain

a; 3 n
220V = 0)| < Sz — 2y )|+ Doy —ay )] for 1</ <2 -1 (243)

Wl M

Note that h; = x; — x;_; < 4n~! for any j, therefore using Lemma 2.2.5 in conjunction

with Lemma 7 of [48], we have
L7V} = v;)(z5)] < Cn7
Now, applying Lemma 2.3.2 to mesh function (V-—v)(z;), we obtain
(V= v;)(z5)| < Cntfor 1< j < g ~1. (2.4.4)

To estimate the local truncation error of the singular component L"(W —w), the argument
depends on whether 7 = 1/2 or 7 = (¢/n) In(n/4). The mesh is uniform in the first case
1/2 < (¢/n)In(n/4). The local truncation error is bounded in the same manner as done
above.

)

n 19
|L"(W —wj)| < S (w541 — 25-0)|w)'| + 5

<3 (w; — 2 )|w]| for 1< j < g 1. (2.4.5)
Since h; = z; —x;_1 < 4n~! for any j, applying Lemma 2.2.5 in conjunction with Lemma
7 of [48], we obtain

|L"(W; — w;) ()] < Ce™*n7",

But the present case, e~ < (2/n)In(n/4), we obtain

n\12

L™ (W) — wj) ()] < Cn™ [ln (4>

Now, applying Lemma 2.3.2 to the mesh function (W — w)(z;), we obtain

2

(W, — w;)(z,)| < Cn™! [m (Z)] for1<j< -1, (2.4.6)

In the second case (namely 7 = (¢/n)In(n/4), the mesh is piecewise uniform. A different

argument is used to bound |W — w| in each subintervals [—1,—7] and [—7,0]. There
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is no interior layer in the subinterval [—1, —7], both W and w are small, and because
W —w| < |W|+ |w|, it suffices to bound W and w separately. Note first that w can also

be decomposed as w = wy + ew;. The expression for wy can be written in the form

wo(x) = wo(=1)ip(x) + wo(0)(0 — p(x))

and w((x) is given by
wo(x) = (wo(=1) — wo(0))#'(x)

where

\¢%mﬂfka—1@q>(i§f),Vxe[—a,m,

and wo(—1) = wy(0) exp (—7/¢). It follows that

U)o (Y] o) >0

a

and

i = e ().

Thus wy(—1)/we(0) is positive and increasing in the interval [—1,0]. It follows that

Vr € [—1, —7], we have
wo(—1) _ wo(—7)
ST T we(0)

and so
|wo(x)] < fwo(=7)]
It is also true for wy (x) and since w(x) = wo(z) +ewy (), it follows that |w(z)| < [w(—T)],

Vo e [—-1,—71].

Using the estimate for wo(—7) and w;(—7), we obtain w(—7) < Cexp(—n/e). The fact
that 7 = (¢/n)In(n/4), finally we obtain

lw(z;)| < Cnlforl<j< g —1. (2.4.7)
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To obtain a similar bound on W, an auxiliary mesh function W is defined analogous to W
except that the coefficient of a(x) in the difference operator L™ is replaced by —n. Then,
from (Lemma 7.5 of [42]),

W, < |W]|, for 0<j<n.
Furthermore, using Lemma 2.2.5 leads us immediately to conclude that
w(z;)| < Cntfor1<j< % ~1. (2.4.8)
By using the estimated obtained by (2.4.7) and (2.4.8), we obtain
(W — w)(@))f < Cnfor 1< j < % ~1. (2.4.9)
In the subinterval [—7, 0], the classical analogue to (2.4.5) leads to
n -2 =9 =7 n . n
|L"(W; —w;)| = Ce™%|zj31 — xj_1| = 8Ce*n Tforz <j< 5—1.

Also, [(W(=1) —w(=1)| = 0 and"[(W(n/4) = w(n/4)] < [(W(n/4)] + [w(n/4)| < Cn~
from (2.4.8). We introduce the new function, which is called the barrier function. The

barrier function in the subinterval [—7, 0] is given by
®; = (z; +7)Cre *rn 4+ Cyn
it follows that for a suitable choice of C; and Cy the mesh functions
W= @ (W )

satisfy the inequalities

S E]
Vv
=
S

w3
I
@)

and

n n
L', <0, —+1<5j<—-——1.
i=Uy tl=sy= 5
By applying Lemma 2.2.1 on [—7, 0] to the function \Iljc, we obtain

"i1<i<?o

n
! -T2

33



Chapter 2: A robust fitted numerical method for singularly perturbed
turning point problems whose solution exhibits an interior

Therefore, we obtain
’Wj — ’LUj| < (I)j < 018727'27171 -+ anil.
Since 7 = (¢/n)In(n/4), we have
2
W; —w;| < Cn~? {m (Zﬂ . (2.4.10)

Combining (2.4.9) and (2.4.10), we obtain the following estimate on the singular compo-

nent of the error over interval [—1,0] as follows

2
W, —w,| < Cn~! [111 (Z)} L1t (2.4.11)

Given the estimates (2.4.4) and (2.4.11) along with the inequality (2.4.2), we obtain

2
U; — ] < O [m (Z)} A4l < g ~1. (2.4.12)
Similarly for the subinterval [0, 1], we obtain
2
U; —uy| < Cn! {m (Zﬂ , g <j<n (2.4.13)

Combining (2.4.12) and (2.4.13) then gives the required result.

2.5 Richardson extrapolation on the FMFDM

In this section, we use Richardson extrapolation to improve the accuracy of the proposed
method. Richardson extrapolation is procedure where a linear combination of two ap-

proximations of a some quantity gives a better approximation of the quantity [49].
We focus our attention on the interval [—1,0] as before. Results on the interval [0, 1]
can be obtained in a similar way. Keeping in mind that there is a transition point at

x = —7, we consider the subintervals [—1; —7| U (—7, 0] separately.

With reference to (2.3.2), to simplify the analysis, for z; € Q7 h; = x; — x;_1, we
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denote H = h; for j=1,2,--- ,n/4and h =h; for j=n/4+1,--- ,n/2.

We consider the mesh Q7 where 7 is given by (2.3.1) where we bisect each mesh sub-
interval. Tt is clear that Q7 C Q3. = {&,} and &; — #;_; = h; = h;/2. We denote the

numerical solution on the mesh Q3 by U;. The estimate (2.4.12) can be written as
E
U, —u; = Cyn~! {m <4>} + Ro(z;), Va; € (2.5.1)

and

. 2

U; —uj = Cy(2n) ™" [m (Z)] + Ron(Z5), VI; € €5, (2.5.2)
where C and Cj are some constants and the remainders term R, (z;) and R,,(Z;) are

2
O {n_l (ln (%)) ] Note that we have used the same transition parameter 7 when com-

puting both U; and U;. This is seen from the factor In(n/4).

A combination of the two equations above gives

w; — (20, — U;) = Ry(2;) — 2Ron(;) = O ln_l (m (Z)ﬂ Vo e, (25.3)

Uje:r:t = 20] — Uj, vx]’ < Q;, (254)

as the new approximation of u; obtained after applying Richardson extrapolation. The

error after extrapolation Us can also be decomposed as in (2.4.2),
U™ —uy = (Vi —wy) + (W™ — wy), (2.5.5)

where V" and W§** are the regular and singular components of Us**. The local truncation

error of the scheme (2.3.3)-(2.3.5) after extrapolation is given by

Ln(U;It — U]’) = ZLn(Uj — Uj) — Ln(Uj — Uj), (256)
where
LUy = uj) = r7uj_q + 7°u; + r7uj — euf — ajuf + byu, (2.5.7)
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and

Ln(U] - Uj) = f_Uj_l + fCUJj + f+uj+1 — 5u;' - (ljU; + bju. (258)

The quantities of r—, 7 and r* are given in (2.3.6), but 7~, 7 and 71 are obtained by
substituting h; by Bj and hj;iq by ﬁjH in the expressions of r~, r¢ and r* respectively.
Taking the Taylor series expansion of u; around z;, we obtain the following approximations

for u;_; and wjiq:

2 h3 ht .
/ 2 3 ;
Uj—1 = Uj — hjuj + ?Juj — FJ'LL]- + 2751“ (fl,j>, (259)
h? h3 h?
Ujr = Uy + by ey =gy Tt (e, ), (2.5.10)

2o 24

- h2 h3 RA .
wj_y = uj — hju; + ?Jujz B Ejuj’ + iu‘*(&,j), (2.5.11)
. h2 i B3 - hA . -
Ujpr = uj + hjtl + 32+ u? + J6+ u + ;Z ut(&s, ), (2.5.12)
where
. . = Tj—1+ X, = Tj+
&1, € (%‘—1,%‘), §2,] € (xj’xj—&-l)» SES (%:%’) and & € (%ﬁ%)

Substituting (2.5.9) and (2.5.10) into (2.5.7), (2.5.11) and (2.5.12) into (2.5.8), we obtain

the following expressions:
L™(U; — uy) = kyuy + kot + ksu + kgl + ksau* (&1, 7) + ks 2u* (&2, 5) (2.5.13)
and
L”(Uj —uj) = lgluj + l~€2u;- + l~€3u§ + hu? + l~c4u§ + 155,1u4(§1,j) + l~€57gu4(§2,j). (2.5.14)
The coeflicients in (2.5.13) are
2e 2e 2e eh; a;h; ehjia

ey = . + =0, kg L e
Chi(hy i) hyhgen T g thge) T T b 20 by
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ey —eh’ _I_ajh? N eh?, = eh? B ajh:’?’ _ eh3,,
3(hj+hjr1) 6 3(hj+thi) 7 12(hjt+hj) 24

The quantities for /%1, /52, l~€3, /%4, 125,1 and 15572 can be obtained by substituting h; by
ilj and hj+1 by ﬁj—i—l-
Substituting (2.5.13) and (2.5.14) into (2.5.6), we obtain

Ln(Uj('imt - uj) = Tluj + TQU;/ + +T3U;” = +T471U,(4) (glvj) + T472’LL(4) (627j)7 (2515>

where

T 14e 1l4e == 14e
Y (B ) b by (B o+ b))
2
T2:€7hj_€+%7 ng_ajhj7
hj+hjn hj + Nj 12
ch3 h3 eh3
T471 = — J 4 J and T472 = — h

24(h; + hj11 32 24

Using the fact that, for Vj = 1,...,n/4, H = h; < 4n~! into (2.5.15) in the subin-
terval [—1, —7], we obtain

ceH3

] v (&, j) - ﬂ“w (&2,7)- (2.5.16)

Ln(Vjemt — Uj) = _asz " [5H2 ajH3

12 % IR

Now applying the triangle inequality, Lemma 2.2.5 in conjunction with Lemma 7 of [48]
to (2.5.16), we obtain
|L" (V™ — ;)] < Cn™2 (2.5.17)
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To estimate L"(W5* —wy;), the argument depends on whether 7 = 1/2 or 7 = (¢/n) In(n/4).

In the first case the mesh is uniform and (¢/n)In(n/4) > 1/2. The estimate of singu-

lar component of the local truncation error is obtained as follows:
eh?

'h2 h2 -h3
aj 1 + |:€ a; ] w(4)(§1,j) — 71[)(4)(52,]) (2518)

Ln ¢xt_ ) — -
(W5 = wj) 12 YT T 24

Now, applying the triangle inequality, Lemma 2.2.5 and using Lemma 7 of [48], we obtain
|L" (W™ —w;)| < Cn~?e ™% exp (2x;n/¢) . (2.5.19)
Note that e ' exp (2z;n7/e) < C  and &' < (2/n)In(n/4), we obtain

|LM (Wt =)l < Cn=2 [In(n/4)]” . (2.5.20)

In the second case (viz 7 = (¢/n)In(n/4)), the mesh is piecewise uniform with the mesh
spacing h = h; = 4rn~ ! for V j =n/4+1,...,n/2 in the subinterval [—7;0]. Applying
the triangle inequality, Lemma 2.2.5 along with Lemma 7 of [48] to (2.5.18), we obtain

|LM (W™ —w;y)| < Cin~*r%e 2, (2.5.21)
Since 7 = (¢/n) In(n/4), this gives

LMW — ;)| < Cn~2 [In(n/4))* (2.5.22)

On application of Lemma 2.3.2 in (2.5.17), (2.5.20) and (2.5.22) and combining the re-

sulting inequalities, we obtain the following theorem.

Theorem 2.5.1. (Error after extrapolation). Let a(x), b(z) and f(x) be sufficiently
smooth and u(z) be the solution of (2.1.1). If U**" is the approximation of u obtained
using (2.3.1)-(2.3.5) with u(—1) = U(—1), u(1) = U(1), then there is a positive constant

C independent of ¢ and the mesh spacing such that

2
sup max [(U*" —u);| < On™? [ln (n)] . (2.5.23)

0<e<10<j<n 4
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2.6 Numerical examples

In this section, we present two test examples for which numerical results are computed
to illustrate the effectiveness of the present method. The maximum errors and order of
convergence are calculated by using the exact solution. The solution in the examples has

a turning point at x = 0 and x = 0.5, respectively, which gives rise to an interior layer.

Example 2.6.1. Consider the following singularly perturbed turning point problem:
eu +au' —u=—(1+en®)cosmr — mwsinmr, € [-1,1],

w(=1)==T; (D)= 1.

The exact solution is

rerf(x +1/28/m exp(—x?/2¢)
erf(1 +1/2¢e/mexp(—1/2¢) .

This example was solved numerically in [22] using the Exponentially Fitted Weighted-
Residual (EFWR) and classical Galerkin (GAL) methods. In this work, the error was not

u(z) = cosmx + = +

computed inside the turning-point region. Moreover, the author indicates that EFWRs

do not yield e-uniform convergence results for problems with a turning point.

We will calculate the error of the method we propose throughout the entire domain
(including in the layer region). Moreover, our numerical results (see tables 2.1 and 2.3)

will confirm the theoretical estimates regarding e-uniform convergence.

Example 2.6.2. Consider the following singular perturbed turning point problem:
eu” + 2(x — 0.5)u — 2u = f(z), = €[0,1],
where
f(z) = 3e(z —0.5) exp((x — 0.5)%/e) — (em* +2) cos m(z — 0.5) — 2(x — 0.5)7 sin 7(x — 0.5)

u(0) = Zexp(—l/éls), u(l) = —Zexp(—l/élg).
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The exact solution is
u(x) = =5 (@ — 0.5) exp [~( — 05 /e] + cos m(z — 0.5)

While the maximum errors before extrapolation at all mesh points are evaluated using
the formula

Ene= Orgjag}% |uj - Uj|>

these errors after extrapolation are given by

E¢' = max |u; — US|
n,e 0§j§n| ) J |

The numerical rate of convergence are found by using the formula

el logQ(Enk/E2nk)7

where F stands for E or E¢*t,
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Table 2.1: Results for Example 2.6.1 Maximum errors before extrapolation

€ N =16 N =32 N=64 N=128 N =256 N =512 N =1024
1075 | 2.94E-01 1.09E-01 8.06E-02 4.69E-02 2.48E-02 1.24E-02  5.94E-03
1076 | 2.93E-01 1.10E-01 8.13E-02 4.75E-02 2.53E-02 1.30E-02 6.46E-03
1078 | 2.93E-01 1.10E-01 8.15E-02 4.77E-02 2.56E-02 1.32E-02  6.69E-03
10710 | 2.93E-01 1.10E-01 8.16E-02 4.78E-02 2.56E-02 1.32E-02 6.72E-03
10715 | 2.93E-01 1.10E-01 8.16E-02 4.78E-02 2.56E-02 1.32E-02  6.72E-03

Table 2.2: Results for Example 2.6.1 Maximum errors after extrapolation

5 N=16 N=32 N=64 N=128 N=256 N =512 N =1024
1075 | 2.66E-01 7.40E-02 1.89E-02 4.73E-03 2.68E-03 2.54E-03 2.51E-03
1076 | 2.67E-01 7.42E-02 1.90E-02 4.78E-03- 1.19E-03 8.47E-04 8.10E-04
1078 | 2.67E-01 7.43BE-02 1.91E-02 ' 4.81E-03 1.20E-03 3.01E-04 9.55E-05
10710 | 2.67E-01 7.43E-02 1.91E-02 4.81E-03 1.20E-03 3.01E-04 7.53E-05
10-1% | 2.67E-01 7.43E-02 1.91E-02 4.81E-03 1.20E-03 3.01E-04 7.53E-05

Table 2.3: Results for Example 2.6.1 Rates of convergence before extrapolation

1S 1 T2 T3 Ta Ts5 Te
107° | 1.42 044 0.78 0.92 1.00 1.06
1076 | 1.41 0.44 0.78 091 0.97 1.00
107®% | 1.41 044 0.77 0.90 0.95 0.98
1010 | 1.41 044 0.77 0.90 0.95 0.98
1071% | 1.41 044 0.77 090 0.95 0.98

Table 2.4: Results for Example 2.6.1 Rates of convergence after extrapolation

13 1 T2 T3 Ta Ts5 Te
1075 | 1.85 197 2.00 0.82 0.08 0.02
1076 | 1.85 1.96 1.99 2.00 0.50 0.06
1078 | 1.84 1.96 1.99 2.00 2.00 1.67
10710 1 1.84 196 1.99 2.00 2.00 2.00
10715 1 1.84 196 1.99 2.00 200 2.00
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Table 2.5: Results for Example 2.6.2 Maximum errors before extrapolation

5 N=16 N=32 N=64 N=128 N=256 N=512 N =1024
1075 | 3.83E-01 1.95E-01 9.80E-02 4.90E-02 2.45E-02 1.22E-02 6.10E-03
10~¢ | 3.83E-01 1.95E-01 9.80E-02 4.91E-02 2.45E-02 1.23E-02 6.13E-03
1077 | 3.83E-01 1.95E-01 9.80E-02 4.91E-02 2.45E-02 1.23E-02 6.14E-03
10~% | 3.83E-01 1.95E-01 9.80E-02 4.91E-02 2.45E-02 1.23E-02 6.14E-03
10-1° | 3.83E-01 1.95E-01 9.80E-02 4.91E-02 2.45E-02 1.23E-02 6.14E-03

Table 2.6: Results for Example 2.6.2 Maximum errors after extrapolation

5 N=16 N=32 N=64 N=128 N=256 N =512 N =1024
1075 | 3.76E-02 1.07E-02 2.88E-03 7.70E-04 2.19E-04 7.83E-05 4.27E-05
1076 | 3.76E-02 1.07E-02 2.86E-03  7.43E-04- 1.91E-04 5.06E-05 1.50E-05
1077 | 3.76E-02 1.07B-02 2.86E-03 ' 7.40B-04 1.89E-04 4.78E-05 1.22E-05
10~8 | 3.76E-02 1.07E-02 2.86E-03 7.40E-04 1.88E-04 4.75E-05 1.20E-05
10715 | 3.76E-02 1.07E-02 2.86E-03 7.40E-04 1.88E-04 4.75E-05 1.19E-05

Table 2.7: Results for Example 2.6.2 Rates of convergence before extrapolation

€ r1 T T3 T4 5 e

107° | 0.97 1.00 1.00 1.00 1.00 1.00
1076 1 097 1.00 1.00 1.00 1.00 1.00
10°7 | 0.97 1.00 1.00 1.00 1.00 1.00
1078 | 0.97 1.00 1.00 1.00 1.00 1.00
1071 1097 099 1.00 1.00 1.00 1.00

Table 2.8: Results for Example 2.6.2 Rates of convergence after extrapolation

€ 1 ) r3 T4 5 re
107° | 1.82 1.89 1.90 1.81 1.48 0.88
1076 | 1.82 1.90 1.94 196 192 1.74
1077 | 1.82 1.90 1.95 1.97 1.98 1.97
1078 | 1.82 1.90 1.95 1.97 1.99 1.99
10°% 1 1.82 1.90 1.95 1.97 1.99 1.99
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2.7 Discussion

In this chapter, we proposed a finite mesh finite difference method (FMFDM) for the
class of two-point boundary value singularly perturbed problems whose solution exhibits
an interior layer. First, we derived bounds on the solution and its derivatives. Then we
constructed a mesh, of Shishkin type, prone to handle the rapid change of the solution
near the turning point. On this mesh, a discrete upwind scheme was designed in accor-
dance with the sign of the convection coefficient. Using bounds on the solution and its
derivatives, we proved that the developed method was uniformly convergent of order one

with respect to the perturbation parameter and the step size.

Further we investigated the effect of Richardson extrapolation on the FMFDM and no-
ticed that it improved the accuracy of the computed solution. In particular, the rate of

convergence increased from 1 to 2.

To support the above conclusions based on theoretical analysis, we solved two

examples to confirm the findings. Numerical results are displayed in tables 2.1-2.8.
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Chapter 3

A numerical method for a stationary
interior layer convection-diffusion

problems

The aim of this chapter is to construct and analyse a fitted mesh finite difference method
(FMFDM) for a class of time-dependent singularly perturbed convection-diffusion-reaction
problems with a turning point whose solution exhibits an interior layer. We establish
bounds on the solution to these problems and their derivatives. Then we use the classi-
cal implicit Euler method to discretize the time variable with a constant step-size. We
construct a FMFDM to solve the resulting system of two-point boundary value problems.

To improve the accuracy of the proposed method, we apply Richardson extrapolation.

3.1 Introduction

Numerous numerical schemes for singularly problems are available in the literature. These
problems are characterised by a small parameter affecting the highest derivative in the
differential equations underlying the problem. In this chapter, we examine the linear

singularly perturbed time-dependent convection-diffusion problem

_ P%u(x,t) ou(z,t) ou(zx,t)
Lu .:57+a(3:,t)7 gy

02 — b(x, t)u(z,t) — d(z,1)

= f(z,t), (3.1.1)
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(2, ) e Q=2 x(0,T] = (-1,1) x (0,77, (3.1.2)
subject to the initial and boundary conditions
u(z,0) =ug(x), —1<z<1, u(—1,t)=aq(t), u(l,t) =as(t), t€(0,7], (3.1.3)

where ¢ is the diffusion parameter satisfying 0 < ¢ < 1. Further, we assume that the
functions a(z,t), b(x,t), d(x,t), f(x,t) and ug(z) are sufficiently smooth with
b(x,t) > >0 and d(x,t) > > 0 in Q along with the conditions

a(0,t) =0 a;(0,t) > 0,t € [0; T
b(z,t) > b(0,t) > 0, z € [-1,1],t € [0;T] (3.1.4)
lao(z, )] > |as(0; Q2w =1 1t € [0: 7,

which guarantee that the solution of problem (3.1.1)-(3.1.3) has a unique solution which

possesses an interior layer at x = 0 [19]. Also, we impose the compatibility conditions
up(—1) = a1 (0) and wue(1) = as(0),

so that the data match at the two corners (—1,0) and (1,0) of the domain Q. These

conditions guarantee that there exists a constant C' independent of e such that [72]

lu(z,t) —aq(t)| < C(1+x), |u(z,t)—ax(t)] < C(1—x), Y(z,t)€Q

and

\u(z,t) —up(z)| < Ct, VY(z,t) € Q

In general if the coefficient of the convection term a(x,t) does not change sign throughout
the spatial domain, then the solution possesses a boundary layer near —1 or 1. But if
a(x,t) does change sign, then an interior layer may occur. Note that the interior layers
are also present in the solution of the problem above if the coefficient functions are not

smooth or if the data function f(x,t) is discontinuous (see e.g., [13]).
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The presence of layers renders classical methods unfit to provide acceptable approxi-
mations to the solution for a class of time-dependent singularly perturbed convection-

diffusion problems.

Little attention has been given to the study of time-dependent singularly perturbed

convection-diffusion problems whose solution exhibits an interior layer.

In this chapter we aim to study the time-dependent problem (3.1.1)-(3.1.3) whose so-
lution exhibits an interior layer due to the presence of a turning point. We propose and
analyse a fitted mesh finite difference method (FMFDM). We establish that the method

is first order parameter uniform convergent of order one, up to a logarithmic factor.

The rest of this chapter is organised as follows. We establish bounds on the solution
u(z,t) and its derivatives in Section 2. In; Section 3; We adopt an upwind scheme on
the mesh to obtain our FMFDM: In Section 4, we conduct a rigourous error analysis.
We prove that the scheme is almost first order uniformly convergent with respect to the
perturbation parameter in time and space. To improve the accuracy of the proposed
FMFDM, we apply Richardson extrapolation in Section 5 and obtain an almost second
order uniform convergence in space. To see how the proposed method works in practice
and to confirm our theoretical results, we present numerical experiments in Section 6. In

Section 7, we present some concluding remarks.

In the rest of this chapter, C' denotes a generic constant which may assume different
values in different inequalities but will always be independent of €, of the space and time

discretization parameters.
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3.2 A priori estimates of the solution and its deriva-
tives

This section presents the bounds for the solution of problem (3.1.1)-(3.1.3) and its deriva-
tives. We shall denote the subintervals of [—1,1] as ; = [—1, —7],
Q. =[—7,+7| =[-7,0)U[0,47) and €, = [7,1], where 0 <7 < 1/2.

In the following, we first prove that the operator L as defined in (3.1.1) admits the
following continuous minimum principle and then we state stability estimate for the so-

lution of problem (3.1.1)-(3.1.3).

Lemma 3.2.1. (Minimum principle). Let {(z,¢) be a smooth function satisfying

£(+1,t) > 0 and Lé(z,t) <0, V(x,t) € Q. Then &(z,t) > 0, V(x,t) € Q.
Proof. The proof is by contradiction, Let (2% *) € Q such that £(z*,t*) = min (¢
Q

)
and assume that £(z*,t*) < 0. Clearly (z*,t") ¢ Q, therefore &, (z*,t*) =0, &(z*,t*) =0

and &, (z*,t*) > 0 and we have

LE(x*, t") = el (2", 17) + a(x™, )& (™, t7) — b(a™, t") (2", t7) — d(z", t")& (2", 1) > 0,

which is a contradiction. It is proved that {(z*,¢*) > 0 and thus &(z,t) > 0, V(z,t) € Q.

The minimum principle implies the existence and uniqueness of the solution (as for linear
problems, the existence of the solution is implied by its uniqueness). We use this principle
to prove the following results which state that the solution depends continuously on the

data.
Lemma 3.2.2. (Stability estimate). The solution u(x,t) of problem (3.1.1)-(3.1.3) satisfies:
1 _
([l #] < fmax {{laallec. [lazlloo ) + Fl1flloe, V(2. 8) € Q-

Proof. We consider the comparison functions

(2, t) = C £u(x,t) Y(z,t) €Q,
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where C' = max {[|a1[o, [|02]loc} + 5 [].f]oc-

Applying the minimum principle to the comparison functions, we have

LT*(z,t) = e[Ti (2, )] +alw, )05 (2,)] — bz, ) (2, 8)] — d(z, )[T} (2, 1))
= teug(x,t) £ alx, )u,(z,t) — b(z, t)[£u(x, t)] — d(x, t)[Fu(z, t)] — b(z, t)C
= Hf(x,1) = b(x,t) jmax {[|as[oo, |aal[cc} + ; 1l

b
%t) [1/1]e0 = b, 1) max {[[s] oo, [la2llc}

= —[llfllee F f(z, )] = bz, t) max {||a1||oo, [|a2[|c } <O,

- :i:f(l’,t) -

implying that

I'*(z,t) >0, VY(z:t) € Q,
then we have
C i v, £ )15 (L

It follows immediately that ||u(z,t)||s < C) which completes the proof.

Lemma 3.2.3. The bound on the solution u(z,t) of (3.1.1)-(3.1.3) is given by
‘(Wu(:z:, t)

oxJ

<C, (x,t) € Q.

Proof. See [11].

Lemma 3.2.4. The bound on the derivative u,(z,t) of (3.1.1)-(3.1.3) is given by
lus(z,t)| < C, (2,t) € Q.

Proof. For the proof of the lemma, readers are referred to [72].

Lemma 3.2.5. (Continuous results). Let u(z,t) be the solution of (3.1.1)-(3.1.3). There exists

a positive constants n and C', such that

J )
W’ <C [1 + e exp (Wﬂ ,x € [—71,0), t €[0,T]
O’ €
and
Jj . _
W‘ <C [1 + e exp (mﬂ Lz el0,7], telo,T),
oxl €

where 7 = 0,1, 2, 3.
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Proof. We prove this Lemma on [—7,0). The proof on [0, 7] will follow the same lines.

(3.1.1) can be written as follows

Lou — d(z,t) a“g’;’ D~ f(at), v e [=r0), te [0,T], (3.2.1)
where
_ QPu(x,t) Ou(z,t)
L,u= N +a(x,t) o b(x,t)u(x,t).

We obtain from (3.2.1) as follows

ou(z,t)
ot

Lyu=d(z,t) + f(z,t) = k(z,1). (3.2.2)

As we assume vy = u(x,0), d(x,t)and f(x,t) to be smooth functions and then k(z,t) is
continous and e-uniformly bounded, By using the technique provided in [32] and (3.2.2)

one obtains

8%(:6,1%)‘ <C {1 +edexp <7];1:>

D Stf|Yee [-7,0), 7=0,L1 (3.2.3)

Differentiating (3.2.2) with respect to x, we can deduce the similar bound for higher values

of j and considering p(z,t) = du(z,t)/0z, it follows that

Lap — d(x,1) apg;’ D= g; D _q, a“éi’ D 4 boule,t) + d, 8ué:;, 23
poL) = G = 0. 91,0 = T = 80, 0) = D = ),

Here again, we assume that s(z, t) is smooth function and using the same technique above,

we obtain the second bound

Pt <t ()] reironen

ox

which complete the prove.

The third condition of (3.1.4) guarantees that a(z,t) < 0 for —1 < z < 0 and a(z,t) > 0
for 0 < 2 < 1. Therefore, the solution of the problem (3.1.1)-(3.1.3) may be considered

as a concatenation of two solutions: One on —1 < x < 0 presenting a layer near x = 0

49



Chapter 3: A fitted numerical method for interior-layer parabolic
convection-diffusion problems

(right end of the interval) and the other one on 0 < x < 1 exhibiting a layer near x = 0
(left end of the interval) as well. This consideration will be useful firstly in seeking an
in-depth understanding of the behaviour of the solution and its derivatives and secondly,

in the design of the numerical method in Section 3.3.

In order to prove e-uniform convergence of the numerical method to be designed in sub-
sequent sections, we need to know the behaviour of the exact solution u(x,t) of (3.1.1)-
(3.1.3). This solution can be decomposed in two parts, namely the smooth component

v(x,t) and the singular component w(z,t) ([42], pp 47) such that
u (=t

where v(z,t) is the solution of the inhomogeneous problem

Lv(z,t) = f(x,t); (x5t) € Qy = (—1,0) x (0,77, (3.2.4)
v(z,0) = u(z,0) =uy, —1<2<0, (3.2.5)
v(=1,t) =u(-1,t), 0<t<T, (3.2.6)

and w(x,t) is the solution of the homogeneous problem

Lw(z,t) =0, (z,t) €, (3.2.7)
w(z,0) =0, —1<z<0, (3.2.8)
w(-1,t) =0, 0<t< T, (3.2.9)
w(0,t) = u(0,t) —v(0,t), 0 <t < T. (3.2.10)

We establish the following lemma which gives bounds on the solution to (3.1.1)-(3.1.3)

and its derivatives.
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Lemma 3.2.6. The smooth and singular components of u(z, t) of problem (3.1.1)-(3.1.3),

for 0 < j <3, and 0 <t < T, satisfy

Hv(z,t) _
Tow <0, (7,t) €Q
and
dw(x,t) - nr
TR J i _
‘ e < Ce exp<€>,x6[ 1,0],
dw(x,t) i —nx
|81‘] SO&“ JeXp <€>, .TE[O,l]

for some constants n and C' independent of ¢.
Proof. We prove this lemma on €; = [—1,0]. The proof on [0, 1] follows similar steps.

We obtain the reduced problem (g =0) from (3.1.1) as follows:

a(x, t)v(z,t) — bz, t)v°(x, t) = d(z, )od(z, 1) = f(x,t), (z,t) €Y (3.2.11)
v(z,0) = vy(2), =1 < <0, (3.2.12)
V(FINIFBEEAITE 4974 (3.2.13)

The smooth component v(x, ) is further split into the sum

v(x,t) = vo(z,t) + evi(z,t), (z,t) €, (3.2.14)

where vy is the solution of the reduced problem in (3.2.11), which is independent of &,

then, for 0 < 7 < 3, we have

g (, t
Puo@ | (3.2.15)
O’ o
and vy is the solution of (3.1.1), which Lemma 3.2.5 applied. It follows that
o t
Pu@ |l o o<j<s (3.2.16)
O .

Now, applying the triangle inequality and using the estimates (3.2.15) and (3.2.16) into
(3.2.14), we have

Hv(z,t) - (1) vy (x,t)
2P h OxJ . OxJ -
< C+Ce
< C(l+e¢)
< C
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Now, let us prove the regular component w(z,t). We define the barrier functions as follows
[31].

U*(z,t) = Cexp(nz/e)e’ £ w(z,t), (x,t) € Q.

Let us find the values of U*(z,¢) at boundaries:

UE(—1,t) = Cexp(—n/e)e' £w(—1,t), 0 <t < T,
= Cexp(—n/e)e’, using (3.2.9),
> 0, 0<t<T,
UE(0,t) = Cet£w(0,t), 0 <t<T,
= Ce" 4 (u(0,t) = v(0,t)), using (3.2.10),
> 0, for a suitable choice of C, 0 <t < T,
UE(2,0) = Cexp(nz/e)£w(x;0), —1 <2 <0,
= Cexp(nz/e), using (3.2:8),

> 0, -1<z<0.

From the above estimates, we notice that U > 0, (z,t) € Qy = O;\Q; therefore, we have

LUE(x,t) = eV (z,t) +alz, t)VE(x,t) — bz, ) VF (2, 1) — d(x, ) UF (2, t)
= Cexp(nx/e)e lnj + 77(1(:’15) —b(x,t) — d(z, t)] + Lw(z,t)

2

= Cexp(nx/e)e’ [Z + na(:,t) —b(x,t) — d(z, t)] , using (3.2.7)

< 0, (I,t) € Ql.

Now, by applying Lemma 3.2.1 to the barrier functions, we obtain ¥*(x,t) >0, (z,t) €

(5. Then we have

Cexp(nz/e)e’ + w(z,t) > 0.
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It follows that

w(z,t) < Cexp(nr/e)e’, (v,t) €

T

< Cexp(nz/e)el since e <e

C
< Cexp(nz/e) (x,t) € .

Since Lw(z,t) = 0, the j derivative of w(z,t) can be estimated immediately from the

estimate of w(z,t), ‘
dPw(x,t)
OxJ

This completes the proof.

< Ceexp (W) .0
£

N\

J <3

We construct a fitted mesh finite difference method to solve time-dependent convection-

diffusion problems (3.1.1)-(3.1.3).

3.3 Construction of the FMFDM

Time dicretization

We present the Euler implicit method to discretize problem (3.1.1)-(3.1.3) with uniform
step-size At = T/K. The time [0, 7] is therefore partitioned as

W' = {t;, = kAt,0 < k < K}. (3.3.1)

We discretize problem (3.1.1)-(3.1.3) on w¥ as follows

2(x,ty) — z(z, tr—1)

2 (T, tr) + a(w, tr) 2 (z, te) — b, ty)2(2, tr) — d(x, ty) Y = f(z, 1),
(3.3.2)
subject to
2(x,0) = zo(x), —1<ax<1, z(—1,tx) = ax(t), z(1,tx) = aa(t). (3.3.3)
Now, (3.3.2) can be written as
Lo(oty) = fla ) — d(w, ) 22 be1) (3.3.4)

At
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subject to
2(x,0) = 2zp(z), —1<x<1, z(—=1,t) = a1(t), z(1,tx) = as(t), (3.3.5)
where

Lz(x,ty) = ezp0(x, tr) + alx, ty) 2. (2, tg) — [b(x, tr) + d(sz)] 2(x, tg—1).

The local truncation error denoted by e at each time level to t, is given by

er = u(x,ty) — z(x,ty), where z(z, ;) is the solution of (3.3.4)-(3.3.5).

The local error in the temporal direction is given by [11] as follows
|| ex || ST K (3.3.6)
The global error is given by [11] as follows

| Bl G S~k (3.3.7)

Space discretization

Let N and K be two positive integers. We consider the following partition in interval
[—1,1] which we denote QV: x5 = —1, Ty = 0, zy = 1 and let QNE = QN x wX be
the grid for the (x,¢)-variables, and QN = QN5 N Q. Due to the presence of an interior

layer at the point zy/, = 0, the transition parameter 7 is chosen to be

7 — min {; ; In (]Z)} , (3.3.8)

where 7 is a positive constant. The space domain is discretized using a piecewise uniform
mesh which splits the space domain [—1, 1] into the following subintervals [—1, —7], [—7, 7]
and [7, 1]. These subintervals are subdivided uniformly to contain N/4, N/2 and N/4 mesh

elements respectively. Note that the mesh spacing is given by

L A0 N =12 NN AL N - LN, 559
" | 4r/Nifj=N/A+1,N/4+2-- 3N/4. -
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For the rest of the chapter, we adopt the notation S(x;, ;) == S]'?' for any mesh function

S(xj,t;). We discretize the problem (3.1.1)-(3.1.3) in the following manner:

Sk s~k —1Tk ik ik TR k-1 . N
INE R eD, Ui +a; D, US —(b; +K})Uj =Jj - iAjﬁ ) forj =0,1,---, ¥ —1,
& b a 7 dj 5 dFUFT _
(3.3.10)

with the discrete initial and boundary conditions

U)=ul, j=0,1,--- N, (3.3.11)
U =af=ai(ty), U¥=ak=aty), 1<k <K, (3.3.12)
where . ]
it = =g e
ak+ak
AR e e T L S T §
k k k k k k
= bt +bj“, fr= s U5 i for j=1,2,3,--- N —1,
7 3 J 3
Uk, —U» DAV ERALL 2
DiUF = prub=-2L - DU'=_———(DfUF— D UF)
hj+1 h] hj +hj+1
d
an ke
D;UF =2 I
by At

Now (3.3.10) can be written in the form

LNEUF =7 US4+ rUf + 07U, = F), j=1,2,3-+- N — 1, (3.3.13)
where for j =1,2,3--- ,% — 1, we have
2 a* ak 2 _dr 2
o £ LY e Y2 e Y g ° (3.3.14)

I hy(hj 4+ hje) by hy hjhy 0 AT (b 4 b))

272
~k k‘ ~k
TJT:2—€7T;:_GJ' 2 —Bﬁ—ﬁ,ﬁ“: 2¢ +aj
hj(hj + hj+1> hj-i-l hjhj_H At hj-i—l (hj + hj—i—l) hj+1
(3.3.15)
and .
- dkUE~
Fy=ff —=3%— (3.3.16)

The analysis of the scheme developed above requires the following Lemmas.
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. o . . . . k N’K k
Lemma 3.3.1. (Discrete minimum principle) For any mesh function £ such that LY &7 <

0,in QVF, €9 >0,1<j<N, ¢ >0and & >0,1<k<K, wehave £ >0in QVF.

Proof. Let (p,s) be indices such that &5 = r(n}gr)l ¢r, ¢ in QN and suppose that & < 0.
‘77
It is clear that (p,s) € {1,2---,N — 1} x{1,2--- K} otherwise {5 > 0. We observe

that £, — &5 > 0and {5 — &5 | <0.
Forp=1, 2, ... ,%—1, we have
N,K s ) s
L= —€D$§ +a,D, & — (b + E)fp. (3.3.17)

Substituting D, &5 and Dxff, into (3.3.17), we obtain

%% s g8 e aEx gs -5 s ds
INKes p+1 D 3p p—1 bs 4 —Lgs 0.
& hp 4 hpia ( hpia hy i hp ~ TR

For p = %, we have
S

LNEES = —(05 + Pt)gg > 0. (3.3.18)

Forp:%—i-l,--- , N 4+ 1, we have
N,K ¢s N ¢S s )+ ¢s s d;f? s
L5 =eDy&5 +apy DIES — (b + E)fp. (3.3.19)
Substituting Dy &; and Dxf; into (3.3.19), we obtain

28 S o gs gs o s_ gs ds
LK p+1 P Sp p—1 s p+1 — (b 4+ PS> 0.
fp h + hp-i-l ( hp+1 hp " K hp-i-l ( ! ’ At)gp

Thus LNAE >0, 1 < p < N — 1, which is a contradiction. It follows that £ > 0 and
therefore 5;“ >0, 0<j<N.

Lemma 3.3.2. (Uniform stability estimate). At time level t, if ZJ is any mesh function
such that ZF = Z% =0, then

1
|1Z}| < 5, LYEZE VO <i < N.
VS

Proof. Let us define

M == max |LVFZF|

1
f 1<i<N-1
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and introduce the two mesh functions (Y*)¥ defined by
(Y5 =M+ 2P,
It is clear that (T*)f > 0and (Y*)% >0, for 1 <i < N — 1. We observe that
INE(TE)E = —MoF £ L5V ZF <0

for 1 <i < N — 1, because bf > (> 0. By the discrete minimum principle Lemma 3.3.1,
we conclude that

(YE)r >0, for 0<i< NandVtel0,7].

With the above continuous and discrete results, we are'in a position to provide the

e-uniform convergence result in the next section.

3.4 Convergence analysis

In this section, the convergence of the scheme will be analyzed on a Shishikin mesh.

Theorem 3.4.1. . Let U} be the numerical solution of problem (3.3.10)-(3.3.12) and
denote the solution z(x;, ) of problem (3.3.4)-(3.3.5) at the time level tj, by 2§ = z(xj, ;).

Then, we have

N 2
k_ Lk ~1 v
Jnax Ui — 2| <CN [ln ( 1 )] . (3.4.1)
Proof. We prove this Lemma on the interval [—1,0]. The proof on [0, 1] follows similar
steps. The solution U of the discrete problem (3.3.10)-(3.3.12) can be decomposed into

a regular part and a singular part as
k_ 1k k
Uy =V + Wy,
where V]k is the solution of the inhomogeneous problem

dk x vkt
S IR R v P VAL

N.Ky/k _ ¢k
L V;'_fj_ At » Vg 7o
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and I/V}C is the solution of the homogeneous problem

LYEWE =0, W) =w), Wi =wj, Wi, = Uy — Vi

The estimate of the smooth component is obtained using the following stability and

consistency argument. From the differential equation, we obtain

df x V!
N,K 17k E\ k N,K k
LPRVE =) = -y Ly

d? > ko k4 — Lk
= 6<dx2_Dx>Uj+aj <d$—D$>vj.

Then, by local truncation error estimates (Lemma 4.1 [42]) at each point (z;,t), we

obtain

3
81}]'

ox3

a
2

k 2
J(l‘j—l‘j_l) Haxfl}; fOIlS]<N/2—1

(3.4.2)

Since hj = z; — x;_; < 4N ~1 and using the estimates of the derivatives of v]’? in Lemma

[LVE(VE =)l <

j (Tj41 — 251)

W M

3.2.6 in conjunction with Lemma 7 of [48], we have

|LYE(VE— k) < ONT

J

Now, applying Lemma 3.3.2 to the mesh function (V]k — vf), we obtain

(VF— o) < ON"'for 1 < j < NJ2 - L. (3.4.3)

Now, let us estimate the local truncation error of the singular component L% (W} —w?).

In this case the argument depends on whether 7 = 1/2 or 7 = (¢/n) In(N/4).

The mesh is uniform in the first case 7 = 1/2 < (¢/n)In(N/4). The local truncation

error is bounded in the same manner as done above.

k
a”
|LYE(WE —wh)] < + 53(%' —j 1)

J

for1<j< N/2—1.
(3.4.4)

($j+1 - :z:j,l)

8311)]'
ox3

2
‘010)»

ox?

W M
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Since hj = x; — xj_; < 4N~! and applying Lemma 3.2.6 in conjunction with Lemma 7 of
48], we obtain
LY E(WE —wh)| < Ce>N

J

We know that in the uniform mesh case, e ! < (2/n)In(N/4), we obtain

LV E(WE —wh)| < N7 [In(N/4))*.

J

Now, applying Lemma 3.3.2 to the mesh function (Wf — wf), we obtain
(W} —wh)] < CN7! [In(N/4))* for 1 < j < N/2 - 1. (3.4.5)

In the second case 7 = (¢/n) In(N/4) < 1/2, the mesh is piecewise uniform. In this case
we have two subintervals, namely [=1,—7] and [=7.0]. Firstly, we compute the error for
the singular component in the mesh region [—1, —7], ie., for all =1 < z; < —7. Using

the triangle inequality, we get
k k k k
(W =i | <HWE |+ | (3.4.6)
With the help of Lemma 3.2.6, we obtain
|wf| < Cexp(nzj/e) < Cexp(—nr/e) < CN ' for 1 < j < NJ/2—1. (3.4.7)

To obtain a similar bound on Wf an auxiliary mesh function Wf is defined analogous to

LN,K

Wf except that the coefficient of a(x,t) in the difference operator is replaced by the

lower bound of a(x,t) ([42] pp 72). Then, from (Lemma 7.5 of [42]),
(W < [WE| for 0<j <N.
Furthermore, by using Lemma 3.2.6 which leads us immediately to conclude that
jwf| <CN ' for1<j < NJ/4—1. (3.4.8)
By using the estimated obtained by (3.4.7) and (3.4.8), we obtain

Wk —wf| <CNtfor1 <j< N/M4—1. (3.4.9)

J J
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Now, in the subinterval [—7, 0], (3.4.4) leads to

YRS = wh)] = C oy — 2| = 4CE NI for N/A<j < N/2 -1

Also, |[(WF — wk| =0 and |VV]’I§/4 — w}“v/4| < |W]’\“,/4| + |w§“\,/4| < CN~! from (3.4.8). Let us

introduce the barrier function on [—7, 0] as follows

O = (z;+ 7)Cre TN~ 4+ CoN "

For a suitable choice of C; and C5, the mesh functions

+\k k k k
(\p )j:q)jj:(w' _wj)

J

satisfy the inequalities

\Ifﬁfm >0, \1:’;/2 =0

and

LYEGr L0/ INJIE 1LY S N2 - 1.

By applying Lemma 3.3.1 on [—7,0] to the function (¥F)¥, we obtain
UF>0, N/A+1<j<N/2-1
Therefore, we obtain
(WF —wk| < ®F < Crer’N~"+ CoN
Since 7 = (¢/n) In(N/4), we have

(W —wk| < ON"" [In(N/4)].

(3.4.10)

Combining (3.4.9) and (3.4.10), we obtain the following estimate on the singular compo-

nent of the error over interval [—1, 0]

WE —wh| < ONT'[In(N/4)]*, N/4+1<j<N/2-1.

Noting that

(3.4.11)

(3.4.12)
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and using the estimates (3.4.3) and (3.4.11), we obtain
UF — 25| < ON"'In(N/4)]?, 1<j< N/2—1. (3.4.13)
A similar analysis on the subinterval [0, 1] yields
UF — 25| < CN"'[In(N/4)]*, N/2<j<N. (3.4.14)

Combining (3.4.13) and (3.4.14) then gives the required result.

The next theorem provides the main result of this chapter.

Theorem 3.4.2. . Let u be the ezact solution of problem (3.1.1)-(3.1.2) and U be its
numerical solution obtained via the difference equations (3.3.10)-(3.3.12). Then, there
exists a constant C independent of the perturbation parameter ¢, and of the discretization

parameters h; and At such that
N 2
max |[Ub=bli< @ {At AN {m (4)] ] . (3.4.15)
Proof. The result follows from the triangle inequality

107 —usl < U7 = 251+ 1125 — w5,

and the combination of (3.3.7) and Theorem 3.4.1.

To improve the accuracy and the rate of convergence of the proposed numerical method,

we apply Richardson extrapolation in the next section.

3.5 Richardson extrapolation on the FMFDM

In this section, we use Richardson extrapolation to improve the accuracy of the proposed
method. Richardson extrapolation is a procedure where a linear combination of two ap-

proximations of a some quantity gives a better approximation of the quantity [49].

61



Chapter 3: A fitted numerical method for interior-layer parabolic
convection-diffusion problems

We focus our attention on the interval [—1,0] as before. Results on the interval [0, 1]
can be obtained in a similar way. Keeping in mind that there is a transition point at

x = —7, we consider the subintervals [—1, —7| U [—7, 0] separately.

With reference to (3.3.9), to simplify the analysis, for x; € Qf, h; = z; — x;_1 we
denote H = h; for j=1,2,--- ,N/4dand h="h; for j=N/4+1,--- ,N/2 -1

We consider the mesh Q7 where 7 is given by (3.3.8) where we bisect each mesh subin-
terval. It is clear that QF C Qjy = {#;} and #; — &;_, = h; = h;/2. We denote the

numerical solution on the mesh Q3 by U ¥ The estimate (3.4.13) can be written as
UF — 2§ = O\ NTHIn(N/4)? # Ry(ay), Vo, € Qf (3.5.1)

and

Uk — Z]’? = OQ(QN)&]- ln(N/4)2 - RQN(CE]'), Vi € Qiy, (3.5.2)

J

where C] and Cy are some constants and the remainders
Ry(z;) and Ron(7;) are O[N~'(In(N/4))?].

Note that we have used the same transition parameter 7 when computing both U]’-C and

U]k This is seen from the factor In(N/4).

A combination of the two equations above gives
¥ — (Q2UF — U¥) = Ry(x;) — 2Ron(;) = O[NY(In(N/4))?], Va; € Q. (3.5.3)

We set
Uittt = oUF — UF, Va; € QF, (3.5.4)

as the new approximation of zf obtained after applying Richardson extrapolation. The

error after extrapolation U; 0k can also be decomposed as in (3.4.12),

(ert _ Z)f — (Ve:rt _ U)? + (Wezt — w>k (355)

77
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where Vjemt’k and VVjemt’k are the regular and singular components of U;mt’k. The local

truncation error of the scheme (3.3.10)-(3.3.13) after extrapolation is given by

N,K (7reat k _ or NK(ftk _ k NK(rrk _ k
where
ok
LNRUF =28y =rm2b el v rteh ) — el —abe + bbb + ]At] (3.5.7)
and
. bk
LN’K(UJI»“—Z;“)—T z l—l—rczk—l—r fﬂ—sz —a +bk k JAtJ' (3.5.8)

The quantities of r~, r and r* are given in (3.3.14), (3.3.15) and (3.3.16) respectively, but
7, 7 and 7" are obtained by substituting h; by ﬁj and hj1 by ﬁjH, in the expressions
of =, ¢ and r* respectively. Taking the Taylor series expansion of ij around z;, we

obtain the following approximations for z}“_l and zf '

. 2 2 3 3 h4

zj—l = - h Z + EJ j EJ 7 (517 )7 (359)
h2 h3 hi

2 =z + by + Jz“zj? + Jﬁ“zf + 511 24 (&, 7), (3.5.10)

- % h3 if*
G =z = bz 5 = w4 g EL ), (3.5.11)

k 7 / BJQH 2 ﬁ?ﬂ 3 h§+1 4 .

Zj+1 — Zj + hj.l,_le + 9 Z + 6 Z + 24 < (52 j)? (3512)

where

~ xj,l +LC]'

517] € (:Ej—lwxj)a 527] € ($j7$j+1)7 51 € ( 9 S

z;) and &€ (2, 5 ).

Substituting (3.5.9) and (3.5.10) into (3.5.7), (3.5.11) and (3.5.12) into (3.5.8), we obtain

the following expressions:

LN’K(U*]-c - ) - k’lzj + kQZ + ]CgZ + k‘4Z + ]{35 1< (fl, ) + ]{35 2% (fg, ) (3513)

J
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and

LNVE(UF - zf) = ];‘12]‘ + %gz; + ];'32’]2 + hz? + 1242? + 12:57124(51,3') - 12757224(52,]'). (3.5.14)

J

The coefficients (3.5.13) are

]ﬁ: 2e _ 2e i 2e , k2:0, /{,‘3: €hj _ dégh] €hj+1 —e
hi(hj+hjs1)  hihjer  hjp(hj+hj) hj+hji 2 hj+hjiq
. —ch’ N akh? N eh?, o= eh? B d?h;)?’ . eh?,, .

3(hj+hj+1) 6 S(h] +hj+1> 12(hj+hj+1) 24 12(hj+hj+1)

The quantities for 12:1, 12:2, /23, /;4, 125,1 and 1235,2 can be obtained by substituting h; by izj
and hj+1 by iLj+1.

Substituting (3.5.13) and (3.5.14).into (3.5.6), we obtain

LN’K(Uem — Z);€ = lej -+ TQZ;-/ —+ TgZ;-” —+ —|—T4’12(4) (fl,]> -+ T4’2,Z(4) (gg,j), (3515)

where
14e 14e 14e
T1 - - + )
hj(h; +hje1)  Bihjer  hjea(hy + hjga)
h: h.: akh?
T2:€7]_€+i7 3:_aj i
hj + hj+1 hj + hj-i—l 12
eh3 a;h? ch3
Ty =— g P and Typ = ——25
YT T4y 1l 32 e 24

Using the fact that, for all j = 1,...,N/4, H = h; < 4N~! substituting into (3.5.15) in

the subinterval [—1, —7|, we obtain:

~k 172 2 ~k 173 3
N,K (1 rext k a;H eH a; H 4 N eH® .
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Now applying the triangle inequality, Lemma 3.2.6 in conjunction with Lemma 7 of [48]
to (3.5.16), we obtain:
|LY (Ve —v)s| < CNT2 (3.5.17)

To estimate L™ (W — w)¥, the argument depends on whether 7 =1/2 or

r = (¢/n) In(N/4).

In the first case the mesh is uniform and (¢/n)In(N/4) > 1/2. The estimate of singular

component of the local truncation error is obtained as follows:

~k12 2 ~k13 3
N,K /15 ext k a;h eh a;h 4 . eh? .
LW —w)j = ——p-wj + [48 Lo ]w< (€d) = puw (&), (3518

Now, applying the triangle inequality, Lemma 3.2.6 and using Lemma 7 of [48], we obtain
| LYK (et w)ﬂ < CON2cPexp (2zn/c). (3.5.19)
Note that e ' exp (2z;n/e) < C  and e < (2/5)In(N/4), we obtain

|LNE (Wt —w)E ' < CN~2 {In(N/4)]%. (3.5.20)

J

In the second case (viz 7 = (¢/n)In(N/4)), the mesh is piecewise uniform with the mesh
spacing h = h; =47N~! for V j = N/4+1,...,N/2 in the subinterval (—,0]. Applying
the triangle inequality, Lemma 3.2.6 along with Lemma 7 of [48] to (3.5.18), we obtain

|LYE(We —w)h| < CyN P22 (3.5.21)
Since 7 = (¢/n) In(NN/4), this gives

|LNE(Wert — )| < CN72 [In(N/4)]7. (3.5.22)

J

A similar analysis can be performed for j = N/2+1,--- /N — 1.

Using Lemma 3.3.2 in (3.5.17), (3.5.20) and (3.5.22) along with (3.5.5), we obtain the

following result:

65



Chapter 3: A fitted numerical method for interior-layer parabolic
convection-diffusion problems

Theorem 3.5.1. Let z and U be the solution of (3.3.4)-(3.3.5) and (3.3.10)-(3.3.12),
respectively. Then, there exists a constant C, independent of the perturbation parameter

e and the space discretization parameters h; such that

max |(U — 2)| < CN~2 {m (N)r. (3.5.23)

0<j<N 4
Once more, using the triangle inequality and combining (3.3.7) and Theorem 3.5.1,

we obtain the error after extrapolation which we state in the following theorem.

Theorem 3.5.2. (Error after extrapolation). Let u be the exact solution of (3.1.1)-(3.1.2)
and U its numerical approzimation obtained via the scheme (3.3.10)-(3.3.12). Then, there
exists a constant C', independent of the perturbation parameter €, the time discretization

At and the space discretization parameters hj such that

(U= uf < C

=J =iV i v >

At N2 [m (]Dﬂ . (3.5.24)

3.6 Numerical examples

This section presents numerical results obtained for test problems. In both examples, we
start with N = 16 and At = 0.1 and we multiply N by two and divide At also by two.
The maximum errors and order of convergence are calculated by the exact solution. The
solution in the examples has a turning point at x = 0 and x = 0.5 , which gives rise to

an interior layer.
Example 3.6.1. We consider problem (3.1.1)-(3.1.2) for

a(x,t) = 2x(1+t%), b(x,t) = 3+ at), d(x,t) = (1+at), T =1
and the functions f(z,t) and ug(z) are such that the exact solution is given by

T exz/a
u(x,t) = ee Ve |erf Vi + 2z V=il 3270,

Example 3.6.2. Here we consider the following problem (3.1.1) and 0 <z <1 for

a(z,t) = 2x — 1)(1 +1), b(z,t) = (1 +at), d(z,t) =™, T =1
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and the functions f(z,t) and ug(z) are such that the exact solution is given by

0.5 —
u(x,t) = ce~'/¢ tanh (w

) _ 32— (1-20)t
€

Maximum errors at all mesh points are determined by using the formula

N,K N,K
max luse ™ = U7 |, and we compute E. v = max E. y g,
0<j<N;0<k<K ' I ” 0<e<1 "

EE,N,K —

where uj,]gVK denotes the exact solution, and U} WK denotes the numerical solution which
is obtained by a constant time step At using N mesh intervals in the entire domain

Q2 =[—-1,1] or Q = [0,1]. In addition, the numerical rate of uniform is computed as

T = 1. =1ogy (Eg’N“Kl/EE’2N“2Kl) :
After extrapolation the maximum errors at all mesh points and the numerical rates of
convergence are calculated as follows:

N,K il _ t ext
Eetl = max Ut — 5 and R =uf3 = log,(E% 1)) )
e,N,K 0<j<NO<k<K | ik .k |v N K e, N,K g2( E,Nl,Kl/ a,QNl,QKZ)
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Table 3.1: Results for Example 3.6.1 Maximum errors before extrapolation

5 N =16 N =32 N=64 N=128 N =256 N =512

K =10 K =20 K =40 K=80 K=160 K =320

107% | 7.55E-02 4.35E-02 2.33E-02 1.20E-02 6.59E-03 3.63E-03
107° | 7.55E-02 4.35E-02 2.33E-02 1.20E-02 6.13E-03 3.11E-03
1076 | 7.55E-02 4.35E-02 2.33E-02 1.20E-02 6.13E-03 3.10E-03
1074 | 7.55E-02 4.35E-02 2.33E-02 1.20E-02 6.13E-03 3.10E-03

Table 3.2: Results for Example 3.6.1 Maximum errors after extrapolation

€ N =16 N =32 N=64 N=128 N =256 N =512
K =10 K=40 K=160 K =640 K =2560 K = 10240

107* | 8.61E-02 2.58E-02 6.80E-03  3.60E-03  3.60E-03 3.60E-03
107° | 8.61E-02 2.59E-02 6.81E-03  1.73E-03  7.88E-04 7.88E-04
1076 | 8.62E-02 2.59E-02 6.82E-03 1.73E-03  4.33E-04 1.71E-04
1077 | 8.62E-02 2.59E-02 6.82E-03 1.73E-03  4.34E-04 1.08E-04
107 | 8.62E-02 2.59E-02 6.82E-03 1.73E-03  4.34E-04 1.08E-04

Table 3.3: Results for Example 3.6.1 Rates of convergence before extrapolation

€ 1 ) r3 T4 5
107* | 0.80 0.90 0.95 0.87 0.86
107° | 0.80 0.90 0.95 0.97 0.98
107¢ | 0.80 0.90 0.95 0.97 0.99
107 1 0.80 0.90 0.95 0.97 0.99

Table 3.4: Results for Example 3.6.1 Rates of convergence after extrapolation

g 1 T2 3 Ta s
107° | 1.74 192 1.98 1.13 -0.00
1076 | 1.74 192 1.98 200 1.34
1077 | 1.74 1.92 1.98 2.00 2.00
1078 | 1.74 192 1.98 200 2.00
107 | 1.74 192 1.98 200 2.00
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Table 3.5: Results for Example 3.6.2 Maximum errors before extrapolation

€ N =16 N =32 N=64 N=128 N =256 N =512
K=10 K=20 K =40 K=80 K=160 K =320

107* | 8.85E-02 4.76E-02 2.44E-02 1.23E-02 6.21E-03 3.12E-03
107° | 8.85E-02 4.76E-02 2.44E-02 1.23E-02 6.21E-03 3.12E-03
1076 | 8.85E-02 4.76E-02 2.44E-02 1.23E-02 6.21E-03 3.12E-03
1071 | 8.85E-02 4.76E-02 2.44E-02 1.23E-02 6.21E-03 3.12E-03

Table 3.6: Results for Example 3.6.2 Maximum errors after extrapolation

€ N=16 N=32 N=64 N=128 N =256 N =512
K=10 K=40 K=160 K =640 K =2560 K = 10240

107* | 1.07E-01 2.79E-02 8.45E-03 5.76E-03  5.76E-03 5.76E-03
107° | 1.06E-01 2.62E-02-6.78E-03 ~ 2.08E-03._ 1.25E-03 1.25E-03
1075 | 1.05E-01 2.58E-02 6.42E-03 1.72E-03 5.08E-04 2.71E-04
10°7 | 1.05E-01 2.58E-02 6.34E-03 1.64E-03  4.31E-04 1.25E-04
1078 | 1.05E-01 2.58E-02  6.32E-03 1.62E-03  4.09E-04 1.03E-04
10714 | 1.056E-01 2.57E-02 6.32E-03 1.62E-03 4.09E-04 1.03E-04

Table 3.7: Results for Example 3.6.2 Rates of convergence before extrapolation

9

T1

)

3

T4

s

10~4
10-°
106

10—14

0.88 0.96
0.89 0.96
0.89 0.96

0.89 0.97

0.98 0.99
0.98 0.99
0.98 0.99

0.98 0.99

0.67
1.00
1.00

1.00

Table 3.8: Results for Example 3.6.2 Rates of convergence after extrapolation

g

r1

T2

3

T4

s

10-°
106
10-7

2.01
2.03
2.03
2.03

2.03

1.95
2.01
2.02
2.03

2.03

1.70
1.90
1.95
1.96

1.97

0.73
1.75
1.93
1.97

1.98

-0.00
0.91
1.79
1.94

1.99
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3.7 Discussion

In this chapter, we proposed a fitted mesh finite difference method (FMFDM) for a class
of time-dependent singularly perturbed problems whose solution exhibits an interior layer.
After establishing bounds on the solution and its derivatives, we applied the classical Euler
method to discretize the time variable. This results in a system of interior layer boundary
value problems (one at each time level). We constructed a Fitted Mesh Finite Difference
Method (FMFDM) to solve the system above. The FMFDM uses an upwind scheme on
a piecewise uniform mesh, fine in the (interior) layer and coarse elsewhere. Using bounds
on the solution and its derivatives, we proved that the method is uniformly convergent

relative to the perturbation parameter € and the step-size.

In order to support the above conclusions based on a theoretical analysis, we performed
numerical investigations on two examples. In each example, we computed the maximum
pointwise errors and the corresponding rates of convergence for various values of N and
K. The results shown in tables 3.1, 3.3, 3.5 and 3.7,confirmed that the method was uni-

formly convergent.

Furthermore, we investigated the effect of Richardson extrapolation on the FMFDM in
order to improve both its accuracy and order of convergence. Numerical results are dis-
played in tables 3.2, 3.4, 3.6 and 3.8 for the same values of N and K considered above for

comparison purposes.
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Chapter 4

Time dependent power interior layer

convection-diffusion problems

In this chapter, we consider a class of two-point boundary value singularly perturbed
convection-diffusion problems whose solution has an interior layer due to the presence of
a turning point. The perturbation parameter is embedded in a quadratic function. We
first derive bounds on the solution and its derivatives. Then we design a fitted mesh
finite difference method (FMFDM) applied on both Bakhvalov and Shishkin-type meshes
for the solution of problem which is e—uniform convergent of order one. In order to
improve the accuracy and the rate of convergence for both methods, we apply Richardson

extrapolation.

4.1 Introduction

In one dimension, a typical singularly perturbed problem consists of determining the

solution y to the equation
ey’ +a(x)y —b(x)y = f(x), x € [h1,6], (4.1.1)

subject to

y(01) =y1 and y(0y) = yo, (4.1.2)
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where ¢ is a small parameter lying in (0, 1], a(z), b(x) and f(x) are sufficiently smooth
functions, y; and y, are given constants, and also that a(z) > n > 0, b(z) = by > 0,
x € [01,05]. Such problems often arise in chemistry, biology, continuum mechanics, aero-
dynamics, semi-conductor theory, electromagnetic fields, financial mathematics, reaction-

diffusion processes [19, 50, 73].

The perturbation parameter ¢ << 1 in (4.1.1) dictates large gradients of the solution
in small parts of the domain called layer regions. These layers may be situated at the
boundary of the domain or in its interior depending upon the nature of the coefficient of
the convection and the reaction terms. The solution presents a boundary layer at the right
end or the left end of the domain if a(z) <0 or a(z) >0, for all z € [6;, 6] respectively.
With such coefficient functions a(z), problems (4.1.1)-(4.1.2) are said to be an non-turning

point problems. In recent years, many researchers have successfully developed numerical

schemes for such problems [25, 26; 28, 35, 45, 46, 57, 69].

The zeros of a(x), if they exist and with a(6,)a(f2) # 0, are called the turning points
of the problem. Turning points may give rise to boundary and/or interior layers. For
more information about the type of layers, interested readers may refer to [5]. Numerous
numerical schemes for turning point singularly perturbed problems are available in the
literature. Examples of works where turning points give rise to boundary and/or interior
layers include [9, 12, 18, 19, 24, 27, 33, 50, 58, 64, 74]. Note that interior layers are also
present in the solution to problems (4.1.1)-(4.1.2) if the coefficients are not smooth or if

the data function f(x) is discontinuous [16].

The literature presented above proves that problem (4.1.1)-(4.1.2) is well-studied. Paral-
lel to a constant perturbation parameter e, it is important to study problems when the
perturbation parameter is a function of € and z. Such problems arise in a modelling

process with variable viscosity [38].
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In this chapter we study the problem in which I(z,e) = & + 2?. More precisely, we
seek to determine the solution to the problem whose reduced equation (¢ = 0) has the

same order
Lu = (e + 2*)u” + a(z)u' — b(x)u = f(z),z € Q= (—1,1), (4.1.3)

u(—1) =, u(l) =3, (4.1.4)

where o and 3 are given real constants. We assume that the functions a(x), b(z) and f(x)

of (4.1.3) are sufficiently smooth with b(z) > by > 0 in Q along with the conditions

(i) a(0) =0 ' (0) > 0,
(#4) b(z) Bly S0 a1, 1], (4.1.5)
(@) |a'(2)] = a'(0)/2, =€ [-1,1].

The above hypotheses guarantee that the solution of problem (4.1.3)-(4.1.4) possesses a
unique solution exhibiting an interior layer at the point = 0 [19]. In fact, condition
(1) guarantees the existence of the turning point, condition (i) ensures that the problem
satisfies a minimum principle and condition (#ii) implies that zero is the only turning

point in [—1,1].

In Mbayi et al.[40], proposed a numerical method to problem (4.1.1)-(4.1.2) with a turning
point whose solution exhibits an interior layer. They used a fitted mesh finite difference

method (FMFDM).

In the present chapter, we propose and analyse a fitted mesh finite mesh difference
method (FMFDM) to problem (4.1.3)-(4.1.4) as applied on two different meshes, namely
Bakhvalov-type and Shishkin-type meshes. The method we propose is an extension of our

recent work [40].

The rest of the chapter is organised as follows. In Section 2, we present a set of bounds on

the solution u(x) and its derivatives . In Section 3, we design a FMFDM applied on two

i3



Chapter 4: A numerical method for convection-diffusion problems with a
power interior layer and variable coefficient diffusion term

different meshes, namely a piecewise mesh (Shishkin-type) and graded mesh (Bakhvalov-
type). Section 4 is dedicated to the analysis of the scheme. We prove that the scheme
is almost first order, uniformly convergent with respect to the perturbation parameter
¢ for Shishkin-type and Bakhvalov-type meshes. To improve the accuracy of the pro-
posed (FMFDM), we apply Richardson extrapolation in Section 5 to obtain a second
order method, uniformly convergent with respect to the perturbation parameter ¢, con-
vergence up to a logarithmic factor for a Shishkin-type mesh and also second order for a
Bakhvalov-type mesh. To see how the proposed method works in practice and to confirm
our theoretical results, we present numerical experiments in Section 6. We conclude this

chapter in Section 7.

In the rest of this chapter, C' denotes a generic constant which may assume different
values in different inequalities but will always be independent of ¢ and of the mesh pa-

rameter.

4.2 Bounds on the solution and its derivatives

Bounds for the solution to problem (4.1.3)-(4.1.4) and its derivatives are given in this
section. We shall note the sub-intervals of [—1,1] as ;, = [—1, —7], Q. = [—7, 7] and
Q, = [r,1], where 0 < 7 < 1/2.

We first prove that the operator L as defined in (4.1.3) admits the following continu-
ous minimum principle and then we state a stability estimate for the solution of problem

(4.1.3)-(4.1.4).

Lemma 4.2.1. (Minimum principle). Assume that ¢ is any sufficiently smooth function

satisfying £(41) > 0 and Lé(x) < 0, Vo € Q, implies that £(z) > 0, Vo € Q.

Proof. The proof is by contradiction. Let z* be such that £(x*) = _in ¢(z) and assume
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that £(2*) < 0. Clearly, z* ¢ 2 and therefore ¢'(z*) = 0 and £”(x*) > 0. Consequently,
Le(a) = (e +2™)g"(@") + a(a”)¢ (a7) — b(a")€(2") > 0,

which is a contradiction. It follows that &(2*) > 0 and thus &(z) > 0, Vo € Q.

The minimum principle implies the existence and uniqueness of the solution. We use
this principle to prove the next results which state that the solution depends continuously

on the data.

Lemma 4.2.2. (Stability estimate). If u(x) is the solution of (4.1.3)-(4.1.4), then we have

1 _
(@)l < [max gfledfoss illes Hirtg=fl oo, Yo € £
Proof. See Lemma 2.2.2 in Chapter 2.

Lemma 4.2.3. [5]. If u(x) is the solution of (4:1.3)-(4:1.4) and a(z), b(x) and

f(x) € C*(Q), then there exists a positive constant C such that
W (z)| <C, Ve e QorQ,j=1,2,-- k

for sufficient small 0 < 7 < 1/2.

Proof. See theorem 2.4 of [5].

Lemma 4.2.4. [39] (Inverse monotonicity.) Let d(z) = 22 and

q(x) = f(z) —a(z)u'(x) + b(z)u(x) be continuous in [—1,1] and [—1, 1] x R?, respectively.
Then the operator

T = (L,T) for the functions from C?(—1,1) U C[—1,1] is inverse-monotone if one of the
following conditions imposed of ¢(x) is satisfied:

e ¢(z,u,u’) is strictly increasing in wu, i.e. q(z,u1,2) < q(x,ug, 2) if uy < ug;

e ¢(x,u,u’) is weakly increasing in u, and there exists a constant C' > 0 such that

|Q('r7uazl> - Q(I,U,ZQN < C’|Zl - Z2|-

1)
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Proof. For the proof of the Lemma, readers may refer to ([39], pp 47).

We adapt the next according to [39]. As we know that the solution to problem (4.1.3)-
(4.1.4) exhibits an interior layer at the point xy/, = 0. Therefore, the derivatives of u(z)
are estimated in the vicinity xy/2 = 0 by polynomial functions according to the sign of

the coefficient convection term at the point xf. Then, we have two cases
a= (4.2.1)

Lemma 4.2.5. Let u(x) be the solution of (4.1.3)-(4.1.4). Then assuming that

a=a(xf) >0, for 0 < x < 7 and j=1,2,3,4, we have the following bounds
U4 (g|+af) i, 0<a<l,
W) < A elygeyds a=1, (12.2)
I# e etz 9 a > 1,

and a = a(xf) < 0, for —7 < x < 0. Let p be an integer such that a +p = 0 and
a+p—1<0, then for j = 1,2,3,4, we have the following bounds

1, a<0,7<p,
[u?(2)] <O 1+ (e +a?) I Parctan(zx/VE), a+p=0, j>p, (4.2.3)
1+ (e + x?)727, a+p>0,7>p.

Proof. We prove this Lemma by following the ideas of ([39], from pp. 107-110). Appli-

cation of the inverse-monotone pair 7" = (L,I") (see pp 49) implies that
lu(z)| < C, 1<z < —1. (4.2.4)
Combining (4.1.3)-(4.1.4) and (4.2.4), we obtain

1, —T<x9g <<,
, e, —rt<a<x, j=1,2,34,
W9 (2)] < C SEsed (4.2.5)

1, O<axyg <<,

g_ja O<x<x07j:17273747
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for arbitrary xo > 0, independent of € and .

case 1: a>0 for 0 < x < 7. In this case, the derivatives of u(x) are estimated ac-
cording to the value of a : 0 < @ < 1, @ = 1 and @ > 1. Solving (4.1.3) for u”(z), we

obtain
vy f(@) +b@)ul@)  a(z)u(z)
u'(r) = G+ a2 Cta?) (4.2.6)

One can determine u'(z) from (4.2.6) as follows

u'(z) = /Ox f(5) + bls)uls) ds — /OI Ea(s)u'(s) ds. (4.2.7)

€+ 52

u'(x) can be expressed as follows

|| expl=0: ()] + ga(), (4.2.8)

gi(x) = /Ox ga—i(_s; ds = a\(/? arctan(z/+/€) — /Ox a’\(/? arctan(s/v/e) ds,  (4.2.9)

with a(0) = 0, and

T

92(2) = (e + %) [ (1) + Do) (= + ) explon(s) — gu(w)] ds. (4:2.10)

0

We have |g;(z)| < C from (4.2.4), therefore we obtain

192(2)] < C(e + 22)° /0 (e + 52V ds < C.

Applying the triangle inequality in (4.2.8) we obtain

[u/(z)] < C [1+ [ (0)|(e/ (e +22))°] . (4.2.11)

Considering 0 < a < 1, there is a point zy in the interval (0,7) such that |u/'(zo)| < C.

Thus we have
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This inequality gives

2 a
W' (0)| < C (8 t%) <Ce+x)%e < Ce™™

Using the value of |«/(0)| into (4.2.11), we obtain
[u'(z)] < C [1 + (5+x2)‘a} ,0<a<1.

Before getting u”(z) let us make first a(z)u'(x)/(e + z*) the subject of the formula from
(4.2.6), then we have

()i () _ () +b@)ulx)
e = i (2). (4.2.12)

Differentiating (4.1.3), solving the resulting equation for «'(z) and taking into account

(4.2.12), we obtain

_ f'(@) + W (@)ulx) + b(x)ul(x) = d(x)u'(z)  d'(z) +2s ,
- Gs3 S P u’(x). (4.2.13)

ull/ (:U)

From the above equation, we obtain u”(z)

) = [ LTV THNE) ) 4, o428

€+ s? €+ 82
(4.2.14)
Below is the second derivative of u(z) proposed by [37]
') = 0) [ ] vl + o), (1215)
etz

where

g3(x) = /Ox als) + 25 ds = Matctan(x/\@) —/

e NG ; arctan(s/v/€) ds,

(4.2.16)

a(s)+2
Ve

with a(0) = 0, and

ga(x) = (e+2%)7""" /Ox [f'(s)+0 (s)u(s) +[b(s) —a' ()] ()] (e +5%)" explgs(s) — gs(x)] ds.
(4.2.17)
Since |g3(z)| < C and |u(z)| < C, we find that

lga(z)| < C(e + 2?)7! /Ox [1+u'(s)](e+ %) ds < C[1 + (e + %)™ (4.2.18)
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In addition, from (4.1.3) we obtain
u”(0) < Ce7'[1 +4/(0)] < Ce L.
Using the estimate of u”(0) and g4(x) into (4.2.15), we obtain
u'(z) < Ce 7% e+ 2?1+ C {1 + (e + x2)’a} :

This inequality gives
()] < C'[1+ (e +2%) 7]

Differentiating equations (4.1.3)-(4.1.4) and taking into account (4.2.4), we obtain the
following result

u(2)] < C {1 (et a?) =t 0 <a< 1.

Let us now consider the case when a = 1. On integrating (4.2.8) from 0 to 7, we obtain

u(r) = u(0) = '(0)e'*{arctan(r/Ve) exp(—gi(7))

+ a(r)(e + o)t arctan(z/v/2) exp(—g dx}+/ g2(x) de. (4.2.19)

0

Further

| arctan(7/+v/€) exp|— —I—/ (e + 2*) ' exp[—g1 ()] arctan(z/V/2) dz| < C

Using the triangle inequality in (4.2.19) and taking account the above inequality, we

obtain

W/ (0)] e/ < C.

This inequality yields |u/(0)| < Ce~/2. Then from (4.2.11) we obtain
W/ (2)] < C[1+e2(e+2%)7 ) <CL+ (e +2)7Y).

Now consider u”(z) for a = 1. In this case (4.2.15) gives

W (x) = u"(0) [ ]2 exp[—gs(z)] + ga(z). (4.2.20)

€ + x2
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From (4.2.18), g4(z) is defined as follows

T

lga(z)] < C(e + 93)_2/0 [T+ (s)|(e + 8%) ds < C[1 4 &% (e + 22)71]. (4.2.21)
Further, by (4.1.3) we obtain
W"(0) < Ce™ 1 +4/(0)] < Ce™3/2,
Using the estimate of u”(0) and g4(x) into (4.2.20), we obtain
u'(x) <O+ e e+2) <O+ (e +2%)77.

By differentiating (4.1.3) and with the help-of (4.2.5), we come to the following result

w9 (2)| S CH+{e+a") T a = 1.

The case when a > 1 is easily proved. by using #/(0) < Ce™! obtained from (4.2.5) for
0 < z < zo. Substituting into (4.2.11), leads to

/()| <K C1+e*He+2%)", O<az<T

Now consider u”(x) for a > 1. Substituting u”(0) < Ce? obtained from (4.2.5) for
0 <z < xp and (4.2.18) into (4.2.15), we obtain

W' (z)| KOl + e He+2)™ Y, 0<z<T
Differentiating (4.1.3) and taking into account (4.2.5), we easily obtain
[ (2)] < C[1+ (e + 2%) 7).
This completes the proof of the estimate (4.2.2) for 0 < z < 7.

case 2: a <0 for —7 < z < 0. In this case, v/ (x) is expressed by the following for-

mula

+ b(s)u(s)
£+ s?

u'(z) = u'(xg) exp[e(zo, z)] + /mj /() exp[i (o, )] ds, (4.2.22)
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where

(s, 2) / €+/<52

If a(0) = 0 then ¥(s,z) < C, —7 < s, x < 0. Using the triangle inequality in (4.2.22)

and choosing a point xy € [—7/2, 0] such that u/(z) < C, we obtain
W/ (x)] < C[1+ e Y2 arctan(z/v/2)] < C[1 +arctan(z/v/€)], a(0) =0, j = 1 since p = 0.

Now determine u”(z) with p = 0 for j = 2. On differentiating (4.1.3) and solving the

resulting equation for v”(x), we obtain

u"(x) = u"(x0) expp(xg, )] + (e +2*) 27t /x: gF_i 5)2 (e+s2)P exp[i(s, x)] ds, (4.2.23)
where
and

F(s) = f(s) 4V (s)uls) + [bls) = d'(s)]u'(s).
Substituting ¢ (s,x) < C and u"(zo) < C into (4.2.23), we obtain
lu"(z)| < C+C(e+2*) P! /x: [1+u'(s)](e + 5P ds < C[1+ (e +2%) P ' arctan(x//€)).

From (4.1.3)-(4.1.4) with p = 0, for j > 1, we obtain

W (2)] < C[1 + (e +2*) " Parctan(z/Ve)], a+p=0, j>p.

Let a(0) < 0. In this case p > 1. Then there exists a constant zp > 0 such that

a(x) < 0 for —7 < x < 9. Therefore, we have
Y(s,2) < —x9ln[(e + 53 /(e + 2%)], —7 < = < 5 < .
Taking exponentials on both sides of the above inequality, we obtain

exp(¥(s, 7)) < [(e+2%) /(e + *)]7™, —7 < 2 < s < 0.
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Substituting this estimate in (4.2.22) with # = s and taking into account (4.2.5), we
obtain

W' (z)| < O, —1 <z < 20, a(0) < 0.

Differentiating (4.1.3) and taking into account (4.2.5), we obtain

|u(j)(x)| <C, —7<2<0,a<0, k<p.

Consider the case when j > p, a+p > 0 and a < 0. We define «/(z) from (4.2.8) as
follows:

a+1

c exp[—g1(2)] + g2(z), —7 < 2 <0. (4.2.24)

€ + x2

() = /(0) [

Analogous to the case 0 < a < 1, we obtain
W' ()] < C[L+ (e +2°)*"], a<0.

We estimate v”(z) from (4.2.15), and we obtain

a+2

c exp|—g3(x)] + ga(z). (4.2.25)

€+ x2

u’(z) = u"(0) [

Analogous to the case for 0 < a < 1, we obtain
[ (2)] < C[1+ (e +2%) "%, a <0.
Differentiating (4.1.3) and taking into account (4.2.5), we obtain
W (z)| K C[L+ (e 4+ 2%, =1 <2 <0, a<0, j>p.
This completes the proof of the estimate 4.2.3 for —7 < x < 0.
By (4.2.2) and (4.2.3), the derivatives of (4.1.3)-(4.1.4) may be estimated by a power

function with argument ¢ + 2. Therefore (4.1.3)-(4.1.4) are referred to as an equation

with power interior layer [38].
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The singularly perturbed turning point problem (4.1.3)-(4.1.4) may be regarded as a
concatenation of two problems: One on the interval [—1,0) and the other on the interval
(0, 1]. Therefore, the solution of the problem (4.1.3)-(4.1.4) may present a layer near x = 0
on [—1,0) and a layer near x = 0 on (0, 1]. This consideration allows us to understand
the behaviour of the solution and its derivatives. The solution can be decomposed into
two parts, namely the smooth component v(z) and the singular component w(x) ([42],
pp 47) such that
u(z) = v(x) +w(x),

where v(z) is the solution of the inhomogeneous problem

b{
=
S

I

m e wn mm w e o (4.2.26)
v(0) 1= 0, | v(L) = u(l) =, (4.2.27)
and w(x) is the solution of the homogeneous problem
Lw(z)=0; @ €, (4.2.28)
w(0) = u(0) —v(0), w(l)=0. (4.2.29)
The next lemma gives the bounds on the solution to (4.1.3)-(4.1.4) and its derivatives.

Lemma 4.2.6. The smooth and singular components of u(z) of problem (4.1.3)-(4.1.4),

for 0 < j < 4, satisfy

1+ (e + 2?)3 7 arctan(z/\/€), = € [-1,0],
| 1+ (g + 2%)30, a<1, zel01],
W) <o) TTEFT ) .
1+(6+x2)2_J7 a/:17x6[071]7
14 Ea,1(€ + x2)3*a*j7 a>1lze [Oa ]-]’
and
(e + z*) 7 arctan(z/\/2), =z € [-1,0],
et 2?)lai, a<1, zel01],
W@ <ol T ) e
(e 4+ 22)77, a=1,z€[0,1),
Ea_1(€ + x2)1—a—j’ a>1, xe€ [07 1]7
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where C' is constant and independent of ¢.

Proof. We prove this lemma on €y = [0, 1]. The proof on [—1,0] follows similarly. We
obtain the reduced problem (¢ = 0) from (4.1.3) as follows:

vy + a(x)v) — b(z)vy = f(x), z € O (4.2.32)

vo(0) =0, vo(1) = u(l) = 5. (4.2.33)

The smooth component v(x) is further split into the sum ([42], pp 68)
v(z) = vo(z) + (e £ 2 vilr) 4 (e + 280y (x), 2 € Q, (4.2.34)

where vy is the solution of the reduced problem in (4.2.32), which is independent of e, and
having smooth coefficients a(z), b(x) and f(z). From these assumptions, for 0 < j < 4,

we have

v ()| < C, for all z € Q. (4.2.35)

vy and vy are the solutions of (4.1.3), where Lemma 4.2.5 is applied.

Now, applying the triangle inequality, using the estimates of vy from (4.2.35), v; and v

from (4.2.2) into (4.2.34), for 0 < j < 4, we obtain the following results

1+ (e + 2?)> o, a <1,
WD ()] < C{ 1+ (e + 22)29, a=1, (4.2.36)

1+ev l(e+2?)32 a>1.

Now, let us prove the regular component w(z). We consider the barrier functions as follows

31).

UE(2) = Cexp(—nz/e) £ w(x), = € Q.
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Let us calculate the values of ¥#(x) at the boundaries:

UE(0) = C +w(0),
= C =+ [u(0) —v(0)], using (4.2.29),
> 0, for a suitable choice of C,
UE(1) = Cexp(—n/e) £ w(l),

= Cexp(—n/e), using (4.2.29),

WV

0.
From the above estimates, we notice that W(z) =0, 2 € Qy = Q;\Q;. Therefore we have

LU (z) = (e + )T @) + al@)[TE @) - b(a) T (2), z € O

= Cexp(—nz/e) ln2(5+952) 74(7)

—M@]iLw@)

£2 —¢
2 2
= Cexp(—nz/e) ' (68—530 1T nagx) b(:c)] , using (4.2.28)

< 0, since (z/e)? < b(x), x € Q.

Now, by applying Lemma 4.2.1 to the barrier functions, we obtain U*(z) > 0, = € Q.

Then we have

Cexp(—nz/e) £ w(zx) = 0.
It follows that
w(z) < Cexp(—nz/e), x € Q.
Using the inequality relation, the above inequality can written as follows:

(e +x%)'°, a <1,
lw(z)] < Cexp(—nr/e) <CQ (e 4227, a=1, (4.2.37)

e e+ a®)7 a>1.

Since Lw(x) = 0, the j% derivative of w(z) can be estimated immediately from the
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estimate of w(x). The following estimates hold for 0 < j < 4,

(e + x?)17277, a<1,
w9 (z)| < C1 (e +22)7, a=1, (4.2.38)

e e+ aH)t-2d a>1.

This completes the proof.

4.3 Construction of the FMFDM

This section develops two fitted fitted diference scheme to solve (4.1.3)-(4.1.4). First, we

discretize this problem on Bakhvalov-type and then on Shishkin-type meshes.

Method 1: FMFDM on a Bakhvalov mesh

The idea of a layer-adapted mesh is to construct the mesh generating function. A mesh
generating function is a strictly monotone function ¢ : — [0, 1] that maps a uniform mesh

in ¢ onto a layer-adapted mesh in = by z = () [35].

Bakhvalov meshes are non-uniform which can be constructed in order to overcome the
difficulties encountered by using uniform meshes to solve singularly perturbed problems
[76]. Bakhvalov’s idea is to use an equidistant £ near x = 0, then to map this grid back
onto the x — azis by means of the (scaled) boundary layer function. That is, grid points

x; near x = 0 are defined by [35].

q [1 —exp (_%’)} —¢ = % fori=0,1,2,3,-- (4.3.1)

ge

where the scaling parameters ¢ lying in (0, 1] and ¢ > 0 are user chosen: ¢ is the ratio of
mesh points used to resolve the layer, while ¢ determines the grading of the mesh inside

the layer. Away from the layer a uniform mesh z is used with the transition point 7 such
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that the resulting generating function is C'[0,1], i.e.,

X(€) =2 (1-%) for & =i/N, i=N/2,--- 3N/4,

7(€) == x(r) + X (7)€ = 7) for&=i/N, i=3N/A+1,--- N,
(4.3.2)

Li = @(f) =

where the point 7 verifies
X(1)+ X' (1)1 —71)=1. (4.3.3)

Geometrically this means that (7, x(7)) is the contact point of the tangent 7 to x = x(§)
that passes through the point (1,1). The nonlinear differential equation(4.3.3) can be
solved by iteration. Therefore the mesh transition points in the £ and x coordinates are

given by
e, Ba

5 n_—". (4.3.4)

oc
TT=q— ? and x(m) =

Method 2: FMFDM on a Shishkin type-meshes

We describe this mesh for problem'(4.1.3)-(4.1.4) on'[0,1]. Let ¢ € (0,1) and o > 0. The
mesh transition point 7 is chosen to be

T = min {q,aglnN} . (4.3.5)
Ui

The following sub-intervals [0, 7] and [r, 1] are divided into N¢ and (1 — ¢)/N equidistant
subintervals (assuming that ¢V is an integer). This mesh may be generated by the mesh

generating function

% 3(¢) with ¢(€) =4InN for& =i/N, i = N/2,--- 3N/4,
=) =4 " e

1-(1-ZmN) = for & = i/N, i = 3N/4+1,--- N,
(4.3.6)

if ¢ > 7. The parameter ¢ is defined as the number of mesh points used to resolve the
layer. The mesh transition point 7 has been chosen such that the layer term exp(—nz/e)
is smaller that N7 on [r,1]. Typically ¢ will be chosen equal to the formal order of the

method or sufficiently large to accommodate the error analysis.
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Note that unlike the Bakhvalov mesh ( and Vulanovics modification of it) the under-
lying mesh generating function is only on C*[0, 1] and depends on N, the number of mesh
points. For simplicity’s sake, it is assumed that ¢ > 7 as otherwise N is exponentially

large compared to 1/e and a uniform mesh is sufficient to cope with the problem.

Although the structure of Shishkin meshes is simple to manipulate and numerical methods
using them are easier to analyse than Bakhvalov’s method, they give numerical results

that are inferior to those obtained by Bakhvalov-type meshes.

The Shishkin-type mesh is piecewise uniform, finer which finer near the layer(s) and
coarser elsewhere [42]. Due to the presence of an interior layer at point zy/,, = 0, we
divide [0, 1] into two sub-intervals [0, 7] and [7, 1] which are each then divided into N/4
equal mesh elements. Assume N = 2" m > 2. We choose 0 < 7 < 1/2, the transition

parameter 7 is given by

1
T:min{§,g§lnN}. (4.3.7)

The mesh said to be uniform when eln N > 1/2 for N sufficiently large.

The grid points z; on the interval [—1,0] are obtained by replacing z; by —z; for both

cases.

Let the mesh be generated by (4.3.6) with a monotone ¢(t) satisfying
2(0) =0 and ¢(1/2) =1In N.
Define the new function () by
o(t) = —Ina(t). (4.3.8)
This function is monotonically decreasing with ¥(0) = 1 and (1/2) = N~'. One of the

examples for the mesh characterizing function

Shishkin-type mesh

Y(t) = exp(—2tIn N) with max[y)| =2InN ,h < CN ', for t€[0,7]. (4.3.9)
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Two further properties of the mesh generating function that will be assumed later when

analysing numerical schemes are

2'(t) < 3.
[nax @ (t) < CN (4.3.10)
and
1/2 » 9
/ 7(t)> dt < CN. (4.3.11)
0

The Gauchy-Schwarz inequality yields

N/2 2 1/2
> M) _ g2 Ft)?dt < C. (4.3.12)
k=1 9 0

We adopt the notation K(z;) = K;. Also let

M) D U; = M and DUj = L(D+Uj - Din)’

DYU; =
’ hj1 j hj+ hjt

where D*U;, D~U; and DUj are first and second order finite differences respectively.

Using the upwind scheme, our problem is discretized in the following way:

(E‘F.I’?)DUJ—FCNLJD_UJ—B]Uj:fTJ fOI'j:O,l,"',N/Z—l,

LNU; = 5 ~ .
(e +23)DU; + a;DVU; — bx)U; = f; for j = N/2,N/24+1,--- N —1,
(4.3.13)
U-1l)=ca, U(l) =25, (4.3.14)
where
aj = 4= forj=0,1,--- ,N/2—1,
a; = 5 for j=N/2,N/2+1,--- N —1,
by = =L for =123 N — 1,
fy =it for j =123 N1
Now (4.3.13) can be written in the form:
LNUj = Tin_l +T’CUJ‘ +7’+Uj+1 = fj? j = 1,2,3' . ,N - 1, (4315)
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where for j =1,2,3--- , N/2 — 1, we have

B 2(e + 2%) a; , a; 2e+a3) - 2(e + %)
S Y h]- —#, = hij»_ih-h- 2= —b; andr] = Y ;L (4.3.16)
J( i+ J+1) J J g+ J+1( i+ J+1)
and for j = N/2, N/2+1,--- /N — 1, we have
o 2(e + 27) o a; —2<5+£?)—5-andr*: 2(e + 27) a;
T hi(hy + b)Y hjvi  hjhjn ’ T hja(hy A+ i) hia
(4.3.17)
We denote h; = x; — ;1 fori=1,2,--- N the local mesh sizes. For the uniform mesh,

we have h; < AN~ and the maximal mesh sizes h < CN~L

In view of the analysis developed above, we need to-prove the following lemma which

states that problem (4.3.13)-(4.3.14) satisfies Lemma 4.2.1.

Lemma 4.3.1. For any mesh function &; such that LV¢; <0,Vj=1,2,...,N—1,& >0
and &, > 0, we have §; > 0,Vj =0,1,--- | N.

Proof. Let k be such that &, = 01<111<nN &, and suppose that &, < 0. Obviously, k£ # 0 and
SIS

k#N.Also &1 — & >0and § — &1 <0.Fork=1,2 ... ,N/2—1and a; <0, we

have

LNE, = (e + E)DE + apr D™ & — bk, (4.3.18)

Substituting D¢, and Dey, into (4.3.18), we obtain

2(€+52) Ek+1 — €k Ek — Ek—1 Ek — Ek—1
g - Al - (=5t o,
S hi, + Ry Pyt D, o hy, K

For k = N/2 and a; = 0, we have

LY, = —by&, > 0. (4.3.19)
For k=N/2+1,... ;N +1and a; > 0, we have
LNE, = (e + &) D&, + ax D& — b (4.3.20)

Substituting D*e;, and Dey, into (4.3.20), we obtain

2(€+52) <5k+1 — &L Ek —Ek_1> <5k+1 _5k>
Vg, = k - +ap | —— ) — bp& > 0.
S hy, + higr Pt R, g P i
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Thus LY, > 0, 1 < k < N — 1, which is a contradiction. It follows that & > 0 and

consequently §; > 0, 0 <7 < N.

The next lemma will be proved by means of Lemma 4.3.1.

Lemma 4.3.2. If Z; is any mesh function such that Z, = Zy = 0, then
1
1Zi| < — max |LNZ;|, VO<i<N.
by 1<i<N-1
Proof. Define

1
ME = o max [1V7],
01<j<N-—

Introduce the two mesh functions Y, = defined by
T
It follows that Y[)i = Yﬁ =M >0 and, for 1 <i < N — 1. We observe that
LNYF =M% £ LN Z,/<00

for 1 <i < N — 1, because b; > by > 0. By the discrete minimum principle Lemma 4.3.1,

we conclude that Y; > 0, for 0 <7 < N.

Based on the above results, now we are in a position to provide the e-uniform convergence

result in the next section.

4.4 Convergence analysis

In this section, the convergence of the scheme will be analyzed on both method.

An error estimate for method 1

Theorem 4.4.1. Let Q} be a B-type mesh with o > 2. Then the error of the upwinding
scheme (4.3.13)-(4.3.14) applied to (4.1.3)-(4.1.4) verifies

max |u; — U;| < ON (4.4.1)

0<j<N

91



Chapter 4: A numerical method for convection-diffusion problems with a
power interior layer and variable coefficient diffusion term

Proof. We prove the Lemma on the interval [0,1]. The proof on [—1,0] follows in a
similarly way. Let u be the solution of (4.1.3)-(4.1.4). The solution U of the discrete

problems (4.3.13)-(4.3.14) can be decomposed into a regular and a singular parts as
U=V+W,
where V' is the solution of the inhomogeneous problem
LNV = f;, for j = N/2,--- N, V(0) =v(0), V(1) = v(1),
and W is the solution of the homogeneous problem
LNW; =0, for j = N/2p= N, W(0)=U(0)~ V(0), W(1) = w(1).

Now, the error in the regular and singular components of the solution can be computed

separately

U =iV 311 (W w).- (4.4.2)

Combining (4.1.3) and (4.3.13), we obtain the error for the regular component as follows

LNV —v) = f—LY%
= (L—L"
d> - _ [ d _
Applying Lemma 4.1 pp 24 of [42] to the above result, the local truncation error estimates

can be written as

(e+23) a;

|LY (V;—v;)| < 3 (@"ﬁl—%—l)!U}"H2

(.fl?j — .ij_l)”l);,| for N/2 <]<N (443)

Since h < CN ! for any j and using Lemma 4.2.6 for different cases of a, we obtain the

same result as follows

LY (V; —v)| < CNTL

Application of Lemma 4.3.2 for the mesh function V; — v;, we obtain

|V; —v;| <CN~'for N/2 < j < N. (4.4.4)
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The estimate of the error for the singular component in the interval |7, 1] can be estimated

by using the M-matrix property of L [35]. Then one can show that

. 3N/4 nh -1
]Wﬂgww:]j<1+2k> for 3N/4 < j < N. (4.4.5)
k=1

For ¢ > 0, we have In(1 +¢) > ¢t — t?/2. (4.4.5) can be written as follows
3N/4 3N/4 3N/4 3N/4 2
nh nhe 1 nhk 1 i,
1 1+—12 —_— = = —_— = = — | . 4.4.6

k=1

In this case hy =7 =1 = (1/2 — 2¢/n) from (4.3.4). Then we have

U = o =
2e 2¢ JI8_ B 4e

Substituting this expression into (4.4.6), we obtain

N/4 N/4
mH(H-h>>4__f' 0“).

Multiplying by a negative sign on both sides and taking the exponential on both sides in

the above inequality, we obtain

N/4 ~1 N/4 2
nhy, ( n ) 1 nhi
14+ +5) <exp(1--- S (EE) | <c
kl;[l < + 2¢e ) P 4e P [2 kz::l 2e ¢
Then we have
|\W;| < C, for 3N/4 < j<N. (4.4.7)
Consequently, we obtain
lw; — Wi < |w;| + |[Wi| < C, for 3N/4 < j <N, (4.4.8)

where we have used the bounds of the derivatives of w from Lemma 4.2.6.

The truncation error for the singular component w in the interval [0, 7] is similar to

that of the regular component.

(423 a; ,
]LN(Wj—wj)\ < 3 ]) (xjﬂ—xj,l)]w;”k}é(mj—xj,l)]w;’] for N/2 < ] g 3N/4—1 (449)
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Applying the bounds of the derivatives of w; of Lemma 4.2.6 for each case of a in (4.4.9),

we obtain
(e + x?)o 1 a<1,

|LN(Wj—w;)| < ChS (e 4 22)72, a=1, (4.4.10)
e e+l a> 1.

Using the inequality relation, the above inequalities lead to
|LY (W—w;)| < Che™?a?. (4.4.11)
Substituting h < CN ! and z; = (—oe/n) In(1 — 71 /q) into (4.4.11), we obtain
| LYW=y | <EN=L, (4.4.12)
On application of Lemma 4.3.2 to (4.4.12), we obtain

W —w;| SCN~* for N/2< j < 3N/4. (4.4.13)

Combining (4.4.4), (4.4.8) and (4.4.13), we obtain the following result

lu; — U;] <K ON~'for N/2<j < N. (4.4.14)

A similar analysis can be obtained in the interval [—1, 0],

luj — U;] <ON7! for1 < j < NJ/2—1. (4.4.15)

Collecting (4.4.14) and (4.4.15), we obtain the main result.

An error estimate for method 2

Theorem 4.4.2. Let QF be an S-type mesh with o > 2. Assume that the function ¢(t) is
piecewise differentiable and verifies (4.3.10)-(4.3.11). Then the error of the simple scheme

on the given interval satisfies
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max |u; — U;| < ON~'In* N. (4.4.16)

0<j<N
Proof. The proof for S-type meshes will follow the same idea as that for B-type meshes.
Recall that

U—-—u=V—-v)+ (W —-w),

by (4.4.2).

The truncation error for the regular part v is defined as given in (4.4.3) and noting
that h; = x;—x;_1 <4N ~1 then we obtain the same result for the different cases of a as

follows

|V; — v;| €EN"or A/2-<l; < N. (4.4.17)

The truncation error for the singular part W in the interval [7, 1] can be obtained from

(4.4.5) where hy = 7. Substituting this expression

Lhk_ﬂ 2¢In N

=InN

2c 2 i
into (4.4.6), we obtain
3N/4 3N/4 2
nh 1 nhi
1 1+—]| 2InN— - — | .
[nH<+2g> " 22<25>

k=1 k=1

Multiplying by a negative sign on both sides and taking the exponential on both sides in

the above inequality, we obtain
3N/4 -1 3N/4 2
nhy 1 1 nhy
1+ — <N — -— : 4.4.18

Using (4.3.12), then (4.4.18) becomes

3N/4 B\ !
11 (1 + 77’“) <CONL
paie} 2e

Then we obtain

Wi < CN~'for 3N/4 < j < N. (4.4.19)
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Therefore, we obtain
lw; — Wi| < |w;| + |Wj < CN~! for 3N/4 < j <N, (4.4.20)
where we have used the bounds of the derivatives of w from Lemma 4.2.6.

Substituting r = (2¢/n)@(t) with ¢(t =¢q) = InN and h < CN~! into (4.4.11), we

obtain the truncation error for the singular part w on [0, 7]:
|LN(W;—w;)| < CN~'In* N,
With application of Lemma 4.3.2 for the mesh function |LY (W; —w;)|, we obtain
(W —w;| < ON""In> N for N/2 < j < 3N/4. (4.4.21)
Collecting (4.4.17), (4.4.20) and (4.4.21), we obtain the following result in [0, 1]
lu; — U;| KON In® N for N/2< j < N. (4.4.22)
Similarly, for the sub-interval [—1, 0], we obtain
lu; —U;] <CN'In® N for 1 < j < N/2 — 1. (4.4.23)

Combining (4.4.22) and (4.4.23) then gives the required result.

We apply the Richardson extrapolation technique in the next section to improve the

accuracy and the rate of convergence of the scheme.

4.5 Richardson extrapolation on the FMFDM

Richardson extrapolation on layer-adapted meshes was first analysed by Natividad and
Stynes [49]. We apply this procedure for the proposed scheme. They studied a simple
upwind scheme on a Shishkin mesh and proved that Richardson extrapolation improves
the accuracy to almost second order by combining discrete solutions calculated on different

meshes.
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An error estimate for method 1

Theorem 4.5.1. (Error after extrapolation). Let a(x), b(x), and f(x) be sufficiently
smooth and w(x) be the solution of (4.1.3)-(4.1.4). If U is the approximation of u(z)
obtained using (4.3.13)-(4.3.14) with u(—1) = U(—1), u(1) = U(1), there exists a positive

constant C' independent of € and the mesh spacing such that

max |Us — u;] < CN—2. (4.5.1)

0<j<N
Proof. We prove this theorem on the interval [0, 1] as before. Results on the interval
[—1,0] can be obtained in a similar way.~ We consider the mesh Q7 by bisecting each
subinterval of Q7. Tt is clear that Qn™ C 5y and &; =7, ; = h; = h;/2. We denote the

numerical solution on the mesh Q3 by U. f

From (4.4.14), we have
Uj —uj = ClN_l + Rn(ZL‘j) VZL’j € Qﬂ]—\/ (452)

and

U; —uj = Co(2N) ™" + Ron (7)) Va; € Oy, (4.5.3)
where C] and (s are some fixed constants and the remainder terms
Ry(x;) and Ryn(i;) are O [N71].

Note that we have used the same transition parameter 7y which is given by (4.3.4) when

computing both U; and Uj.
Multiplying (4.5.3) by a factor 2 gives

2 [Uj — Uj} = Cl(N)_l + QRQN([i'j) VZL‘]‘ e QN7 (454)
Then the difference of (4.5.4) and (4.5.2) suggests that

uj — (20; = Uj) = Ry(x;) — 2Ray(x;) = O[N] Va; € Qf (4.5.5)
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and therefore we shall use

Ujemt = QUJ — Uj VIJ‘ S QTN, (456)

as the new approximation of u; at the point z; € Q}, obtaining from Richardson

extrapolation.

Recalling the decomposition (4.4.2) of U — u, we split the error after extrapolation UJ‘?‘“
in a similar manner:

U™ — s = (V™ = ) + (W) — wy), (157

where V* and Wi*" are the regular and singular components of Us**, respectively. The

local truncation error of the scheme (4.3.13)-(4.3.15) after extrapolation is given by

|[LNUs™ — (Lv),| = 2 (BT, — (Lu);) — (LU= (Lu);) (4.5.8)
where
INUj—(Lu)j= 7 ujq + ru; + riug — (e 4+ )l — azul; + bju (4.5.9)
and
INU;—(Lu)j= 7wy + 7uy + 7wy — (e + a3l — ajul + bju. (4.5.10)

The quantities 7, r¢ and r* are given in (4.3.16) while the expressions 7~, 7 and 7"
are obtained by substituting h; by fzj and hjq by ﬁjﬂ in the expressions r—, r¢ and r*,
respectively.

Taking the Taylor series expansion of u; about x;, we obtain the following approxi-

mations for u; 1 and w4 .

h2 o, B, b

wj1 =y = byl + Shuf — 4 St (& ), (4.5.11)
Ujpr = Uy + byl + =D5ud + ]+ R (&, ), (4.5.12)

2 7 6 7 24
where

(&1,7) € (zj-1,25), (§2,7) € (), 7541)-
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Expansions to be used in (4.5.10):
h? hd o, b

wj_1 = uj — hju + ?Juf — Eju? - iu‘*(é,j), (4.5.13)
. h2 h3 h4 .
Ujpr = uy 4 hjpul + gluﬁ - jgluf~ - 511u4(52,j), (4.5.14)
where
fre (LI 5 and & € (ay, L),

Substituting (4.5.11) and (4.5.12) into (4.5.9) and (4.5.13) and (4.5.14) into (4.5.10),
(4.5.9) and (4.5.10), respectively become

LNU;—(Lu)j = kyug + koul; +kguy 4+ kqud + ks u' (&1, ) + ks 2u' (2, ) (4.5.15)
and
LNU;— (Lu); = kyuj + kot + ksud kg ko +ks yu* (&1, 5) + ks 2u* (&, 7). (4.5.16)
The coefficients of (4.5.15) are
2(e + 27) 2(e + 27) 2(e + 27)

k1= - + ; k=0,
Yhi(hithin)  hihia o hyea(hythye)

_(5 -+ I?)hj B ajhj n (5 + ijz)hj_;,_l

— — (& —|— 2 ,

U hyhy 2 hj+hj (€ +3)
k4:—(e+x§)h§ a;h; (e +a3)h3,, . (e+adh]  a;hj . (€+x§)h§?+l.
Blhjthjv) 6 B(hyt+hja) 7 12(hithiea) 2477 12(hythyea)

The quantities for /%1, ];:27 l~€3, l~f4, %571 and 125,2 in (4.5.16) can be similarly obtained as in
(4.5.15) by substituting h; with h; with h;y; by hjp.

Substituting (4.5.15) and (4.5.16) into (4.5.8), then (4.5.8) becomes
LNUS™ = (Lu); = Tyu; + Touf + T + +Tau® (€0, 5) + Tiou® (&, ). (4.5.17)

In the above,
14(e + z7) 14(e + 7) 14(e + 27)

+ )
hithj +hjea)  hihipa hypalhy + hyiga)

1=
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T2 _ (€ + x?)hj B (g n ;CQ) n (5 + Z’?)hj+1 L = _(Zjh?

hj+ hj ! hj+hjy 127

Toi— — (e + sz)h? ajh? and Tyy — _(5 + x?)h?H
’ 24(h; + hj1) 32 ’ 24

For the sake of simplicity, we use the notation

H ifj=3N/4+1,3N/4+2,--- N,
h; = (4.5.18)
hoifj=NJ2,---3N/A.

Using the fact that, for Vj = 3N/4+1,,...,N, H = h; < CN~'in (4.5.17) on the

subinterval [7, 1], we obtain

(e +27)

J

24

2
LN‘/}ext—(LU)j _ %,U/‘//_'_ (5 + fl'j) v(4)

BT T (51,;')] H2+[%v<4><§1,j)— v<4>(§2,j>] H?.

(4.5.19)
Applying the triangle inequality and Lemma 4.2.6 for different cases of a in (4.5.19), we

obtain the same result

LNV —v) < CH? < CN72, (4.5.20)

Applying Lemma 4.3.2 to (4.5.20), we obtain
Vet — vl S CN 2 (4.5.21)

For the truncation error for the singular part We* in the interval [, 1], we proceed in the
same as we did for V', Using (4.5.19) and with the help of Lemma 4.2.6 by considering

each case of a, we obtain the same result:
LYW —(Lw); < Ce x5 H?, (4.5.22)
Using the fact that H < CN~! and x; = 1/2 — (0¢)/f, (4.5.22) becomes
LYW —(Lw); < CN 2. (4.5.23)
Finally we obtain the following result by application of Lemma 4.3.2

(Wt —w;| <CN72, (4.5.24)
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The truncation error for the singular component We* on [0, 7] can be obtained in the
same way as we did in the previous case. Noting that A < CN~! and with the help of
Lemma 4.2.6, we obtain from (4.5.19):

LY (W —w;) < CN % a5, (4.5.25)

Using the value z; = (—oe/n)In(1 — 7 /¢q) and application of Lemma 4.3.2 in (4.5.25)
yields
(W™ —w;| < CN 2. (4.5.26)

Combining (4.5.21), (4.5.24) and (4.5.26), we obtain the result in the interval [0, 1]

UL = s CN2, (4.5.27)
A similar analysis performed in the interval [—1, 0], yields

U™ —uj| S CN~2 (4.5.28)

Putting together (4.5.27) and (4.5.28), then gives the required result.

An error estimate for method 2

Theorem 4.5.2. (Error after extrapolation). Suppose that the piecewise differentiable
generating function ¢(t) satisfies (4.3.9) and let U be the approximate solution to
(4.1.3)-(4.1.4) obtained by Richardson extrapolation applied to the simple upwind scheme
(4.3.13)-(4.3.14). Then

max |Us™ —u;| < CN~?In® N. (4.5.29)

0<j<N
Proof. The S-type mesh after extrapolation will follow the same lines as the B-type mesh

after extrapolation. Recall that

Ujea:t —uj = (‘/jeact o Uj) + (V[/*jext o wj)7
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by (4.5.7).

From (4.5.20) and noting that H = h; < CN~! and using Lemma 4.3.2, we obtain

Vet — ;] SCN 7?2, for N/2 < j < N. (4.5.30)

Using the value z; = (2¢/n)In N and H = h; < CN~! in (4.5.22), we obtain the trunca-

tion error for the singular component W on [, 1]
LN (W —w;) < CN~?In* N. (4.5.31)
On application of Lemma 4.3.2 for the above mesh, we obtain

(W3t — ;| £ GV 7 In? V. (4.5.32)

The truncation error for the singular component' W' on [0,7] can be computed by

substituting = = (2¢/n)@(t) with ¢(t =¢) =In N and h < CN~! into (4.5.22)
LYW —(Lw); < CN~*In® N. (4.5.33)
Application of 4.3.2 to the mesh LYW —(Lw); gives

(W —w;| < CN7?In® N. (4.5.34)

Combining (4.5.30), (4.5.32) and (4.5.34), we obtain

max U5 —u;| < CN 72 In” N. (4.5.35)
N/2<j<N

A similar analysis performed for 1 < j < N/2, gives

max |US™ —uj| < CN 2 In® N. (4.5.36)
0<j<N/2-1

Collecting (4.5.35) and (4.5.36), then gives the main result.
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4.6 Numerical results

This section presents the numerical results before and after extrapolation obtained in
the integration of some problems of type (4.1.3). The maximum errors and order of
convergence are estimated by using the exact solution. The solution in both examples

has a turning point at x = 0, which gives rise to an interior layer.

Example 4.6.1. Consider the following singularly perturbed turning point problem:

(e+ 2" +au —u=1+2% z€[-1,1],

This problem has an interior layer of width O(e). The exact solution is
1 leom !t com | 2e
N fn e e
u(z) 3 a:+5><\/€+_1—|—3x +3

Example 4.6.2. Consider the following singularly perturbed turning point problem:

(e + )" o 2z~ 2u = 72, o€ [—1,1],

This problem has an interior layer of width O(e). The exact solution is

(o) :_1[\/5 arctan(%)x%—e} (—3+¢) +512+5.

4 V€ arctan (ﬁ) +e

While the maximum errors before extrapolation at all mesh points are evaluated using

the formula
E, .= max |u; — U,
e 0§j§n| J J|’

these errors after extrapolation are given by

E¢' = max |u; — U™
n,e Ogjgn‘ J J ‘

The numerical rates of convergence before and after extrapolation are obtained by using
the formula

Tek = logQ(Enk/EQHk)v

where E represents E or E.
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Table 4.1: Results for Example 4.6.1: Maximum errors before extrapolation: B-mesh

€ N =16 N =32 N=64 N=128 N=256 N =512 N =1024
1072 | 7.54E-02 4.22E-02 2.21E-02 1.12E-02 5.65E-03 2.83E-03  1.42E-03
1073 | 8.21E-02 4.61E-02 2.47E-02 1.27E-02 6.35E-03 3.17E-03  1.59E-03
107% | 8.28E-02 4.70E-02 2.49E-02 1.29E-02 6.58E-03 3.29E-03  1.64E-03
1071 | 8.80E-02 4.80E-02 2.51E-02 1.28E-02 6.50E-03 3.27E-03  1.64E-03
1073 | 8.80E-02 4.80E-02 2.51E-02 1.28E-02 6.50E-03 3.27E-03  1.64E-03

Table 4.2: Results for Example 4.6.1: Maximum errors after extrapolation: B-mesh

€ N =16 N =32 N=64 N=128 N=256 N =512 N =1024
1072 | 1.21E-02 2.56E-03 3.17E-04 3.09E-05 7.77E-06 2.39E-06 6.85E-07
1073 | 5.15E-03 5.46E-03 2.37E-03  2.76E-04 - 5.77E-05 1.94E-05 5.47E-06
10~% | 7.36E-03 4.76E-03 6.30E-04  1.49E-03 3.90E-04 4.34E-05 1.68E-05
1071 | 4.06E-03 1.22E-03 3.37E-04 8.82E-05 2.25E-05 5.67E-06 1.42E-06
10730 | 4.06E-03 1.22E-03 3.37E-04 8.82E-05 2.25B-05 5.67E-06 1.42E-06

Table 4.3: Results for Example 4.6.1: Rates of convergence before extrapolation: B-mesh

1S 1 T2 T3 Ta Ts5 Te
1072 | 0.84 094 097 099 1.00 1.00
1073 1 0.83 090 096 1.00 1.00 1.00
107 1082 092 094 098 1.00 1.01
10716 1 0.87 094 097 098 0.99 1.00
1073 | 0.87 094 097 098 099 1.00

Table 4.4: Results for Example 4.6.1: Rates of convergence after extrapolation: B-mesh

€ 1 T2 r3 T4 5 re
1072 | 224 3.02 336 199 1.70 1.80
1073 | -0.08 121 3.10 226 1.58 1.82
107% | 0.63 292 -1.25 194 3.16 1.37
10716 | 173 1.86 1.93 197 1.99 1.99
10730 | 1.73 1.86 1.93 1.97 1.99 1.99
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Table 4.5: Results for Example 4.6.1: Maximum errors before extrapolation: S-mesh

€ N=16 N=32 N=64 N=128 N =256 N =512 N =1024
1072 | 8.37E-02 4.47E-02 2.27E-02 1.14E-02 5.69E-03 2.84E-03 1.42E-03
1072 | 9.05E-02 4.88E-02 2.55E-02 1.29E-02 6.40E-03 3.19E-03  1.59E-03
1074 | 9.12E-02 4.97E-02 2.56E-02 1.31E-02 6.64E-03 3.31E-03  1.64E-03
10713 | 9.81E-02 5.09E-02 2.58E-02 1.30E-02 6.55E-03 3.28E-03  1.64E-03
10739 | 9.81E-02 5.09E-02 2.58E-02 1.30E-02 6.55E-03 3.28E-03 1.64E-03

Table 4.6: Results for Example 4.6.1: Maximum errors after extrapolation: S-mesh

e | N=16 N=32 N=64 N=128 N=256 N=512 N=1024
1072 | 1.47E-02 3.12E-03 3.82E-04 3.80E-05 7.68E-06 1.87E-06 4.66E-07
1073 | 6.15E-03 5.36E-03 2.54E-03  3.00E-04- 5.71E-05 1.91E-05 5.39E-06
1074 | 7.22E-03 5.17B-03 6.52B-04 1.51E-03 4.00E-04 4.34E-05 1.68E-05
10713 | 5.09E-03 1.38E-03 3.58E-04 9.09E-05 2.28E-05 5.72E-06 1.43E-06
10730 | 5.09E-03 1.38E-03 3.58E-04 9.09E-05 2.28E-05 5.72E-06 1.43E-06

Table 4.7: Results for Example 4.6.1: Rates of convergence before extrapolation: S-mesh

1S 1 T2 T3 Ta Ts5 Te
1072 ] 0.91 098 1.00 1.00 1.00 1.00
1072 | 0.89 0.94 0.99 1.01 1.01 1.00
107* | 0.88 096 0.96 099 1.01 1.01
10711095 098 0.99 099 1.00 1.00
10730 1 0.95 098 0.99 099 1.00 1.00

Table 4.8: Results for Example 4.6.1: Rates of convergence after extrapolation: S-mesh

3 ™ ) rs T4 Trs Te
1072 | 224 3.03 333 231 204 201
1073 {020 1.07 3.08 239 158 1.83
107* | 048 299 -121 1.92 321 1.37
1071 | 1.88 1.94 1.98 1.99 200 2.00
10739 | 1.88 1.94 1.98 1.99 2.00 2.00
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Table 4.9: Results for Example 4.6.2: Maximum errors before extrapolation: B-mesh

€ N =16 N =32 N=64 N=128 N=256 N =512 N =1024
1072 | 4.18E-02 2.33E-02 1.23E-02 6.27E-03 3.17E-03 1.59E-03  7.97E-04
1073 | 4.23E-02 2.35E-02 1.24E-02 6.39E-03 3.23E-03 1.62E-03  8.14E-04
1078 | 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03 8.07E-04
10718 | 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03  8.07E-04
10730 | 4.19E-02 2.32E-02 1.22E-02 6.30E-03 3.19E-03 1.61E-03 8.07E-04

Table 4.10: Results for Example 4.6.2: Maximum errors after extrapolation: B-mesh

€ N =16 N =32 N=64 N=128 N=256 N =512 N =1024
1072 | 5.14E-03 1.58E-03 2.10E-04 3.45E-05 8.67E-06 2.17E-06 5.58E-0
1073 | 2.29E-03 9.59E-04 1.12E-03  2.21E-04 - 2.31E-05 9.69E-06  3.02E-06
107% | 2.17E-03 6.37E-04 1.73E-04  6.54E-05 5.37E-05 4.65E-05 4.05E-05
10718 | 2.17E-03 6.37E-04 1.73E-04 4.49E-05 1.14E-05 2.89E-06 9.40E-07
10730 | 2.17E-03 6.37E-04 1.73E-04 4.49E-05 1.14E-05 2.89E-06 9.40E-07

Table 4.11: Results for Example 4.6.2: Rates of convergence before extrapolation: B-mesh

€ r1 T T3 T4 5 e
1072 | 0.84 0.93 0.97 0.99 0.99 1.00
1072 | 0.85 0.91 0.96 0.98 0.99 1.00
107° | 0.85 0.92 0.96 0.98 0.99 0.99
107 1 0.85 0.92 0.96 0.98 0.99 0.99
10725 | 0.85 0.92 0.96 0.98 0.99 0.99

Table 4.12: Results for Example 4.6.2: Rates of convergence after extrapolation: B-mesh

€ 1 T2 T3 T4 5 re
1072 | .70 291 2.61 199 2.00 1.96
1073 | 126 -0.22 234 326 125 1.68
107° 1090 0.20 0.79 3.15 -0.98 1.66
10718 | 1.77 188 1.94 197 199 1.62
1072 | .77  1.88 1.94 1.97 199 1.62
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Table 4.13: Results for Example 4.6.2: Maximum errors before extrapolation: S-mesh
€ N =16 N =32 N=64 N=128 N =256 N =512 N =1024
1072 | 4.65E-02 2.47E-02 1.26E-02 6.36E-03 3.19E-03 1.60E-03  7.98E-04
1073 | 4.68E-02 2.49E-02 1.28E-02 6.49E-03 3.26E-03 1.63E-03  8.16E-04
1078 | 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03  8.09E-04
10718 | 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03  8.09E-04
10730 | 4.65E-02 2.45E-02 1.26E-02 6.39E-03 3.22E-03 1.61E-03 8.09E-04
Table 4.14: Results for Example 4.6.2: Maximum errors after extrapolation: S-mesh
€ N =16 N =32 N=64 N=128 N =256 N =512 N =1024
1072 | 5.60E-03 1.85E-03 2.51E-04 3.58E-05 8.86E-06 2.21E-06 5.52E-07
1073 | 2.94E-03 7.67E-04 1.17E-03 2.35E-04 2.25E-05 9.50E-06 2.95E-06
1078 | 2.69E-03 7.19E-04 1.84E-04 6.57E-05 5.38E-05 4.65E-05 4.06E-05
107'® | 2.69E-03 7.19E-04 1.84E-04 4.64E-05 1.16E-05 2.91E-06 9.43E-07
10730 | 2.69E-03 7.19E-04 1.84E-04 4.64E-05 1.16E-05 2.91E-06 9.43E-07

Table 4.15: Results for Example 4.6.2: Rates of convergence before extrapolation: S-mesh

3

1

T2

3

T4

s

6

10718

10—30

0.91
0.91
0.92
0.92

0.92

0.97
0.95
0.96
0.96

0.96

0.99
0.98
0.98
0.98

0.98

1.00
0.99
0.99
0.99

0.99

1.00
1.00
1.00
1.00

1.00

1.00
1.00
1.00
1.00

1.00

Table 4.16: Results for Example 4.6.2: Rates of convergence after extrapolation: S-mesh

e T1 T T3 T4 Ts5 Te
1072 | 1.59 2.89 2.81 201 200 2.00
1073 | 1.94 -0.60 231 339 124 1.69
107° | 122 0.17 0.78 3.07 -0.88 1.65
10718 1191 197 199 200 200 1.63
10739 | 1.91  1.97 1.99 200 200 1.63
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Remark 4.6.1. Tables of numerical results with Richardson extrapolation show that the
computed rate of convergence deviates notably from the theoretical rate of convergence
with Richardson extrapolation which is two. This is not surprising as performance of
Richardson extrapolation may be hindered by the fact that, for non-uniform (such as the
Shishkin and Bakhvalov type) meshes, nodes are offset by the fact that the transition
point depends on the number of nodes used in computations. This observation

corroborates assertions in the literature regarding issues with implementation of Richard-

son extrapolation (see e.g. [10, 61, 71])

4.7 Discussion

In this chapter, we proposed a FMFDM for singularly perturbed a class of two-point
boundary value problems with a variable coefficient multiplying the second derivative,
whose solution exhibits an interior. layer due the presence of a turning point. After
establishing a set of bounds on the derivatives of the solution, we constructed a mesh
of Bakhvalov and Shishkin type on which we designed a discrete upwind scheme. We
proved that the proposed method is uniformly convergent of order one for both methods.
We used Richardson extrapolation to increase the accuracy of the scheme. The theoretical
results were supported by numerical investigations that we carried out on two examples.
For each example, we computed the maximum point-wise errors and the corresponding
rates of convergence for various values of the step-sizes. We observed that the numerical
results based on the FMFDM before and after extrapolation on a B-type mesh were found
to be a little inferior as compared to those obtained on the S-type mesh as illustrated
in tables 4.1, 4.2, 4.5 and 4.6 for example 4.6.1 and tables 4.9, 4.10, 4.13 and 4.14 for
example 4.6.2. Furthermore, we investigated the effect of Richardson extrapolation on
the FMFDM for both methods and have observed that it improved the accuracy of the
computed solution. In particular, the rate of convergence increased from 1 to 2 as shown

in tables 4.3, 4.4, 4.7, 4.8, 4.11, 4.12, 4.15 and 4.16.
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Chapter 5

Time-dependent convection-diffusion
problems with a power interior layer
and variable coefficient diffusion

term

This chapter deals with singularly perturbed parabolic problems whose solution displays
an interior layer due to the presence of a turning point. The diffusion term is embedded
in a quadratic function. After providing appropriate bounds on the solution to these
problems and their derivatives, we discretize the time variable with a constant step-size
using the implicit Euler method. This process results in a linear system of equations at
each time level which is solved using a fitted mesh finite difference method (FMFDM).
We also discuss the extrapolation technique to improve the order of convergence on the

proposed method.
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5.1 Introduction

We examine the following problem

Lu := (g + 2%) 015(;72,@ + a(z,t) 8uéxx, b_ b(x, t)u(x,t) —d(z,t) au(a:? ) = f(x,1),
(5.1.1)
(2,t) €eQ =Qx (0,T] = (—1,1) x (0,77, (5.1.2)

subject to the initial and boundary conditions
u(z,0) =ug(x), —1<z<1, u(—1,t)=aq(t), u(l,t) =as(t), t€(0,7], (5.1.3)

where 0 < ¢ < 1 is a perturbation parameter. We assume that the functions a(x,t),
b(x,t), d(x,t),f(x,t) and initial conditions uy(z) are sufficiently smooth and

d(z,t) > 6 > 0 in Q. Furthermore, (i) a(0,t) = 0 and @,(0,t) > 0 Vt € [0, T] guarantees
the existence of the turning point, (i) b(x,t) > 8 > 0 V(z,t) € Q, which ensures that the
problem satisfies a minimum principle and (i44) |a.(x,t)| > |a.(0,1)|/2 ¥(z,t) € Q implies
that the turning point occurs at (0,t), V¢t € [0, T]. Under the assumptions (i) — (éi7), the
turning point problem (5.1.1)-(5.1.3) possesses a unique solution exhibiting an interior

layer at the point x = 0 [19]. Also, we impose the compatibility conditions
up(—1) = a1(0) and up(1) = a»(0),

so that the data match at the two corners (—1,0) and (1,0) of the domain Q.

In [72], it was proved that there exists a constant C' independent of ¢ such that

u(z,t) —ar ()] < O+ 2), |u(z,1) —ax(t)] < C(1 =), V(1) €@

and

\u(z,t) —up(z)| < Ct, Y(z,t) € Q
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Time-dependent singularly perturbed problems are widely studied in the literature. Such
problems arise in several fields of engineering and applied mathematics, including convection-
dominated flows in fluid mechanics, heat and mass transfer in chemical and nuclear engi-

neering, electromagnetic theory [11, 23, 30, 44, 59].

A number of authors studied a class of time-dependent singularly perturbed problems
with non turning points [11, 30, 72]. Turning point problems are those where the co-
efficient of the convective term vanishes inside the spatial-domain by changing signs.
Examples of works where turning points give rise to boundary and/or interior layers may

be found [5, 12, 13, 16, 19, 40, 44, 47, 53,58, 64].

All the works listed above are characterised by a small parameter € in front of the high-
est derivative. Parallel to a constant perturbation parameter ¢, it is important to study

problems with diffusion terms are functions of z and ¢.

However [37] and [39] studied the problem (5.1.1)-(5.1.3) in the space variable only.
In [37], Liseikin derived bounds on the solution and its derivatives for the problem
—(e + pr)’u” + a(x)u + f(x,e) =0, 0 <z <1, p=0,1,8 > 1. While in [39], Li-
seikin considered the equation —(e + z)%u" — a(x)u + f(z,e) =0, 0 < x < 1,3 > 0.
Bounds on the solution and its derivatives were established (see p. 160-111) while on p.

256-262, for = 1 a numerical method was presented and its convergence analysed.

In this chapter, we focus on studying the time-dependent problem (5.1.1)-(5.1.3) where
the coefficients of the differential equations depend on both space and time, and are
smooth. We propose and analyse a fitted mesh finite difference method (FMFDM). It
turns out from convergence analysis that the proposed method is uniformly convergent of

order one, up to a logarithmic factor with respect to €.

The rest of this chapter is organised as follows. We establish bounds on the solution
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u(z,t) and its derivatives in Section 2. Section 3 is devoted to constructing a FMFDM
applied on a Shishkin mesh. We show that the proposed method satisfies a minimum
principle. We use this fact to establish a stability result. In Section 4, we conduct a
rigourous error analysis. We prove that the proposed numerical method is almost first
order uniformly convergent with respect to the perturbation parameter in time and space,
up to a logarithmic factor with respect to €. In order to enhance the accuracy and order
of convergence of the proposed FMFDM, we apply Richardson extrapolation in Section 5
to obtain almost second order uniform convergence in space. Numerical experiments are
presented in Section 6 for two examples to confirm our theoretical results. Finally, some

conclusions are drawn in the last Section.

In the rest of this chapter, we use C as a generic positive constant which may assume
different values in different inequalities but will always be independent of ¢, the spatial

and time discretization parameters.

5.2 A priori estimates of the solution and its deriva-
tives

Bounds on the solution to problem (5.1.1)-(5.1.3) and its derivatives are the subject of
this section.

The interval [—1, 1] which we denote Q is divided as follows Q; = [~1, —7], Q. = [~7, 7] and
Q, = [r,1], where 0 < 7 < 1/2.

The linear operator L as defined in (5.1.1) satisfies the following minimum principle and

then we state a stability estimate for the solution of (5.1.1)-(5.1.3).

Lemma 5.2.1. (Minimum principle). Suppose &(x,t) is a smooth function satisfying

£(+1,t) > 0 and L&(x,t) <0, Vo € Q. Then &(x,t) > 0, Vo € Q.

Proof. Let (z*,t*) € Q such that (2%, t*) = I?i{ll] &(z,t) and assume that &(x*,t*) < 0.
re|—1,
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It follows that (z*,t*) ¢ Q, therefore &, (x*,t*) = 0, &(z*,t*) = 0 and &, (z*, t*) > 0.

Then, we obtain
LE(x*, 1) = (e4+a™) e (2%, 1) Fa(a™, t9)Ep (2, t*) —b(a*, ") E (2™, t*) —d(a*, t*)& (2%, 1) > 0,

which is a contradiction. It follows that &(2*,¢*) > 0 and thus &(z,t) > 0, Vo € Q.

We apply this minimum principle to prove the next results which state that the solu-

tion depends continuously on the data.

Lemma 5.2.2. (Stability estimate). If u(x,t) is the solution of (5.1.1)-(5.1.3), then we

have

1 _
[lu(z, t|] < [max {||ev[|o; leallc H -+ E!IfHooN(x,t) € Q.

Proof. See Lemma 3.2.2 in Chapter 3.

The next Lemma provide estimates of v and its derivatives in the interval [—1, —7] and

(7, 1].

Lemma 5.2.3. The bound on the solution u(z,t) of (5.1.1) is given by
u(e, 1) < C, (2.1) € 0.

Proof. See [30].

Lemma 5.2.4. Let u(x,t) be the solution to (5.1.1)-(5.1.3) and a(z,t),b(x,t) and f(x,t)
sufficiently smooth function in Q. Then, there exists a positive constant C' independent

of €, such that

il t .
‘81;9(12")|§C, Vo € Qor Q and (2,t) € Q,0<j < 2.

Proof. See [11].

Lemma 5.2.5. Under the assumption of Lemmas 5.2.1 and 5.2.4, the bound on the

derivative of u with respect to t is |u,(z,t)| < C, (x,t) € Q.
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Proof. See [30].

Lemma 5.2.6. |u,(z,t)| < C, (z,t) € Q.

Proof. See [31].

Based on the ideas of [39], we will be able to establish the next lemma. Note that the
solution of (5.1.1)-(5.1.3) has an interior layer at the point x5/, = 0. Then, the derivatives
of u(x,t) are estimated in the vicinity xy/, = 0 by polynomial functions according to the
sign of the coefficient of the convection term a(x,t) at the point xj. Therefore, we present

two different cases

a(xy, e =0t < (0,7,

[ atan <0 e =m0l t < 0.7] o
a(zf,t) >0, x5 < (0,7], tel0,T].

Lemma 5.2.7. Let u(x,t) be the:solution of (5:1.1)-(5.1.3). Then assuming that

a=a(zf,t) >0, for 0 <z < 7, V. €[0,T], we have

1+ (e + a?)t—2d, O0<a<l, j=1,234,
<C{ 1+ (e+22), a=1,j=1234, (5.2.2)
1 ‘f‘eail(f‘: +x2)17a7j7 a > 1a ] = 17273a47

Hu(x,t)
OxJ

and a = a(zf,t) <0, for —7 <2 <0, and let p be a whole number such that a 4+ p =0

and a +p—1<0, Vt €[0,T], then we have the following bounds

. 17 a/<07j<p7j:17273747
P u(z,t) , : :
e <O 1+ (e+ ) Parctan(z/V/2), a+p=0, j>p, j=1,2,34,
1+(8+1’2)7a7j, a+p>07j>paj:17273a4‘
(5.2.3)

Proof. This Lemma will be proved by following the ideas of ([39], from pp. 107-110).

Application of the inverse-monotone pair 7' = (L, ") (see pp 49) implies that

u(z,t)| <C,  (2,t) € Q. (5.2.4)
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From (5.1.1)-(5.1.3) and (5.2.4) and V¢t € [0,T], we obtain

1, —T<zo L2 <L0,
B t ed, —r1<r<T, j=1,23,4,
u(z, )‘g(j 0 J (5.2.5)
o’ 1, O<zo<z<T,

e, 0<x<x0, j=1,2,3,4,

and arbitrary xo > 0, independent of ¢ and .

case 1: a>0 for 0 < z < 1, ¥t € [0,7]. In this case, the derivatives of u(z,1)
are estimated according to the value of a : 0.< a <1, a =1 and a > 1. Solving (5.1.1)
for u,,(z,t), we obtain

0*u(z,t)

0x?

B ~ fx,t) Fb(x, t)u(x, t) + d(z, t)u (2, 1) B a(x, t)u,(x,t)
‘ = Upe(7,1) = @ ) 1) (5.2.6)

Integrating (5.2.6) on both sides from 0. to z, we obtain

wo(o,f) = /Ox f(s,t) +b(s,t)1::(i, t8)2+ d(s, t)us(s,t) PE /Oz W ds. (5.27)

uz(x,t) can be expressed as follows

a

o (0, 8) = 1, (0, 1) L fﬂ expl—g1(z, )] + g2(, £), (5.2.8)
where
gi(x,t) = /Oz Z(j’ig ds = a(\:;:;) arctan(z//€) — /Ox asfjét) arctan(s/v/€) ds, (5.2.9)

with a(0,t) = 0, and

xT

ga(,t) = (e + xQ)*a/O [f(s,t) + b(s, t)u(s, )+

d(s, t)us(s, )] (e + s2)* Lexplgi(s, t) — gi(z,t)] ds. (5.2.10)

Since |g1(z,t)] < C from (5.2.4), we find that

T

lga(, 1) < C(e + x2)_“/0 (e + s2)° 1 ds < C.
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Applying the triangle inequality in (5.2.8) and taking into account the estimates of g1 (x, t)
and go(x,t), we obtain

ou(x,t)
Ox

’ = |uz(z,1)| < C {1 + |u.(0,8)|(g/(e + xQ))a} : (5.2.11)

Considering 0 < a < 1, there is a point z( in the interval (0, 7) such that |u,(zo,t)| < C,

2 (0, 1)] ( ° ) <C.

e+ a2t

so that

This inequality yields

2 a
= x0> < O(e+a3)%e < Ce

[u,(0,1)] < C(

3

Using the estimates obtained for |ug(0;¢)| in (5:2.11), we obtain

0 t
uz, )‘ = |uz(z,t)| € C [1 + (€+x2)7“} , 0<a<l.
ox
Differentiating (5.1.1) with respect to x, solving the resulting equation for w,..(x,t), we
obtain
b(x,t) — ax(x,t) a,(z,t) + 2s
umz(x,t) = g—i—xQ Um(x,t> — Wum(x,t)-i—
fx<x7 t) + bz('r? t)U(.T, t) + dx(xa t)”t('r? t) _ d(l‘, t)utx(xa t)
. (5.2.12)
(e + 22)
Below is the expression of 0*u(z,t)/0x?
82U .T,t a+1
82:2) = Upy (2, 1) = Uygy (0, 1) L e exp|—gs(x,t)] + ga(x, 1), (5.2.13)
where
z als,t) +2 £) 42
gs(x,t) = /0 a(sg,_ﬁ:;s ds = Cz(x’)\/;xarctan(x/\/g)—

/Ox as(s’\;_i—i_Qarctan(s/\/g)) ds, (5.2.14)

with a(0,t) = 0, and

ga(z,t) = (e + 2?)7 ! /Ox [fs(s,t) + bs(s, t)u(s, t) + ds(s, t)u(s, t) — d(s, t)us(s, t)+

(b(s,1) — as(s, t)us(s,1)](e + s*)* explgs(s, t) — gs(z,t)] ds. (5.2.15)
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Noting that |g3(z,t)| < C, |ui(x,t)] < C, |ug(z,t)| < C, and |u(zx,t)] < C, we find that

xT

lga(x, )] < C(e + )2t /0 [1+us(s,)](e+8)"ds < C[1+ (e +2%)7.  (5.2.16)

We obtain from (5.1.1)
Upe (0,1) < Ce M1+ u,(0,1)] < Cem* 1

Substituting the estimate of u,,(0,t) and g4(x,t) into (5.2.13), we obtain

0*u(z,t)

ox?

‘ = Uy (2, 1) < Ce™ 7% (e42”?) 77 14C [1 + (e + :L’Z)*a} <C {1 + (e + x2)7a71} .

Differentiating equation (5.1.1)-(5.1.3) and taking into-account (5.2.4), we obtain the

following result
Hu(x,t)
OxJ

Consider the case when a = 1. On integrating (5.2.8) from 0 to 7, we obtain

<O [ilh (5 4+ 2]

u(t,t) — u(0,t) = uy (0, t)eY*{arctan(r /v/€) exp[—g1 (1, 1)]

+ /0 " a0 + 22) "V arctan(z/V/E) exp[—gi (. )] dx} + /0 " galwt) dr. (5.2.17)

Since

| arctan(7/v/€) exp|—g1(7,t)] + /OT a(x,t)(e + 2*) texp[—gi(z,t)] arctan(z/v/2) dz| < C,

using the triangle inequality in (5.2.17) and taking into account the inequality above, we
obtain

lug(0,8)] /2 < C.
This inequality yields |u,(0,t)| < Ce~*/2. From (5.2.11), we obtain

ou(z,t)
Ox

' = |ug(z,t)| < C[1 + 51/2(5 + ) N <O+ (e +22)71Y.

Consider u,,(z,t) for a = 1. In this case (5.2.13) gives

0*u(z, 1)
O0x?

— (2, 1) = 1100 (0, ) L fIQF expl—gs(x, )] + ga(, ). (5.2.18)
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From (5.2.16), g4(z,t) is defined as follows

T

lga(z,t)] < Ce + x)_z/o (144 (s)](e + s) ds < C[1 +&%(e + 2*)7Y). (5.2.19)

Moreover, by (5.1.1) we have
Uas (0,8) < Ce™ 1+ u,(0,1)] < Ce™/2,

From (5.2.18) we obtain using the estimates of wu,,(0,t) and g4(z,1) :
Ou(z,t)

ox?

‘ = Upe (1, 1) S C[L 4P +2*) ] < ClL + (e +27) 7).

By differentiating (5.1.1) and with the help of (5.2.5), we arrive at the following result

Hu(x,t)

a7 <O+ (e a=1,0<r <7, j=1,23,4
X

This completes the proof of the estimate 5.2.2 for 0 <z < 7.

case 2: a <0 for —7 <z < 0. In this case, u,(x,t) is given as follows [39]

U (2, 1) = ug(wo, t) explt(zo, z, )]+

/1“ f(s,t) +b(s,t)u(s,t) + d(s,t)us,t)
o €+ 52

exp|y(xg, x,t)] ds, (5.2.20)

where
v a(k,t)
t) = —
U t) = - [ S

If a(0,t) = 0 then (s, z,t) < C, —7 < s, < 0. Using the triangle inequality in (5.2.20)

dk.

and choosing a point xy € [—7/2, 0] such that u/(zo,t) < C, we obtain
uy(,t)| < C[1+e Y arctan(x/ve)] < C[l+arctan(z/v/2)], a(0) =0, j = 1 since p = 0.

We wish to determine u,, (x,t) with p = 0 for j = 2. On differentiating (5.1.1) and solving

the resulting equation for u,,(x,t), we obtain

(e+5%)PT exp[i(s, x,t)] ds,
(5.2.21)

Puiet) oyt [T F(s,1)
W - Um(£U0,t) eXp[w<$0,x,t)]+(€+x ) /:Eo € + s
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where
a(k,t)

- dr

Usat)=— [

and
F(s,t) = f(s,t) + bs(s,t)u(s,t) + ds(s, t)u(s, t) + [b(s,t) — as(s,t)]us(s, t).

Substituting (s, z,t) < C and ug,(xo,t) < C into (5.2.21), we obtain

T

< C+C’(€—|—x2)_p_1/ [1+us(s, )] (e+5%)P ds < O[14+(e+2?) P L arctan(z/v/2)].

o

O?u(w,t)

ox?

From (5.1.1)-(5.1.3) with p = 0, for j > 1, we obtain

Hu(w,t)

507 < CO[1 4+ (e +2%) 17 Parctan(z/v/E)], a+p=0, j > p.
x

Let a(0,t) < 0. In this case p > 1. Then there exists a constant xo > 0 such that

a(x,t) < 0for —7 < x < . Therefore, we have
Y(s,1,t) < —woInf(e+5%)/(e + D), =7 < 2 < 5 < 0.
Taking exponentials on both sides of the above inequality, we obtain
exp(Y(s,x,t)) < [(e +2%) /(e + D], —7 <z < 5 < 2.

Substituting this estimate into (5.2.20) with x = s and taking into account (5.2.5), we

obtain
ou(x,t)
ox

Differentiating (5.1.1) and taking into account (5.2.5), we obtain

|ux(x,t)| =

‘éC’, —71 <z < xo, a(0,t) <O0.

Hu(x,t)
O’

‘gC’, —7<r<0,a<0, k<p, j=1,2,3,4.

Consider the case when j > p, a+p > 0 and a < 0. We will estimate u,(z,t) and u,,(z,t)
by following the same steps as we did for 0 < a < 1. We define u,(z,t) from (5.2.8) as
follows:

a+1
exp[—gi1(z, )] + g2(, 1), —7 <2 < 0. (5.2.22)

(2, 8) = 1, (0, 1) [

€+ 22
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Following the same steps as we did for 0 < a < 1, we obtain

ou(z,t)
Ox

\ ~ Jusle ) S O+ (422, a <0

We estimate wu,,(x,t) from (5.2.13) as follows

a+2

Uz (T, 1) = Uy (0, 1) [5 e

Following the same steps as we did for 0 < a < 1, we obtain

OPu(z,t)

0x?

‘ = |ty (2, 1) < C[1 4 (e +2%)7*?], a < 0.

Differentiating (5.1.1) and taking into-account (5.2.5), we obtain

Hu(zx,t)
Oz’

This complete the proof of the estimate 5.2.3 for =7 < 2 < 0.

exp|—g3(z,t)] + ga(z,t), —7 < 2 <0.

<O+ (g+ 7)™, —7< %<0, a <0, j>p.

(5.2.23)

According to the sign of the coefficient of the convection term a(z,t), the singularly

perturbed turning point problem (5.1.1)-(5.1.3) may be regarded as a concatenation of

two problems: One side a(z,t) < 0 for —1 < x < 0 and the other side a(z,t) > 0 for

0 < z < 1. Therefore the solution of the problem (5.1.1)-(5.1.3) may display a layer near

x =0on [—1,0) and a layer near = 0 on (0, 1]. This consideration will be useful firstly

in seeking an in-depth understanding of the behaviour of the solution and its derivatives

and secondly, in the design of the numerical method in Section 5.4. The solution can

be decomposed into two parts, namely the smooth component v(x,t) and the singular

component w(z,t) ([42], pp 47) such that
u(z,t) = v(z,t) + w(zx, t),
where v(z,t) is the solution of the inhomogeneous problem
Lv(z,t) = f(x,t), (z,t) € Q= (-1,0) x (0,77,

v(z,0) = u(z,0) =up, —1<z<0,

(5.2.24)

(5.2.25)
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v(=1,t) =u(-1,t), 0<t<T, (5.2.26)

and w(z,t) is the solution of the homogeneous problem

Lw(z,t) =0, (x,t) €y, (5.2.27)
w(z,0) =0, —1 <z <0, (5.2.28)
w(=1,t) =0, 0 <t < T, (5.2.20)
w(0,t) = u(0,t) —v(0,t), 0 <t < T. (5.2.30)

We establish the following lemma which gives bounds on the solution to (5.1.1)-(5.1.3)

and its derivatives.

Lemma 5.2.8. The smooth and singular components of u(x, t) of problem (5.1.1)-(5.1.3),

for 0 <7 <4, and 0 <t < T, satisfy

1+ (e + x?)3V arctan(z//€), "z € [-1,0],
J t 1+ (e + %>, a<l, xe|01],
aW@W<C ( ), 0.1] (5.2.31)
o’ 1+ (e +22)7, a=1,2¢€l0,1],
1+ ev e+ x?)37977, a>1, xel0,1],
and
(e + x*)1 7 arctan(z/\/2), =€ [—1,0],
o’ t e+ x?)tme a<l1, ze€l0,1],
Puwi.t) o] | )4 0,1 (5.2.32)
O (e +a?), a=1 z€l0,1],
ev e 4 a?)ma, a>1, x€l0,1],
where C' is a constant and independent of ¢.
Proof. We prove this lemma on ©; = [—1,0]. The proof on [0, 1] follows similar steps.

We obtain the reduced problem (¢ = 0) from (5.1.1) as follows
2200, + a(z, )0 (z,t) — b(x, )z, t) — d(z, t)v)(x,t) = f(a,t), (z,t) €Q  (5.2.33)

v2(2,0) = vg(z), —1< <0, (5.2.34)
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v (—1,t) = ay(t), t € (0,T]. (5.2.35)

Further, we decompose the smooth component v(z,t) ([42], pp 68) as follows

v(x,t) = vo(x,t) + (e + 2H)vy (2, 1) + (e + 2°)*va(a, 1), (x,t) € Q, (5.2.36)

where vy is the solution of the reduced problem in (5.2.33), which is independent of &,
and having smooth coefficients a(x,t), b(z,t) and f(x,t). From these assumptions, for
0 <j <4, we have

‘ M vg(x, )

57 ‘ < Cforalw-€X),. (5.2.37)

vy and vy are the solutions of (5.1.1). By using Lemma 5.2.7 for —1 < x < 0, we have the

following bounds

J |
Pl < O 4 e+ )1 aretan(e/ V2], for 07 < 4 (52:38)
and
J )
avgg’t) < O[1 + (e + 2% 7 arctan(z/+/2)], for 0 < j < 4. (5.2.39)

Now, applying the triangle inequality and substituting these above three estimates into

(5.2.36), for 0 < j < 4, we obtain

P vg(w,t) 5 vy (z,t)
R ‘ + (e + %) o

< O[1+ (e +2*)* 7 arctan(x//2)].

’++@+ﬁf

Hvg(x,t)
O’

Dv(z,t)
Ox’

To prove the regular component w(x,t), let us define the barrier functions as follows [31].

UE(2,t) = Cexp(nz/e)e’ £ w(x,t), (z,t) € Q.
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Compute the values of U*(x,t) at the boundaries:

UE(—1,t) = Cexp(—n/e)e' £w(—1,t), 0 <t < T,
= Cexp(—n/e)e’, using (5.2.29),
> 0, 0<t<T,
UE(0,t) = Ce'+w(0,t), 0<t<T,
= Ce' £ [u(0,t) —v(0,t)], using (5.2.30),
> 0, for a suitable choice of C, 0 <t < T,
U*(2,0) = Cexp(nz/e) £ w(z,0), =1 <2 <0,

= Cexp(nz/e), using (5:2.28),

WV

0, T

From the above estimates, we notice that W(z,t) >0, '(z,t) € Qy = O;\Q. Therefore

we have

LU*(z,t) = (e +2)VE (2,1) + alz, t)VE(2,t) — b(w, )V (z,t) — d(x, 1)V (2, 1)

= Cexp(nz/e)e [77; + na(gx,t) —b(z,t) — d(x,t)] + Lw(z,t)

2 2
= Cexp(nz/e)e [77 (5;—x ) + na(:,t)

< 0, since (v/¢)* < b(x,t) (x,t) € Q.

—b(z,t) — d(l‘,t)] , using (5.2.27)

Now applying Lemma 5.2.1 to the barrier functions, we obtain U*(x,t) > 0, (z,t) € Q.
Then we have

Cexp(nz/e)e’ + w(z,t) > 0.

It follows that

w(z,t) < Cexp(nz/e)e’, (,t) € N
< Cexp(nz/e)el since e < el

C
< Cexp(nz/e) (x,t) € .
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By using the inequality relation, the above inequality can expressed as follows
lw(z,t)] < Ce+ 2%  exp(nr/e) < C(e + ) arctan(x/e) (x,t) € Q.

Since Lw(z,t) = 0, the j derivative of w(z,t) can be estimated immediately from the

estimate of w(z,t),

dw(x,t)
oxJ

‘ < C(e + 2% arctan(z/e), 0 < j < 4.

This completes the proof.

We design a FMFDM to solve time-dependent convection-diffusion problems (5.1.1)-

(5.1.3) in the next section.

5.3 Construction of the FMFDM

Time discretization

We use the Euler implicit method to discretize problem (5.1.1)-(5.1.3) with uniform step-
size At = T /K. The time [0, 7] is therefore partitioned as

w' = {t;, = kAt,0 < k < K}. (5.3.1)

We discretize problem (5.1.1)-(5.1.3) on @’ as follows

2(x,ty) — 2(, tr—1)

(e4+2%) 200 (7, tp) Fa(z, ty) 2o (2, th) —b(, 1) 2 (z, 1) —d(z, ty) A7 = f(x,ty),
(5.3.2)
subject to
2(x,0) = zo(x), —1<ax<1, z(—1,t) = aq(t), z(1,tx) = aa(t). (5.3.3)
Now, (5.3.2) can be written as
Lo(oty) = fla ) — d(w, ) 2 be1) (5.3.4)

At
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subject to
2(x,0) = zo(x), —1<ax<1, z(=1,tx) = aq(t), z(1,tx) = as(t), (5.3.5)
where

Lz(x,ty) = (e + 1) zgu(, ty) + alz, t) 2o (2, t) — [b(az,tk) + d(ztk>] 2(x,te_1).

The local truncation error e, at each time level to t;, is given by
er = u(x, ty) — z(z, ty),

where z(x,t;) is the solution of (5.3.4)-(5.3.5).

The local error estimate of the time discretization
lexllod € CAR? T <R LK. (5.3.6)
The global error estimate of the time discretization :

| Bl CAL T kK (5.3.7)

Spatial discretization

We develop a difference scheme to solve the problem (5.1.1)-(5.1.3). We consider the
following partition of the interval [—1, 1] which we denote QN zy = —1, Ty =02y =1
and let Q" = @’ x QN be the grid for the (z,t)-variables, and Q&Y = QXN N Q. Due

to the presence of an interior layer at the point xy/; = 0, the transition parameter 7 is

7 — min {; ; In (JZ)} , (5.3.8)

where 7 is a positive constant. The spatial domain is discretized using a piecewise uniform

given by

mesh which splits the space domain [—1, 1] into three sub-intervals [—1, —7], [—7, 7] and
[7,1]. These sub-intervals are subdivided uniformly to contain N/4, N/2 and N/4 mesh

elements respectively. Note that the mesh spacing is given by

" | 4r/Nifj=N/A+1,N/4+2-- 3N/4. -

125



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

For the rest of the chapter, we adopt the notation B(x;, ;) := BJ'-€ for ease of exposition.

Also, let

Uk . — Uk Uk — Uk -
+rrk . Tl J —r7k _ ZJ Jj—=1 E _ +77k _ P77k
and
k k—1
prot =Y =0
t J At )

where D UF, D, UF, D; Uy and DU ¥ are first and second order finite differences respec-
tively. Using the upwind scheme both in time and space above, we discretize the problem

(5.1.1)-(5.1.3) in the following manner:

N 77k 1 sk =TTk k =T ria—R1 33 -
S o= ~ y k ~ kyk—
! (&t—i-:c?)Dfo—I—&;?DjUf—(?+%)U]k= f—djift for j=N/2,--- /N —1,
(5.3.10)
subject to the discrete initial and boundary conditions
Uf =uf, j=0,1,---,N, (5.3.11)
Ur=aof =ai(ty), U =aob =as(ty), 1<k <K, (5.3.12)
where
~k af,l—&-a? .
aj = L5+ forj=0,1,--- ,N/2 -1,
ak+ak .
ik = S for j = N/2,N/2+1,--- N — 1,
Tro b bhbh -
by = =——= forj=1,23,--- N -1,
Fe SRR -
Ji="""3—" forj=123,-- ,N—-1
Now, (5.3.10) can be written in the form:
LYRUY = r U 47U + 7t U = Fy, j=1,2,3--- N — 1, (5.3.13)
where for j =1,2,3--- , N/2 — 1, we have
oo v ap & 20eta) 5o df L 2Ae+a)) (5.3.14)
J hj (hj + hj+1) hj’ J h]' hjhj+1 J At’ J hj+1(h/j + hj+1)’
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for j=N/2,N/2+1,--- /N — 1, we have

- 2(e + 27) . a¥  2(e +a3) ik s 2(e + 27) N ak
r. = O, L = — — — s — r. =
J hj(hj + hj-‘rl) J hj-‘rl h’jh/";-i,-l J At J hj+1(hj + hj+1) hj-i—l
(5.3.15)
and
. dkUuk?
Fy=fF— ﬁ. (5.3.16)

The results of the analysis of the scheme (5.3.10)-(5.3.12) depend on the following mini-

mum principle.

Lemma 5.3.1. (Discrete minimum principle). For any mesh function §J’?” such that
LVEEE <0in QY5 €0 > 0,1 <j <N, & >0, and ¢y >0, 1 <k <K, we have

€8 > 0 i QK.
Proof. See Lemma 3.3.1 in Chapter 3.

Lemma 5.3.2. (Uniform stability estimate). At any time level ¢, if Zj’? is any mesh

function such that Z§ = Z§ = 0, then

1
1ZF| < 5120, ILANZE w0 <i<N.
SJSIN—

Proof. See Lemma 3.3.2 in Chapter 3.

Based on the above continuous (Lemma 5.2.7) and discrete (Lemma 5.3.1) results, we

are able to analyse the proposed method for convergence in the next section.

5.4 Convergence analysis

The convergence of the scheme will be analysed on a Shishikin mesh, which was proved

in section 5.3.

Theorem 5.4.1. Let UF be the numerical solution of (5.3.10)-(5.3.12) and denote the
solution z(x;, ty) of problem (5.3.4)-(5.3.5) at the level t), by z§ = z(x;,t),). Then, we have
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max |UF — 25| < CN! [ (JZ)]Q (5.4.1)

0<j<N
Proof. We prove this above Lemma on the interval [0, 1]. The proof of [—1, 0] follows in
a similar way. From (5.3.10)-(5.3.12), the solution U can be decomposed into a regular

part and a singular part as follows
k k k
Uy =Vi + Wy,

where VJ’“ is the solution of the inhomogeneous problem

N
LNKvk fk J At] ’ V;-O _ ,U;), ‘/Ok _ ’l}g,

and I/VJIC is the solution of the homogeneous problem
LYEWE =0, W3 =48, Was = Uks — Vi o

Using (5.1.1) and (5.3.10), we obtain the error of the smooth component

A ks
LN,K(ij_U;;) _ fj{c__ J Atj _LN,KU;?

d? d _
= (e+2)) (d:EQ_D )vf—l—a? (dx_D’”>vf

Applying the two estimates in Lemma 4.1 [42] at each point (z;,t) for the above result,

we obtain
(e + 3) a® d%v;
’ +5](xj—$j—1) Oz —

LR (VE—oh)] < S

J J

for 1 <j < N/2—1.
(5.4.2)

Noting that h; = 2; — ;-1 < 4N~! for any j, therefore using the bounds of v; of Lemma

(%—H Tj-1

3
H@vj

5.2.8 in inequality (5.4.2), we obtain

LYE(VE —oF) < ChlL+ (e + 2®) + 2(e + 2°) arctan(z/¢))]
< Ch
< CNT!

Hence, by Lemma 5.3.2 we obtain

(V= of) < CN"Tfor 1 < j < N/2-1. (5.4.3)

J
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The estimate of the error of the singular component depends on whether 7 = 1/2 or
T = (¢/n)In(N/4).

e The mesh is uniform: 7 =1/2 < (¢/n) In(N/4). The local truncation error
LNE(WF — wk) is given by

(e +2?%) Pw. || a* 0w, ,
|LN’K(W;€—U}?)| < 3 J (ZL’jJrl—Ij,l) ax; —|—?j(xj—xj,1) 87; for 1 S ¥ S N/2—1
(5.4.4)
Using Lemma 5.2.8 and h; = z; — x;_; < 4N~! in (5.4.4), we obtain
NK 1k k 2\—1 2
|[L5H (W —wy)| < Ch(e +27) " arctan(z/e) < che™.
Since e ! < (1/n)In(N/4), we obtain
LK (W — b < G/
With the help of Lemma 5.3.2, the above inequality gives
(W} —wh)| <Ofln(N/4)for1 <j < N/2— 1. (5.4.5)

e Piecewise uniform: 7 = (¢/n)In(N/4) < 1/2. In this case we have two subintervals,
namely [—1, —7] and [—7, 0]. We give separate error estimates in the coarse and fine mesh
subintervals. Firstly, we compute the error for the singular component in the mesh region

—1 < x; < —7. Using the triangle inequality, we obtain
(W) — wh)| < W]+ [wh]. (5.4.6)
Then by Lemma 5.2.8, we have

jw < C(e + a®) arctan(z/e)]

N

05_2333
< C[In(N/4)]?, since z; =7 = (¢/n) In(N/4).

To establish a similar bound on W} the interested reader may refer to Lemma 7.3 (p.58)

and Lemma 7.5 (p.60) of [42], which leads immediately to

(WF| < ClIn(N/4)] for 1 < j < N/4—1. (5.4.7)
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Combining these above estimates into (5.4.6), we obtain

(WF —wh| < ClIn(N/4)]* for 1 < j < N/4—1. (5.4.8)

If —7 < 2 <0, then the estimate of the truncation error is obtained from (5.4.4) as

|ILYE(WE —wh)| < C(xj41 — xj-1)(e + %) arctan(z /¢)

)
< Clzjpr —xjo1)e
= CN 'e727, since Tji1 —xj_1 = h=41/N.

Moreover, |(Wg — wg)| = 0 and [(Wyy — wiy)| < Wyl + [wh | < ClIn(N/4)]* from
(5.4.7). Consider the barrier function (p.72) of [42] on [—7,0]

<I>§ = (z; — (—=7))Cie 2T Nt ColNe = g5+ 7)Cre 2T N~ + C, N1,

it follows that for an appropriate choice of C; and C, the mesh functions

(U)F =05 % (W= wj)
satisfy the inequalities

Ry >0, Wy =0and LVFUF <0, N/4+1<j<N/2-1
By applying Lemma 5.3.1 on [—7,0] to (U*)¥, we obtain
UF>0, N/4+1<j<N/2-1
Therefore, we obtain
(WF —wh| < 0F < Cler’N~"+ CoN
Using the value of 7 = (¢/n)In(N/4) in the above inequality, we obtain
(WF —wh| < CNIn(N/4)]. (5.4.9)

Combining (5.4.8) and (5.4.9), we obtain the following estimate on the singular component

of the error over interval [—1, 0]

(WF —w¥| < CN"'In(N/4]?, N/4+1<j<N/2-1. (5.4.10)

130



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

Note that

UF — 25 = (VF = ob) + (W] —wh), (5.4.11)

using (5.4.3) and (5.4.10), we obtain
UF — 25| < CN7'In(N/4)]?, 1<j<N/2-1. (5.4.12)

Results on the subinterval [0, 1] can be obtained in the same way as we did on the interval

[—1,0], then we have
N
U — 25 < CN“n (4)]2, N/2<j<N. (5.4.13)

Combining (5.4.12) and (5.4.13), leads to the required result.

The following theorem provides the main result.

Theorem 5.4.2. . Let u be the exact solution of (5.1.1)-(5.1.2) and U be its numerical
solution obtained via the difference equations (5.3.10)-(5.3.12). Then, there exists constant
C independent of the perturbation parameter €, and of the discretization parameters h;

and At such that

max |UF—uf|| <C

=J =4V i vy

N 2
At+ N1 [111 (4)] ] : (5.4.14)
Proof. The result follows from the triangle inequality
10} = ufl| = 11U} = 25| + [l — uf]]

and the combination of the time discretization(5.3.7) and the result of Theorem 5.4.1.

The above theorem shows that the scheme we propose is first order convergent in time
and almost first order convergent in space, uniformly with respect to the perturbation
parameter €. In order to improve the accuracy and the rate of convergence of the scheme,

we apply Richardson extrapolation in the next section.
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5.5 Richardson extrapolation on the FMFDM

Richardson extrapolation is a procedure where a linear combination of two approxima-
tions of some quantity gives a third and better approximation of the quantity [49]. We

employ this procedure for the proposed scheme.

Let Q75 be the mesh obtained by bisecting each mesh interval in QF. It is easy to

understand that Q5 C Q5 = {#;} and &; — &;_, = h; = h;/2.

Theorem 5.5.1. Let Ujm’k be the numerical solution approzimation obtained using (5.3.10)-

(5.3.12) and z§ be the solution of (5.3.2)=(5.3.3) at the time level t),. Then, we have

= (]Z)r (5.5.1)

Proof. Let UF and UF be the numerical solution of (5.3.10)-(5.3.12) on the mesh QF and

max_|[(U — z)f| rem !

0<j<N

Q7 respectively. The estimate (5.4.12) can be written as

UJk — Z;C = ClN_l 1H(N/4)2 + RN(xj)) Vl’j € Q;\/ (552)

and
U — 28 = Co(2N) ™ In(N/4)* + Ron(3;), Vi; € Oy, (5.5.3)

J

where C] and (s are some constants and the remainder terms
Ry(x;) and Ry (%) are O[N "' (In(N/4))?].

The transition parameter 7 remains the same as in (5.3.8) when calculating both U Jk and

Uk.

J

Combining (5.5.2) and (5.5.3), we obtain
28— (2UF — UF) = Ry(x;) — 2Ran(x;) = O[N "' (In(N/4))?], Va; € QF. (5.5.4)

Therefore we set

Ut = 2UF — UF, Va; € QF, (5.5.5)

J
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as the new approximation of zjk at the point z; € QF resulting from Richardson extrapo-
lation.

The error after extrapolation U “0k can written as in (5.4.11),

(Uext - Z)j: _ (Vext _ U)? + (We:ct _ w)k (556)

R

t,k t,k . t.k .
where V" and W7™" are the regular and singular components of U:*"", respectively.

The local truncation error of the scheme (5.3.10)-(5.3.13) after extrapolation is given by

LVRUe = 2)f = 2LV (UF — 25) — LNR(US — 2), (5.5.7)
where
- k ok
LNE(UF — 28) = rmzj_1 4+ 7% i a0 — (6 + 252 —ab2) + bh2f + ]At] (5.5.8)
and
k, k
%

N.Krrk _ kY _ =— .. ~C it =l Il AR ) 7k k
L5R(US — 2]) = T 250 + P20tz = (€ + 5)2) — G525 + 0527 +

o (559)

The expressions for r~, r¢ and rT are given in (5.3.14), (5.3.15) and (5.3.16) respectively
while the quantities 7~, 7 and 7 are obtained by substituting h; with l~zj and hji; with

h;4+1 in the quantities of 7—, r and r* respectively. Taking the Taylor series expansion of

z]’-“_l and ij 1 about x; yields
. > o
o= 2 — i+ ) = a4 5 L), (5.5.10)
h? h3 h#
A=y hya 2+ L+ T TG ), (5.5.11)
2 6 24
- h2 h3 Rt
2=z — g+ e — LA+ DA (6 ), (5.5.12)
_ h2 h3 h4 _
G =2+ hing+ =00 + %“zf + 2 (60 d), (5.5.13)
where
. . ~ Ti_ 1+ x; - T4+ xs
(&1,7) € (w1, 25), (&2.7) € (w),2541), & € (%,xj) and & € (xj,%),

133



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

Substituting (5.5.10) and (5.5.11) into (5.5.8), (5.5.12) and (5.5.13) into (5.5.9), we obtain

LN’K((]JI»C - Z;C) = ]ﬁZj + kQZ‘; -+ ]{33,2]2 + ]{742;5 + k57124(£1,j) + k57224(£27‘]’) (5514)

and

LN’K(U'J’.C — Z]k) = l::lzj + l:}gZ;- + ]2732? —+ /;742? + 12'421;-l -+ ];?57124<£1,j) + ]%57224<£2,j>. (5515)

The coefficients in (5.5.14) are

2(e + 27) 2(e + 27) 2(e + 27)
klz - + ; k2:07
hi(hj+hiwa)  hihj By (hithy)

(5 + x?)h] gt El,kh] (5 i [E?)hj+1

TRy 2 hjhia e+ )
k4:—(s+x§)h? akny (e +a3)hi,, M (e +aphi akn? . (6+x§)h?+1.
3(hj+hj+1) 6 3(hj“|‘hj+1) ’ ’ 12(hj+hj+1) 24 7 ' 12<hj+hj+1)

The quantities for ki, ks, ks, ka, 15571 and 155,2 can be obtained by substituting h; with
ﬁj and hj+1 with Bj—l—l'

Substituting (5.5.14) and (5.5.15) into (5.5.7), we obtain

LN’K([]emL — Z);C == lej + TQZ;'/ -+ —|—T32;-// -+ —|—T4’1,Z(4) (51,]) + T4’22(4) (ég,j), (5516)

where
(e +a3) 14(e + 7) N 14(e + 27)
Y hy(hy o+ hys) hihj i hja(hy+ hj)’
hj + hj+1 hj + h]’+1 12
(e + z2)h? akh? (e +22)h3 4
T, = — 77°77 77 d T,o = — 7779+ )
T T, F ) 32 e 24

Given (5.3.9) and for the sake of simplicity, we use the notation

hy =

(5.5.17)

H ifj=12-,N/4,
hoifj=N/A+1,---N/2.
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Using the fact that Vj =1,...,N/4, H = h; < 4N~! substituted into (5.5.16) in the

subinterval [—1, —7], we obtain

ak H? (e +23)H?* arH? (e+2?)H?
LN’K Vest _ k. 7J " J J (4) N J (4) .
( U)] 12 Uj + 48 + 32 v (517 j) 24 v (527])
(5.5.18)
Applying the triangle inequality in the above inequality, we obtain
ak H? (e +22)H?* atH? (e + 2?)H?
LN (et k< _ g m J J (4) N J (4) N
By Lemma 5.2.8, the above inequality gives
| LV (Ve =< CN 2. (5.5.19)

The estimate on LN (W — w)" depends on whether 7 = 1/2 or 7 = (¢/n) In(N/4).
e In the first case the mesh is uniform and (¢/7)In(N/4) > 1/2. The estimate of the

singular component of the local truncation error is given by

~kp2 N2 k3 2\7,3
N.K (i7eat k a;h (et zi)h?  azh 4 N Gl ) L :
LR )l < ~ Sl + S E i (6,5) - w6 ).
(5.5.20)
With the help of Lemma 5.2.8, we obtain

| LN (et — w)f| < CON (e + $§)_2 arctan(z/e) < CN %72, (5.5.21)

Using this inequality ¢! < (2/n)In(N/4) in (5.5.21), we get
|LYE (Wt — w)k| < CN7?[In(N/4))°. (5.5.22)

e In the second case (viz 7 = (¢/n) In(IN/4), the mesh is piecewise uniform with the mesh
spacing h = h; =47 N~' for Vj= N/4+1,...,N/2 in the subinterval [—7,0].

On application of Lemma 5.2.8, (5.5.20) gives
|LYE (Wt —w)h| < CLN P22 (5.5.23)
Using the value of 7 = (¢/n) In(N/4) in (5.5.23), then gives

|LYE (W —w)b| < CN7?[In(N/4)]°. (5.5.24)
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A similar analysis can also be done for N/2+1<j < N — 1.

Using Lemma 5.3.2 in (5.5.19), (5.5.22) and (5.5.24) along with the inequality (5.5.6),

we obtain the required result.

Once again, using the triangle inequality and combining (5.3.7) and Theorem 5.5.1, we

obtain the error after extrapolation which is stated in the following theorem.

Theorem 5.5.2. (Error after extrapolation). If Ujext’k is the approximation ofu;? obtained
by using (5.3.10)-(5.3.12) and u¥ be the exact solution of (5.1.1)-(5.1.2), then, there exists
a constant C', independent of the perturbation parametere, the time discretization At and

the space discretization parameters hj such that

k k
SENEr Yl | P
0<j<NdEk<K U5 gl 16

At+ N2 [m (Z)ﬂ : (5.5.25)

We propose two examples to test the proposed method in the following section.

5.6 Numerical examples

In this section we present the numerical results obtained for the difference scheme that

has previously been discussed. In both examples, we start with N = 16 and At = %
and we multiply N by two and divide At also by two. The maximum errors and order
of convergence are calculated by the exact solution. The solution in both examples has a

turning point at point x = 0, which yields an interior layer.

Example 5.6.1. We consider the problem (5.1.1)-(5.1.2) for
a(r,t) = 2x(1+1%), b(x,t) = 1+ 2® + cosmat, d(z,t) =3 +xt, T =1

and the functions f(z,t) and ug(z) are such that the exact solution is given by

T
u(x,t) = € e"¥/F arctan () — g3t

Ve

136



Chapter 5: Time-dependent for convection-diffusion problems with a power
interior layer and variable coefficient diffusion term

This problem has an interior layer of width O(e).

Example 5.6.2. Here, we consider problem (5.1.1)-(5.1.2) for
a(r,t) = 2x(1+1%), b(x,t) = 1+ 2* + cosmat, d(z,t) =3 +at, T =1
and the functions f(z,t) and ug(z) are such that the exact solution is given by

U(x7 t) = £ eft/€earctan(12/\/g)'

This problem has an interior layer of width O(e).

Maximum errors at all mesh points are determined

Ea,N,K - [ue,N,K e,N,K|‘

max . — .
0<j<N:O<k<K ' IF ik

N,K : N,K . :
where u}}" denotes the exact solution, and |U;;"" represents the numerical solution

which is obtained by a constant time step At using N mesh intervals in the entire domain
) = [—1,1]. Furthermore, we calculate the numerical rate of uniform convergence as

follows

r=Te = logz(EE’N“Kl/EE’QNZ’QKZ).

After extrapolation the maximum errors at all mesh points and the numerical rates of

convergence are computed as follows

N,K t ext
Eetl = max Ut — 50" and R =R = log, (B E .
e,N,K 0<j<N0<k<K | ik 7.k |a N.K e,N,K gQ( E,Nl,Kl/ a,le,QKl)
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Table 5.1: Results for Example 5.6.1: Maximum errors before extrapolation.

£ N=16 N=32 N=64 N=128 N =256 N =512
K=16 K=32 K=64 K=128 K =256 K =512
107% | 9.09E-02 4.73E-02 2.40E-02 1.21E-02 6.06E-03 3.55E-03
1075 | 9.22E-02 4.78E-02 2.42E-02 1.22E-02 6.10E-03 3.05E-03
1077 | 9.28E-02 4.80E-02 2.43E-02 1.22E-02 6.12E-03 3.06E-03
10712 | 9.28E-02 4.81E-02 2.43E-02 1.22E-02 6.12E-03 3.06E-03
10720 | 9.28E-02 4.81E-02 243E-02 1.22E-02 6.12E-03  3.06E-03
Table 5.2: Results for Example 5.6.1: Maximum errors after extrapolation.
€ N=16 N=32 N=64 N=128 N=256 N =512
K=16 K=64 K=256 K=1024 K =409 K = 16384
107% | 9.99E-02 2.55E-02 " 6.23E-03 | 3.55B-03' 3.55E-03  3.55E-03
107° | 1.02E-01 2.63E-02 6.52E-03 1.60E-03  7.82E-04  7.82E-04
1077 | 1.03E-01 2.68E-02 6.76E-03 @ 1.69E-03 4.18E-04  1.03E-04
10712 | 1.04E-01 2.69E-02 6.79E-03 1.70E-03  4.26E-04  1.07E-04
10720 | 1.04E-01 2.69E-02 6.79E-03  1.70E-03 = 4.26E-04 1.07E-04

Table 5.3: Results for Example 5.6.1: Rates of convergence before extrapolation

g

T1

T2

3

T4

s

10~4
10~5
10~9

10—20

0.94
0.95
0.95

0.95

0.98
0.98
0.98

0.98

0.99
0.99
0.99

0.99

0.99
1.00
1.00

1.00

0.77
1.00
1.00

1.00

Table 5.4: Results for Example 5.6.1: Rates of convergence after extrapolation

g 1 T9 T3 Ta Ts5
107* | 1.97 2.03 0.81 0.00 0.00
107° | 1.96 2.01 2.03 1.03 0.00
1079 | 1.94 199 2.00 2.00 2.00
10729 | 1.94 199 2.00 2.00 2.00
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Table 5.5: Results for Example 5.6.2: Maximum errors before extrapolation

£ N=16 N=32 N=64 N=128 N =256 N =512
K=16 K=32 K=64 K=128 K =256 K =512
1073 | 2.50E-01 1.34E-01 6.91E-02 3.52E-02 1.78E-02 8.96E-03
107% | 2.69E-01 1.41E-01 7.23E-02 3.66E-02 1.84E-02 9.24E-03
107° | 2.76E-01 1.45E-01 7.35E-02 3.71E-02 1.86E-02 9.33E-03
10716 | 2.85E-01 1.47E-01 7.44E-02 3.74E-02 1.87E-02 9.38E-03
1072° | 2.85E-01 2.32E-01 7.44E-02 3.74E-02 1.87E-02 9.38E-03
Table 5.6: Results for Example 5.6.2: Maximum errors after extrapolation
€ N=16 N=32 N=64 N=128 N=256 N =512
K=16 K=64 K=256 K=1024 K =409 K = 16384
1073 | 2.57E-01 7.03E-02 ' 1.79E-02 | 4.66B-03' 4.77E-03  4.90E-03
10% | 2.85E-01 7.30E-02 1.84E-02 4.64E-03 1.16E-03  5.09E-04
107° | 2.98E-01 7.47E-02 1.86E-02 4.67E-03 1.17E-03  2.93E-04
10716 | 3.11E-01 8.07E-02 2.04E-02 5.11E-03  1.28E-03  3.19E-04
10720 | 3.11E-01 8.07E-02 2.04E-02 5.11E-03  1.28E-03  3.19E-04

Table 5.7: Results for Example 5.6.2: Rates of convergence before extrapolation

g

T1

T2

3

T4

s

103
10~4
1011

10—20

091 0.95
0.93 0.97
0.95 0.98

0.95 0.98

0.97 0.98
0.98 0.99
0.99 1.00

0.99 1.00

0.99
0.99
1.00

1.00

Table 5.8: Results for Example 5.6.2: Rates of convergence after extrapolation

e ™ ) r3 T4 s
107% | 1.87 1.97 1.94 -0.03 -0.04
107* | 1.96 1.98 1.99 2.00 1.19
107 1195 1.99 200 202 202
10729 1 1.95 1.99 2.00 200 2.00
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5.7 Discussion

In this chapter, we treated a class of time-dependent singularly perturbed problems in
which the diffusion term contains the perturbation parameter € and a quadratic function.
We also studied this problem whose solution exhibits an interior layer due to the pres-
ence of a turning point. After setting bounds on the solution and its derivative, we used
the proposed numerical scheme comprising of the classical Euler method to discretize the
time variable. A resulting system of two-point boundary value problems (one at each time
level) was solved by using a Fitted Mesh Finite Difference Method (FMFDM). Applying
bounds on the solution and its derivative, we showed that the proposed numerical method

was uniformly convergent relative to the perturbation parameter € and the step-size.

In order to validate the above conclusions based on theoretical analysis, we solved two
examples to support the findings. In each example, we computed the maximum point-
wise errors and the corresponding rates of convergence for different values of N and K.
The results displayed in tables 5.1, 5.3, 5.5 and 5.7, confirmed that the proposed method
was uniformly convergent. We also investigated the effect of Richardson of extrapolation
via FMFDM in order to improve our results. For comparison purposes, we kept the same

values of N and K above and numerical results are shown in tables 5.2, 5.4, 5.6 and 5.8.
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Chapter 6

A numerical method for interior
layer convection-diffusion problems
with a variable coeflicient diffusion

term

In this chapter, we consider singularly perturbed convection-diffusion problems whose so-
lution displays an interior layer due to the presence of a turning point. Moreover, the
perturbation parameter ¢ is embedded in a linear function. After deriving bounds on
the solution to these problems and its derivatives, we construct a fitted mesh difference
method (FMDM) and analyse its convergence. We investigate the Richardson extrapola-

tion method via FMFDM in order to increase its accuracy and order of convergence.

6.1 Introduction

In recent years, many researchers have studied a class of two-point boundary value sin-

gularly perturbed convection-diffusion problems (2.1.1)-(2.1.2).

Due to the presence of a small parameter € in (2.1.1), the solution to this problem pos-
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sesses large gradients in narrow regions of the domain referred to as boundary or interior
layers depending upon the nature of the coefficient of the convection term a(z). The so-
lution presents a boundary layer at the right end or the left end of the domain if a(z) < 0
or a(x) >,0 for x € [—1,1] respectively. These problems are called non-turning pint
problems. Many authors have developed successful numerical schemes for such problems

[25, 26, 28, 45, 46, 56, 57, 69].

But if a(z) = 0 with a(—1)a(1) # 0, these are called turning points of the problem.

Turning points may give rise to boundary and/or interior layers.

Several authors have suggested numerous numerical schemes for such problems [18, 19,
24, 27, 40, 58, 64]. It is also to be noted that interior layers may occur in the solution
to problems (2.1.1)-(2.1.2) if the coefficients are not smooth or if the data function f(x)
is discontinuous [16]. However little attention has been given to the study of problems
having a variable coefficient affecting the second derivative. Such problems often arise in

fluid and geo-dynamics [37, 39].

Liseikin [37] considered the equation:

—(e + px)u” + a(z)u + f(z,e) =0, z € [0,1], p= 0,1 ,3 > 0. Estimates of the solu-
tion and its derivatives are provided. The same author in [39] considered the problem:
—(e+2)u" — a(x)u+ f(z,u) =0, z € [0,1], B > 0. The solution to this problem can
exhibit only a single layer in the vicinity of = 0. It turns out that for § = 1 the bounds
on the derivatives of u(z) in the boundary layer are estimated by three singular power
functions according to the value of a = a(0), while for § = 2 they are estimated by layer-
type exponential functions (see [39] pp 106-111). A numerical scheme was developed and

its convergence was analysed (see [39] pp 256-262) for 5 = 1.

In this chapter, we consider the problem for an equation of the second order with a
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small &€ whose reduced equation (¢ = 0) has the same order
Lu:= (e + 2)u" + a(zx)u’ — b(z)u = f(z),x € Q= (0,1), (6.1.1)
subject to the boundary conditions
u(0) = aq, u(l) = as, (6.1.2)

where 0 < € < 1 and oy and ay are given real constants.

In the rest of this chapter, we assume the following hypotheses

e a(0.5) =0 and a'(0.5) > 0, thus the solution to problem (6.1.1)-(6.1.2) guarantees
the existence of the turning point,

e b(z) > by > 0 for 0 < = < 1 which ensures that the solution to (6.1.1)-(6.1.2)
satisfies a minimum principle and

o |d/(z)| > 1a’(0.5)|/2 for 0 <z < 1 guarantees the uniqueness of the turning point
in the interval [0, 1] [19].

In this chapter, our aim is to propose and analyse a fitted mesh finite difference method

(FMFDM) to problem (6.1.1)-(6.1.2) as applied on a Shishkin mesh.

The rest of this chapter is structured as follows. In Section 2, we establish bounds on the
solution and its derivatives u(z), which will be used in the analysis of the uniform conver-
gence of the numerical scheme. In Section 3, we develop our numerical method by first
designing a piecewise uniform mesh of Shishkin type. We then discretize (6.1.1)-(6.1.2)
on the mesh using an upwind scheme. Section 4 is devoted to the convergence analysis
of the method. We prove that the proposed numerical method is uniformly convergent
almost of order one with respect to the perturbation parameter €. In order to improve
our results of the proposed (FMFDM), we employ the Richardson extrapolation method
in Section 5. Section 6 provides detailed numerical results. In Section 7, we present some

concluding remarks and scope for future research.
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Throughout this chapter, C' denotes a positive constant independent of the singular per-

turbation parameter € and the discretization parameter N of the discrete problem.

6.2 Bounds on the solution and its derivatives

Here we study the qualitative behaviour of the solution to problem (6.1.1)-(6.1.2) and its
derivatives which will be used in the convergence analysis of the numerical method. We
denote the sub-intervals of [0,1] as €, = [0,1/2 — 7),

Q. =1[1/2—-711/2+7 =[1/2—-7,1/2] U (1/2,1/2 + 7] and Q, = (1/2 + 7,1], where
7€ (0,1/4].

Under the requirements mentioned above, the differential operator L as defined in (6.1.1)
admits the following continuous minimum principle.

Lemma 6.2.1. (Minimum principle).  Suppose that £ 'is a smooth function satisfying

£(0) >0, &(1) > 0 and Lé(z) <0, Vo € Q. Then £(z) > 0, Vo € Q.

Proof. Let z* € Q such that (%) = 0r<ni£11§(x) and assume £(z*) < 0. It follows that
x* ¢ Q, therefore ¢'(z*) = 0 and &”(z*) > 0, which implies

LE(x") = (e +27)¢"(2") + a(a™)€ (27) — b(2")€(27) > 0,

which is a contradiction to our assumption. Hence &(z*) > 0 and &(z) > 0, for all 2 € Q.

We apply Lemma 6.2.1 to prove the next results which state that the solution depends

continuously on the data.

Lemma 6.2.2. (Stability estimate). If u(x) is the solution of (6.1.1)-(6.1.2), then we have

1 _
|Ju(2)|| < [max {[|a|s, [[8]]}] + gollf\lm,Vx €.

Proof. See Lemma 2.2.2 in Chapter 2.
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Lemma 6.2.3. Let u(x) be the solution of (6.1.1)-(6.1.2) and a(z), b(x) and

f(z) € C*(), then there exists a positive constant C such that
()| < C, Ve e Qor Q. ,j=1,2,3---k,

for sufficiently small 7 € (0, 1/4].
Proof. See theorem 2.4 of [5].

Lemma 6.2.4. [39] (Inverse monotonicity.) Let d(x) = x and

g(z) = f(z) — a(x)u'(z) + b(z)u(x) be continuous in [0,1] and [0, 1] x R?, respectively.
Then the operator T' = (L, T") for the functions from C?*(0,1)UC0, 1] is inverse-monotone
if one of the following conditions imposed of ¢ is satisfied:

e g(x,u,u) is strictly increasing in u, i.e. g(x,ui, 2) < g(z, us, z) if u; < uy;

e g(x,u,u) is weakly increasing in w, and there exists a constant C' > 0 such that
|g($7u7 Zl) o g(f[, u, 22)| < C|Zl e 22|‘

Proof. For the proof of the Lemma, readers may refer to [39], pp 47.

We adapt the following Lemma according to [39]. Note that the solution of problem
(6.1.1)-(6.1.2) displays an interior layer at the point xy/; = 1/2. Therefore, the deriva-
tives of u(x) are estimated in the layer region by polynomial functions according to the
sign of the coefficient of the convection term at the point . Then, we have two cases
a(xy) <0, z5€(1/2—7,1/2] and
_[a@ <o spenz-ri 6o
a(zf) >0, afe(1/2,7+1/2].
Lemma 6.2.5. Let u(z) be the solution of problem (6.1.1)-(6.1.2). Then assuming that
(i) a=a(zf) >0, for 1/2 <2 <1/2+7and j=1,2,3,4, we have the following bounds

1+ (e 4a)to, 0<ac<l,
W (@) < CQ 1+ (e+2)7|In e +1/2)7Y, a=1, (6.2.2)
1+ev e+ a)t-o a>1,
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(17) a(xf) =a <0, for 1/2 —7 <2z < 1/2,and j = 1,2,3,4, and let p be an integer such

that a +p =0 and a4+ p — 1 < 0, then we have the following bounds

1, a<0,7j<p,
W (@) <C{ 1+ (e+2) 9P| In(e+2)|, a+p=0, j>p, (6.2.3)
1+ (e +x) 97, a+p>0,75>np.

Proof. The proof of this Lemma will follow the same ideas provided by ([39], pp. 107-
110). Application of the inverse-monotone pair 7' = (L,T") (see pp 49) implies that

lu(z)| < C, 0 <z < 1. (6.2.4)
Combining (6.1.1)-(6.1.2) and (6.2.4), we obtain

1, 1/2 -7 <29 <2< 1/2,
A g7, 1212 30,

W (z)| < C (6.2.5)
15 12 <xg< o, <T+1/2,

FET AR S TAT)

for j = 1,2,3,4 and arbitrary zy > 0.

case 1: a>0 for 1/2 < x < 7+ 1/2. The derivatives of u(z) are estimated accord-

ing to the value of a: 0 < @ < 1, a = 1 and a > 1. Solving (6.1.1) for u”"(x), we

obtain
ey f@) +Hb@)ulr)  a(@)u'(x)
u'(x) = Cto) i) (6.2.6)
One can determine u/(z) from (6.2.6) as follows
o [ IO ) ol
u'(x) = o e ds /1/2 e (s) ds. (6.2.7)
By [39], v/(z) is given as follows
w(a) = (1/2) | =] expl-g(@)] + ga(o) (628)
where
g1(z) = /1; :fl ds = a(z)In(e + z) — /;; a'(s)In(e + s) ds (6.2.9)
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with a(1/2) = 0, and

xT

ga(x) = (e + )™ /1/2 [f(s) +b(s)u(s)l(e + ) explgi(s) — gu(@)] ds.  (6.2.10)
Note that |gi(z)] < C from (6.2.4), then go(z) becomes

192(2)] < Cle + 2)™ /1/2 (e +8) L ds < C.
Applying the triangle inequality in (6.2.8) we obtain

W/ (2)| < O[1+ [/ (1/2)|(e/ (e +2))] . (6.2.11)

Considering 0 < a < 1, there exists a point zg in-the interval (1/2,7 4 1/2) such that

w2 (s) < ¢

El+ T

|u/(z9)| < C, we have

This inequality gives
RAF/LT
€

w13 < E(EET ¢ e

Substituting the estimate obtained for |u'(1/2)] into (6.2.11), we obtain
[u'(z)] < C [1 + (s—l—x)_“} , 0<a<l.
To obtain u”(x), let us make first make a(x)u'(x)/(e + x) the subject of the formula in

(6.2.6), then we have

al@(x) _ fl@) +b@u) ey (6.2.12)

et (e+2)

Differentiating (6.1.1), solving the resulting equation for «”’(z) and taking into account

(6.2.12), we obtain

ity L@ V@) b (@) — o (el le) a0 41,

(e + ) e+ 2) (2). (6.2.13)

From the above equation, we obtain u”(z) as follows

" © f'(s) + U (s)uls) + b(s)u'(s) — a'(s)u'(s) ©oa(s)+1
wiw) = 1/2 e+s ds = /1/2 ﬁu (5) ds.
(6.2.14)
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According to [37], u”(x) is given as

" explg(@)] + ga(a) (6.2.15)

() = 0" (1/2) [

e+

where

gs(z) = /1 ‘; agil ds = [a(z) + 1] In(e + ) — In(e + 1/2) — /1 ; d(s)In(e + s) ds,
(6.2.16)
with a(1/2) = 0, and

ga(z) = (e+z)™" /x [f'(s) + V' (s)ul(s) + [b(s) —a'(s)]u/(s)](e + ) explgs(s) — gs(x)] ds.

1/2
(6.2.17)
Since |g3(z)| < C and |u(z)| < C, we obtain
lga(2)] < Cle + ) %! /1/2 1+ d/(s)|(e +5)"ds < C[1+ (e +2)7%. (6.2.18)

From (6.1.1), we obtain
u"(1/2) < Cle +1/2) M1 +4/(1/2)] < C[1 + (e + 1/2)7*71].

Using the estimate of u”(1/2) and g4(x) into (6.2.15), we obtain

e et

1
—— +C 1+ (e +2)™]

W(2) < C[L+ (e +1/2) 7] {

Using (e +1/2)7%7! < ()77 ! in the above inequality gives
lu"(z)| < C {1 + (e + I)_“_l} , for0 <a< 1.

Differentiating (6.1.1) and taking into account (6.2.5), we obtain the following result
u (@) < C[1+ (e +2) ], 0<a<l.

Let us now prove the case when a = 1. Equation (6.2.8) can be written in integral form

1/2 to 1/2 + 7 as follows

/1:% u'(z) dv = /1 ZHT u'(1/2) [ij] exp[—gi1(x)] dz + / v go(x) dz. (6.2.19)
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Evaluating this integral by parts on the right hand we obtain

w(1/247)—u(1/2) = u'(1/2)e[ln(e+1/247) exp(—g1(1/247))—In(e+1/2) exp(—g1(1/2))
1/247 1/2471

* In(e + )91 (z) exp(—g1(x)) da] + | P ga() dx, (6.2.20)

where ¢ = a(x)(e + x)~" and ¢,(1/2) = 0 are obtained from (6.2.9). Substituting these

equations into (6.2.20), we obtain

w(1/247)—u(1/2) = ' (1/2)e[In(e+1/247) exp(—g1(1/247))—In(e+1/2) exp(—g1(1/2))
1/2+47 L 1/247
s a(z)(e +x)" In(e + x) exp(—gi1(2)) dx] + o g2(z) dx, (6.2.21)
Using the triangle inequality in (6.2.21) and taking into account the inequality
/2 1
(e +1/2 + 7) exp(—ga(1/2 +7)) — /1/2 a(x) (e + 2) "L exp(—gi () da| < C,
we obtain

C < |u'(1/2)|[e —eln(e + 1/2)]|.

For sufficiently small ¢ < zg, xg > 0, we have € — eln(e + 1/2) > eln(e + 1/2). It follows
that
C > [/ (1/2)|e — eln(e + 1/2)]] < [w'(1/2)|[eIn(e + 1/2)7"].

Solving this inequality, we obtain
W/(1/2)] < Ce'Int(e +1/2)7 1
Substituting this estimate into (6.2.11), we obtain
W/ (2)] < C[L+ (e4+2) In e+ 1/2)7Y].

To determine u”(z) for a = 1, (6.2.15) becomes

" (z) = u"(1/2) ijr expl—gs()] + ga(z). (6.2.22)

From (6.2.18), g4(z) is defined as follows

xT

lga(2)] < Ce+1)72 /1/2 (14 (s)](e+5)ds <Ol +(e+2) ' In"'(e+1/2)71]. (6.2.23)
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From (6.1.1), we obtain
u'(1/2) < Cle +1/2) 1 +4/(1/2)] < C(e +1/2) 2 In (e + 1/2) L.

From (6.2.22) using the estimate of u”(1/2) and g4(x), and taking into account
the inequality (e +1/2)7? < €72, we obtain

u'(2) KO+ (e +2)2In~ e +1/2)71.
By differentiating (6.1.1) and with the help of (6.2.5), we obtain the following result
WD (2)| < C1+ (e +2)PIn~'(e+1/2)7Y], a=1.

We easily prove the case when a > 1 by using «/(1/2) £ Ce™! obtained from (6.2.5) for
1/2 < x < xp which substituted into (6.2.11), leads to

|/ (2} § OJIFERS T &0 m)id).

To obtain u”(x) for a > 1. Using u”(1/2) < Ce™? obtained from (6.2.5) for 1/2 < = < z
and |g4(z)] < C[1 +e* (e + x)~?] substituted into (6.2.15), we obtain

ju"(2)] < C[1+ e +a)™ 71,
Differentiating (6.1.1) and taking into account (6.2.5), we easily obtain
[ (z)| < C[1 + e Ye +z)t727).

This concludes the proof of the estimate (6.2.2) for 1/2 < x < 1/2+ 7.

case 2: a<O0for1/2—7 <z <1/2 In this case, u/(z) is expressed as follows:

+ b(s)u(s)
e+ s

u'(z) = u'(xg) exple(zg, z)] + /mj /) exp[i (o, x)] ds, (6.2.24)

where
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If a(1/2) = 0 then ¥(s,x) < C, 1/2 —7 < s, x < 1/2. Using the triangle inequality in
(6.2.24) and choosing a point xy € [(1 — 7)/2,1/2] such that u/(z) < C, we obtain

|u/(z)] < C[1+4 |In(e + 2)|], 1/2—7 <2 <1/2, a(1/2) =0, j = 1 since p = 0.

Let determine u”(z) with p = 0 for j = 2. On differentiating (6.1.1) and solving the

resulting equation for u”(x), we obtain

u"(z) = v (x0) exp[p(xg, 2)] + (¢ + )P /x: fj_sl (e +s)P M exp[(s,z)] ds  (6.2.25)
where
o L
and

F(s) = f(s) +b'(s)uls) + [b(s) = a'(s)]u'(s)-
Substituting ¢ (s, z) < C and u”(x9) < C into (6.2.25), we obtain

T

|u"(x)] < C+ Cle + x)_p_l/ [1+4(s)](e+s)Pds < C[L+ (s +2) P n(e + )]

o

Differentiating (6.1.1) and taking into account (6.2.5), we obtain
D (2)] < C[L+ (e + ) P|In(e +2)|], a+p=0;j>p, j=1,234

Let a(1/2) < 0. In this case p > 1. Then there exists a constant zo > 0 such that

a(x) < 0for 1/2 — 7 < & < zg. Therefore, we have

Y(s,x) < —zoln[(e +s)/(e +2)], 1/2 —7 <z < s < a.
Taking exponentials on both sides of inequality, we obtain

exp(¢(s,x)) < [(e+z)/(e+ 9)]*, 1/2 —7 < x < s < xop.

Substituting this estimate in (6.2.24) with # = s and taking into account (6.2.5), we
obtain

|u'(x)] < C, 1/2 — 7 < x < x9, a(1/2) <0.
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Differentiating (6.1.1) and taking into account (6.2.5), we obtain

W ()] <O, 1/2—7<2<1/2, a<0, k<p, j=1,234.

Consider the case when j > p, a4+ p > 0 and a < 0. The expression for u'(x) is

d @) = (1/2) [ =] el ) + ), 12 -7 <z <12

et

Following the same steps as for 0 < a < 1, we obtain
W' (2)] < C[L+ (e +2)™7"], a < 0.

u”(x) is given by

a+2
exp[=gs(@)] +ga(x), 1/2 — 7 < 2w < 1/2.

u’(x) =u"(1/2) {6

E+x

We obtain u”(x) by following the same steps as for 0 < a < 1:
()] L CML+ (e +2)°777], a<0.

Differentiating (6.1.1) and taking into account (6.2.5), we obtain

(6.2.26)

(6.2.27)

WD ()| SO+ (e+2) %], 1/2—7<2<1/2,a<0, j>p, j=1,2,34.

By (6.2.2) and (6.2.3), the derivatives in (6.1.1)-(6.1.2) may be estimated by a power

function with argument ¢ + x, so that (6.1.1)-(6.1.2) is an equation with power interior

function [38].

The singularly perturbed turning point problem (6.1.1)-(6.1.2) may be regarded as a

concatenation of two problems: One defined on the interval [0,1/2) and the other one

on the interval (1/2,1]. Therefore, the solution of the problem (6.1.1)-(6.1.2) may dis-

play a layer near x = 1/2 on [0,1/2) and a layer = 1/2 on (1/2,1]. This consideration

allows us to understand the behaviour of the solution and its derivatives. The solution

can be decomposed into two parts, namely the smooth component v(x) and the singular

component w(z) ([42], pp 47) such that

u(z) = v(x) +w(x),
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where v(z) is the solution of the inhomogeneous problem
Lo(z) = f(x), =€ Q= (1/2,1], (6.2.28)
v(1/2) =0, v(1) =u(l) = as, (6.2.29)
and w(x) is the solution of the homogeneous problem
Lw(x) =0, z €y, (6.2.30)
w(l/2) =u(1/2) —v(1/2), w(1)=0. (6.2.31)
The following lemma gives the bounds on the solution to (6.1.1)-(6.1.2) and its derivatives.

Lemma 6.2.6. The smooth and singular components of u(x) of problem (6.1.1)-(6.1.2),

for 0 < 7 < 4 satisfies
1+ (e +2)* | In(e + 2, z e [0,1/2],
. 1+ (e + z)37474, a<l, xe|l/2,1],
[ (@) < C E+2) , 1/2,1] (6.2.32)
L+ (e+2) 7" (e+1/2)7", a=1, z€1/2,1],
1+ev e+ )3, a>1, ze1/2,1],
and
(e + )] In(e + z)], z e [0,1/2],
. e+ x)tma, a<l, xel|l/2,1],
w9 (z)| < C ( )y /2,1 (6.2.33)
(c+2) e+ 1/2)7Y, a=1, e [1/21]
e e+ x)t-ad a>1, xe[l1/2,1],

where C' is constant and independent of ¢.

Proof. We prove this lemma on ©; = [1/2, 1]. The proof on [0, 1/2] follows similar steps.
The reduced problem (¢ = 0), corresponding to problem (6.1.1) has the same order

vy + a(x)v) — b(z)vy = f(x), z € O (6.2.34)

v(1/2) = 0, (1) = u(1) = B. (6.2.35)
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The smooth component v(x) is further decomposed into the sum ([42], pp 68)
v(r) = vo(x) + (e + x)vy () + (€ + 2)%0a(), = € Qy, (6.2.36)

where vy is the solution of the reduced problem in (6.2.34), which is independent of ¢, and
having smooth coefficients a(x), b(z) and f(z). From these assumptions, for 0 < j < 4,

we have

i ()| < C, for all z € O (6.2.37)

and, v; and vy are the solutions of (6.1.1), where Lemma 6.2.5 used. Now, applying the
triangle inequality, using (6.2.37) and the estimates of v; and vy from (6.2.2) substituted
into (6.2.36), which complete the proof.

To prove the regular part w(z), construct the barrier functions as follows [31].
UE(2) = Cexp(—nz/e) £ w(x), v € Q.
The values of ¥*(z) at the boundaries are

UE(1/2) = Cexp(—n/2e) + w(1/2),
= Cexp(—1/2¢) + (u(1/2) — v(1/2)), using (6.2.31),
> 0, Cisa constant chosen sufficiently large,
UEL) = Cexp(—n/e) £ w(l),

= Cexp(—n/e), using (6.2.31),

WV

0.
From the above estimates, it is clear that U(z) > 0, x € Qy = Ql\Ql. Therefore we have

LU=(z) = (e+2)[V5(2)]" + a(z)[VE(2)] — b(x)¥*(2), v €

= Cexp(—nz/e) [772(5+«75) _ g

g2 €

) _ b(x)] + Lw(z)

772<6 + SC) __na SC) - b(ﬂf)] , using (6230)

= Cexp(—na/e) |5, :

< 0, since (/) < b(x), € Q.
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Hence, by Lemma 6.2.1, we obtain W*(z) > 0, z € ;. Then we have
Cexp(—nz/e) £ w(z) = 0.
Then, we obtain
w(x) < Cexp(—nzx/e), x € .

Using the inequality relation, the above inequality can expressed as follows

(e +x)te, a<1,

lw(z)| < Cexp(—nz/e) <O (e4+2) Y In ' (e +1/2)7Y, a=1, (6.2.38)
e+ r)=e, a>1.

Since Lw(x) = 0, the j% derivative of w(x) can be estimated immediately from the

estimate of w(x). The following estimates hold for 0 < j < 4,

(etmm)'maTd, a<1,
w (@) < C{ (e 42y ™ (e +1/2)7Y, a=1, (6.2.39)
e e+ x)od] a>1,

which completes the proof.

6.3 Construction of the FMFDM

We develop a difference scheme to determine the solution of problem (6.1.1)-(6.1.2). It is
assumed that there is an interior layer at point xy/, = 1/2 with adapted Shishkin mesh

%, where N is a multiple of 4. The interval [0, 1] is divided into three subintervals
0,1] =:[0,1/2 —7],[1/2 —7,1/2 4 7] and [1/2 + T, 1].

Each of the intervals [0, 1/2—7] and [1/2+7, 1] is divided uniformly into N/4 sub-intervals
whist the interval [1/2 — 7,1/2 + 7] is divided into N/2 sub-intervals. In this case, we

define 7 as

T:mm{i;muw@}. (6.3.1)
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The mesh size in each of the three sub-intervals is given by

h;j =4(05—7)/N ifj=1,2,--- ,N/4 , 3N/4+1,--- N—1N,
h; =47 /N if j=N/A+1, NJA+2---3N/4.

.’L'j — xj—l =

(6.3.2)

For the rest of chapter, we use the notation D(x;) = D;. We discretize (6.1.1)-(6.1.2)

using the upwind scheme on 2} in the following manner:

(€+$j)[)Uj+C~LjD_Uj—ZN)jUj:']?j fOI‘jZO,l,'-',N/2—1,

LNU; = ) N .
' (¢ + 2;)DU; + a; D+ U; — @)U = f3—for j = NJ2, N/2+1,--+ N —1,
(6.3.3)
U0) =, U(l) = ag, (6.3.4)
where
a; = U1 for j=0,1,00, N/2 — 1,
a; = L forji= N/2, N/2+ 1, N —1,
by = =t for =123 ... N — 1,
fi =Dt it for 5 =1,2,3,.-. N — 1.
Uit1 —U; U, —-U,_ ~ 2
DU, = 2 pru, = L and DU = ————(DTU; — DTU).
hjv1 j hj + hjt
(6.3.3) can be written in the form:
LNUj = r Uiy + 71U + 17Uy = f, 5 =1,2,3-++ |N — 1, (6.3.5)
where, for j =1,2,3--- N/2 — 1, we have
e = M_@7 = 4 2(e+a)) —b;, 1t = 2(e + ;) . (6.3.6)
hi(hj + hjpa)  hy hi  hihin hipa(hy + hja)
and for j = N/2, N/2+1,--- /N — 1, we have
Tj_: 2(€—|—£L‘]) : sz_ C~Lj —2(€+xj)—6jand7’;_: 2(€+$]) I CNLj .
hi(hi + hji1) hisi hihjn hiva(hj + hjs) fzj+1 )
6.3.7

Based on the scheme developed above, we need to validate the next lemma which states

that problem (6.3.3)-(6.3.4) satisfies the discrete minimum principle.
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Lemma 6.3.1. Let & be any mesh function such that LV¢; <0, 1< j <N -1, >0
and y > 0 implies that §; > 0,0 <7 < N.

Proof. See Lemma 4.3.1 in Chapter 4.

Lemma 6.3.1 is used to prove the following lemma.

Lemma 6.3.2. Suppose that Z; is any mesh function such that Zy, = Zy = 0, then

1
| Z;)| gb—1<rg%<l|LNZj\, vV 0<i<N.
o ISJsN-—

Proof. See Lemma 4.3.2 in Chapter 4.

With the above results, we are ready to provide the e-uniform convergence in the next

section.

6.4 Convergence analysis

In this section we prove that the proposed method FMFDM is uniformly convergent of

order one, up to a logarithmic factor.

Theorem 6.4.1. Let u(z) be the solution of the continuous problem (6.1.1)-(6.1.2) and
U(x) is the numerical solution of problem (6.3.3) and (6.3.4). Then, for sufficiently large

N, we have the following result

N 2
max |u; — U;] < CN~! {m (4)] . (6.4.1)

0<j<N
Proof. We prove the theorem on [1/2, 1] by considering each case of a. The proof on
[0,1/2] follows in a similar way. We decompose the solution U of the discrete problem

(6.3.3) and (6.3.4) into a regular and a singular parts as

U=V+W, (6.4.2)
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where V' is the solution of the inhomogeneous problem
LNV = f;, for j = N/2,--- [N ,V(1/2) = v(1/2), V(1) = v(1),
and W is the solution of the homogenous problem
INW; =0, for j = N/2,--- | N, W(1/2) = U(1/2) — V(1/2), W (1) = w(1).
Equation (6.4.2) can be expressed as follows:
U—-—u=(V—-v)+ (W —-w) (6.4.3)

and the components of the solution can be estimated separately. A combination of (6.1.1)

and (6.3.3) gives the error for the regular component as follows

NV —-v) = f-Ly

d? 2 = d _

Applying the two estimates in Lemma 4.1 pp 24 of [42], we obtain

9
2

2 (V)| < 2D

; (2 — xj_1)|vf| for 1I<j< N/2 =1, (6.4.4)

(@51 —2j) vy’ |+

Using the estimates of the derivatives of v; in Lemma 6.2.6 and h; = z;—z; 1 <4N~!in

(6.4.4), we obtain

1+ (e+az)+ (e+a), a<1,
ILY(Vi—v)] SCNT'S 14 (e42) +InHe+1/2)70, a=1, (6.4.5)
1+ (+z)+eet+a) a>1.

Using the inequality relation, the inequalities in (6.4.5) lead to the following result
LY (Vy — ) ()] < ONL
Hence, by Lemma 6.3.2, we obtain

|(V; = vy)(2;)| < CN~!for N/2 < j < N. (6.4.6)
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The estimates on LY (W;—w;) depends on the value of 7, whether 7 = 1/4 or

7= (¢/n)In(N/4).

If 7 = 1/4, the mesh is uniform, i.e., 7 = 1/4 < (¢/n)In(N/4). The estimation of the

singular component is similar to the equation (6.4.4), then gives

9
2

(e4z;)

|LY (W —w;)| < 3

(zj1 =20 |w] [+ 3 (25 — xj)[wf] for 1 < j < N/2—1. (6.4.7)

Noting that z;—z;4 < 4N~! and taking into account the bounds on w; in Lemma 6.2.6,

we obtain
(e +@)=%% a<1,
LY (W —w))] < ONTH e %) 2™ e+ 1/2)7Y), a=1, (6.4.8)
e e+ )2 a>1.
The above inequalities lead to
LY (W= w) ()| £ ON e, (6.4.9)

Since ¢! < (4/n) In(N/4), we obtain the following inequality
LY (W) — w)) (@) < CN ' In*(N/4).
Using Lemma 6.3.2 then we obtain
|(W; —w;)(z;)| < CN'In*(N/4) for N/2 < j < N—1. (6.4.10)

If 7 = (¢/n)In(NN/4), the mesh is piecewise uniform. In this case we have two subintervals
namely [1/2,7 + 1/2] and [ + 1/2,1]. A different argument is used to bound W — w
in each subinterval. Firstly, compute the error for the singular component in the coarse
mesh region [7 4 1/2,1], i.e., for all 7+ 1/2 < z; < 1. Using the triangle inequality, we
have

(W = wj| < [Wj[+|w. (6.4.11)
Application of Lemma 6.2.6 in (6.4.11), we obtain

lw(z;)| < Ce™lz; < Ce'r,
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Substituting the value of 7 into the above expression, we obtain
lw(z;)] < Cln(N/4) < Cfor 3N/4< j < N. (6.4.12)

Now to obtain a similar bound on W, the interested readers can obtain the following
inequalities with the help of Lemma 7.3 (p.58) and Lemma 7.5 (p.60) of [42] which lead
to

W (z,)] < Cln(N/4) < C for 3N/4 < j < N. (6.4.13)
Combining the estimated obtained by (6.4.12) and (6.4.13), we obtain
(W —w)(x;)| < CIln(N/4) < C for 3N/4 < j < N. (6.4.14)

Now the bounds in the interior region, [1/2, 7+ 1/2] can be obtained from (6.4.7) by using
the bounds of w; in Lemma 6.2.6 and keeping in mind that h = 47 /N, we obtain

|ILN (W, —w;)|.< Che?? £ Cre 2N~ 1.

From (6.4.14), we have
(W(1/2) = w(1/2)] = 0

and

[(W(3N/4) —w(BN/4)| < [(WEBN/4)| + [w(3N/4)| < C'In(N/4) < C.

Now, introduce the barrier function ®; in [1/2,7 4 1/2] defined by
O, = (33 + T)01€_2TN_1+ CQN_l,

where C and C5 are arbitrary constants.

Now, consider comparison functions ¥ defined by

U = (24 7)Cie TN +CoN ™"+ (W) — wy). (6.4.15)

For an appropriate choice of Cy and Cy, (6.4.15) satisfies the following

\I’3N/4 Z 0 and \I/N/Q =0.
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Note that
LNV, <0, N/24+1<j<3N/4-1.

Application of Lemma 6.3.1 on [1/2,7 + 1/2] for the function \II§E, we obtain
U, >0, N2+1<j<3N/4-1.

Consequently,
’Wj — U)j’ S q)j S 015727'2]\[71 + CgNﬁl.

Substituting the value of 7 into the above inequality, we obtain
(W, — w;| < CN=1In> (N/4). (6.4.16)

Using estimates (6.4.14) and (6.4.16), we obtain the estimate of the singular component

of the error on [1/2,7 + 1/2]
W, — w;| < ONTI?(N/4) - N/2+ 1.7 < 3N/4— 1. (6.4.17)
Combining estimates (6.4.6) and (6.4.17) along with (6.4.3), we obtain
N 2
\U; —u;| <CN™! {m (4)] , N/2—1<j<N. (6.4.18)

A similar analysis on the subinterval [0, 1/2] gives

2

N
U, —u;| < CN! [m (4)] L 1<j<N/2. (6.4.19)

Combining inequalities (6.4.19) and (6.4.18), we obtain the required result.

To increase the accuracy as well as the rate of convergence of the scheme, we use Richard-

son extrapolation in the next section.

6.5 Richardson extrapolation on the FMFDM

It is a post-processing procedure where a linear combination of two computed solutions

approximating a particular quantity results a third and better approximation [49]. We
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apply this method for the proposed scheme.

We consider a second mesh €27, which has the same transition parameter 7 given by

(6.3.1), and is obtained by bisecting each sub-interval of Q7 defined in (6.3.2). Thus,

and

Theorem 6.5.1. (Error after extrapolation). Let a(x), b(z) and f(z) be sufficiently
smooth and u(z) be the solution of (6.1.1). If U’ be the approximation solution of u
obtained using (6.3.3)-(6.3.4) with u(0) =U(0), u(1) = U(1), then there exists a positive

constant C' independent of € and the mesh spacing such that

2

max | (U = u,)] < CN~2 [m (N)] . (6.5.1)

0<j<N 4
Proof. As mentioned in the previous section, Theorem 6.5.1 will be proved only on the

interval [1/2,1]. Let U;, U; be the numerical solution of the discrete problem (6.3.3)-(6.3.4)

on the mesh QfF and QF respectively. Then the inequality (6.4.19) can be written as
Uj —Uu; = ClN_l ln2 (N/4) + RN(.Tj) ij < QNT (652)

and

U; —u; = Co(2N) " In* (N/4) + Ryn(%;) Vi, € Q5 (6.5.3)
where C] and Cy are some fixed constants and where the remainder terms
Ry(z;) and Ryn(7;) are O[N "' 1In® (N/4)].
A combination of two equations (6.5.2) and (6.5.3) leads
u; — (2U; — U;) = Ry(x;) — 2Ron(x;) = O[N "' In? (N/4)] Vz; € Q, (6.5.4)

therefore we set

Ut =2U; — U; Va; € O, (6.5.5)
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as the new numerical approximation of u; at the grid point z; € 2] computed after using

the extrapolation process.

The decomposition of the error after extrapolation can be also expressed as in (6.4.3),
which gives

U — g = (Vi = 0) + (W™ — ), (6.5.6)

where V" and W** are the regular and singular component of U™

The local truncation error of the scheme (6.3.3)-(6.3.5) after extrapolation is given by

LN(US™ — uff=2E (U=} =L (U; — ;) (6.5.7)
where
LN(Uj — wy) = r ujog + ruj + rugy — (6 + z)u) — ajuf + byu, (6.5.8)
and
LN(Uj = ug) = 7 ujoy + 7wy + 7 g — (e + a)uf — ajuf + bju. (6.5.9)

The quantities r~, 7¢ and r* are given in (6.3.6) while the quantities 7~, 7¢ and 7+ are
obtained by replacing h; with Bj and hj;q with ﬁjH in the expressions of r—, r¢ and r*
respectively. Taking the Taylor series expansion of u; around z;, we obtain the following

approximations for u;_; and u,;1:

2 3 4

_ 2 i 3 i 4 .
wj_y = uy; — hju; + ?]uj — gjuj - 27]lu (&1,7), (6.5.10)

hig o P o hia gy

_ h?2 h3 ht

_ 2 3 a5

Uj—1 = Uj — hjU; + ?]uj - EJU]‘ + iu (&1,9), (6.5.12)
¥ ﬁ2'+1 Engl il4+1 &
Wi =+ by + =g+ =)+ =t (6, ), (6.5.13)
where
. . ~ Ti—1+x; = T+ T
(6,9) € (w31,27), (&,4) € (w5,2500), & € (o505 and & € (a;, =—25),
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Substituting (6.5.10) and (6.5.11) into (6.5.8), (6.5.12) and (6.5.13) into (6.5.9), we obtain

the following expressions
LY (U — wj) = kug + koul; + kau? + kqu? + ksqu® (&1, 5) + kspu' (&, ) (6.5.14)
and
LN(Uj —uj) = l%luj + lzrgu; + %3’&3 + l~€4u? + hu? + l~€571u4(§1,j) + ]%572”&4(52,].). (6.5.15)
The coefficients in (6.5.14)
20e+x;)  20e+w) 2(e + ;)

- - + ) k :07
hi(h i) hghge g (hy i)

_(et oy Catp_fe Tt
= i
hj +hj+1 2 hj+hj+1
_(8 + ZL’])h§ ajh§ (8 + ZEj)h?_H ]{;5 - (5 i ZEJ)h:; B (ljh? - (5 + xj)h?+1 ‘
B(hj+hiv) 6 3(hythipa) T 12(hjFhia) 2477 12(hy+hya)
The quantities &y, ko, ks, ka, 12;5,1 and /55,2 can be determined by replacing h; by fzj and

— (e + ),

ky=

hji1 by ]Nlj—&-l-

Substituting (6.5.14) and (6.5.15) into (6.5.7), we obtain

LY(U5™ = uy) = Touy + Tou] + +Tyuy’ + +Taau® (&1, 5) + Tiput (&2, §),  (6.5.16)

where
. MEe+zy) ld(e+ay) 14(e + z;)
Yol h) Bk by )
L = (e+z)h; (e +1,) + (e + xj)hjﬂ’ T, — _ajhf.’
h]’ + hj+l hj + h’j—i—l 12
(g + x;)h3 ajh? (e +x;)h3,,
Tyq = — ! Loand Ty, = —— 2
ST 04 1 hyy) | 32 MO A2 24

Given (6.3.2) and for the sake of simplicity, we shall use the following notation
hj=Hif j=3N/4,3N/4+1,-- N, (6.5.17)

hj=hifj=N/2,N/2+1,---3N/4. (6.5.18)
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Using the fact that, for Vj =3N/4,...,N, H = h; < 4N~" substituted into (6.5.16) on
[T+ 1/2,1], we obtain:

N (y et _ % (e+25) - 2, | % (4 . (e+z5) . 3
L (V] —v;) = —EU}N 48 ot )(51,])1 H +[321}( )(5171) Y v )(52,J) H".
(6.5.19)
Applying the triangle inequality and Lemma 6.2.3 to (6.5.19), we obtain:
1+ (e+x)™ % a <1,
ILY(V;—v))| SCN S 14 (e+2)HIn He+1/2)7Y, a=1, (6.5.20)
L+evHeta)™, a>1.
The above inequalities lead to
X = ) < ON 2
Hence, by Lemma 6.3.2, we obtain
[Vt Ly NP (6.5.21)

The estimation of the nodal error of the singular component depends on whether 7 = 1/4

or 7 = (g/n) In(N/4).

In the first case, the mesh is uniform and (g/7)In(/N/4) > 1/4. The estimate of the

singular component is given by

N (rremt Y (e+z) @ N2, | Y (4 : (e+z) NFE:
LE (Wit —w;) = [_1210;“ + T8w( )(51,])1 h +l32w( /(&1,5) — TUJ( (&, 7)| .
(6.5.22)
Using the triangle inequality in (6.5.22), we obtain

_&w/(/ (5 +‘7;j)
127 48

LN(I/V;:Et_wj) g

U}(4) (517])‘| h2+ [gw(4)<£17]) - (g_gll‘r])w@l) (627])] h3.

By Lemma 6.2.6 and the fact that h; = z; — 2;_1 < 4N, the above inequality gives

(e +x)*2, a<l,
ILY(W—w;)| S Ch™?$ (e +2)¥|In" (e +1/2)7Y], a=1, (6.5.23)
e e+x) a>1.
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The above inequalities lead to
|LY (W —w;)(x;)| < Ch 22 < CN 272, (6.5.24)
Using ¢! < (2/n) In(N/4) in (6.5.24), we obtain
LN (W™ — w;)| < CN~?In* (N/4).
Applying Lemma 6.3.2 to the above inequality, we obtain
(W —w;)| < CN~?In* (N/4). (6.5.25)

In the latter case, the mesh is piecewise uniform with the mesh spacing h = h; < 47N !

for Vj =N/2,...,3N/4 on [1/2,7+ 1/2]. We obtain (6.5.24)
|LN (Wte—wy)} < Oy N=2r% 2. (6.5.26)

Using the value of 7 = (¢/1) In(NN/4) and applying Lemma 6.3.2 to the above inequality,

we obtain

(Wet — w))| < CN~2In* (N/4) . (6.5.27)

A similar analysis can be performed on [0, 1/2].

Combining of (6.5.21), (6.5.25) and (6.5.27), we obtain the required error after extrapo-

lation.

6.6 Numerical results

Two numerical examples are presented in this section to confirm the theoretical results
of problems of the type (6.1.1). The numerical results are displayed in the tables. The
maximum errors and order of convergence are estimated by using the exact solution. The
solution in both examples has a turning point at point = 0 (or z = 0.5 ), which results

an interior layer.
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Example 6.6.1. Consider the following singularly perturbed turning point problem:
(e+x)u" +au —u=f(x), x€[-1,1], (6.6.1)

u(—=1) = -1, and u(1) = 1. (6.6.2)

The exact solution is

zerf(x + y/2¢e /7 exp(—x?/2¢)
erf(1 +/2¢/mexp(—1/2¢) .

The expression for f(z) is obtained after substituting u(z) and its derivatives into

(6.6.1).

u(x) = cosmx + = +

Example 6.6.2. Consider the following singularly perturbed turning point problem:
(e+x)u" +2(x — 0.5 —u=f(z), v €[0,1], (6.6.3)

u(0) = —(g,—1)2 and. u(l),= —(c + 1)~ (6.6.4)

The exact solution is

u(z) = (22 — 1 + &) cos[r(2z — 1)].

The expression for f(z) is obtained after substituting u(z) and its derivatives into

(6.6.3).

The maximum errors before extrapolation at all mesh points are evaluated using

Ene = max |u; —Ujl,

and these errors after extrapolation are given by
E¢™ = max |u; — Uje”|.

e 0gi<n

The numerical rates of convergence before and after extrapolation are obtained by using

Tek = 10g2(Enk/E2nk)’

where E represents E or E.
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Table 6.1: Results for Example 6.6.1: Maximum errors before extrapolation

€ N=16 N=32 N=64 N=128 N =256 N =512 N =1024
1073 | 2.84E-01 4.11E-02 1.36E-02 1.13E-02 1.99E-02 1.43E-02 2.29E-02
1074 | 2.89E-01 3.54E-02 4.38E-02 3.14E-02 4.89E-03 1.56E-02  7.03E-03
107° | 2.91E-01 2.79E-02 2.53E-02 2.90E-02 2.70E-02 6.67E-03  2.12E-03
1071 | 2.93E-01 3.13E-02 8.81E-03 4.62E-03 2.35E-03 1.18E-03 5.95E-04
1072° | 293E-01 3.13E-02 8.81E-03 4.62E-03 2.35E-03 1.18E-03 5.95E-04

Table 6.2: Results for Example 6.6.1: Maximum errors after extrapolation

e | N=16 n=32 N=64 N=128 N=256 N=512 N=1024
1073 | 249E-01 5.19E-02 2.00E-02 2.91E-02 2.07E-02 3.76E-02  3.18E-02
1074 | 2.49E-01 5.27E-02 1.86E-02  3.93E-02- 2.74E-02 9.35E-03  1.02E-02
1075 | 2.37E-01 3.22B-02 3.26B-02  2.50E-02  1.37E-02 1.06E-02 2.91E-03
10718 | 2.30E-01 1.63E-02 1.93E-03 3.65E-04 8.34E-05 2.03E-05 5.02E-06
10-25 | 2.30E-01 1.63E-02 1.93E-03 3.65E-04 8.34FE-05 2.03E-05 5.02E-06

Table 6.3: Results for Example 6.6.1: Rates of convergence before extrapolation

Table 6.4: Results for Example 6.6.1:

e 1 T2 T3 Ta Ts5 T6
1073 | 279 159 027 -0.81 048 -0.68
107* | 3.03 -0.31 048 2.68 -1.67 1.15
1075 1339 014 -020 0.10 2.02 1.66
107 [ 322 1.83 093 098 0.99 1.00
10725 | 322 1.83 093 098 0.99 1.00

Rates of convergence after extrapolation

€ 1 72 T3 T4 5 6
1072 | 2.26 1.38 -0.54 049 -0.86 0.24
107% | 224 150 -1.08 052 155 -0.13
1075 | 2.88 -0.02 0.38 0.87 0.38 1.86
10718 | 3.82 3.07 241 213 204 201
1072 | 3.82  3.07 241 213 204 201
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Table 6.5: Results for Example 6.6.2: Maximum errors before extrapolation

€ N=64 N=128 N=256 N =512 N =1024 N =2048
10~ | 6.46E-03 3.43E-03 1.77E-03 8.97TE-04 4.52E-04 2.27E-04
1072 | 1.38E-02 7.03E-03 3.57E-03 1.78E-03 8.86E-04  4.38E-04
10~* | 1.35E-02 7.08E-03 3.65E-03 1.85E-03 9.35E-04 4.69E-04
1072% | 8.87E-03 4.83E-03 2.52E-03 1.29E-03 6.50E-04  3.27E-04
1073% | 8.87E-03 4.83E-03 2.52E-03 1.29E-03 6.50E-04  3.27E-04

Table 6.6: Results for Example 6.6.2: Maximum errors after extrapolation

€ N=64 N=128 N=256 N =512 N =1024 N =2048
1072 | 2.02E-02 1.95E-02 1.96E-02 1.98E-02 2.01E-02 2.05E-02
1073 | 3.54E-03 2.23E-03_ 1.88E-03  1.79E-03 1.77E-03 1.76E-03
10~% | 2.04E-03 6.80E-04 3.04E-04 2.07E-04 1.82E-04 1.76 E-04
10728 | 2.48E-03 6.10E-04 1.52E-04 3.81E-05 9.54E-06 2.39E-06
10735 | 2.48E-03 6.10E:04 1.52E-04 3.81E-05 9.54E-06  2.39E-06

Table 6.7: Results for Example 6.6.2: Rates of convergence before extrapolation

€ T T2 r3 T4 5
1072 [ 0.98 0.98 1.00 1.01 1.02
1072 [ 093 0.96 098 0.99 1.00
107% 1 0.93 0.96 0.98 0.99 0.99
10729 | 0.88 0.94 0.97 0.98 0.99
1073 ] 0.88 0.94 0.97 0.98 0.99

Table 6.8: Results for Example 6.6.2: Rates of convergence after extrapolation

e 1 T2 3 Ta Ts
1072 | 0.05 -0.00 -0.02 -0.02 -0.02
1073 | 066 0.25 0.07 0.02 0.00
107% | 159 1.16 056 0.18 0.05
10729 | 2.03 2.00 200 2.00 2.00
1073° | 233 2.00 200 2.00 2.00
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Remark 6.6.1. Tables of numerical results with Richardson extrapolation show that the
computed rate of convergence deviate notably from the theoretical rate of convergence
with Richardson extrapolation which is two. This is not surprising as performance of
Richardson extrapolation may be hindered by the fact that, for non-uniform (such as the
Shishkin type) meshes, nodes are offset by the fact that the transition point depends on
the number of nodes used in computations. This observation corroborates assertions in
the literature regarding issues with implementation of Richardson extrapolation (see e.g.

(10, 61, 71])

6.7 Discussion

In this chapter, we constructed a Fitted Mesh Finite Difference Method (FMFDM) for a
family of two-point singularly perturbed boundary value problems with diffusion term of
the form [(e + x). Furthermore, the solution to these problems has an interior layer due
to the presence of a turning point.. We first provided a set of bounds on the derivatives
of the solution. Then we constructed a mesh, of Shishkin type. Depending on the sign
of the coefficient of the convection term, a discrete upwind scheme was designed on this
mesh. Using bounds on the solution and its derivatives, we showed that the proposed nu-
merical method is uniformly convergent of order one, up to a logarithmic factor. We used

Richardson extrapolation via FMFDM in order to improve the accuracy of the scheme.

In order to confirm the above conclusions based on the theoretical analysis, we carried out
numerical investigations on two examples. In each example, we calculated the maximum
point-wise errors and the corresponding rates of convergence for various values of N. We
noticed that the numerical method was uniformly convergent (see tables 6.1, 6.3, 6.5 and
6.7). We provided computed point-wise maximum errors after extrapolation in tables 6.2,

6.4, 6.6 and 6.8, which improved the accuracy.
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Chapter 7

Time-dependent for interior layer
convection-diffusion problems with a

variable coeflicient diffusion term

In this chapter, we consider a class of time-dependent singularly perturbed convection-
diffusion problems whose solution presents an interior layer due to the presence of a
turning point. In addition, the diffusion term is a function of € and z. After establishing
bounds on the solution and their derivatives, we discretize the time variable by means
of the classical implicit Euler method with a constant step-size. This process results in
a system of two-point boundary problem at each time level which will be solved using a
fitted mesh finite difference method (FMEFDM). We apply the Richardson extrapolation

technique in order to increase the accuracy as well as the order of convergence.

7.1 Introduction

Numerous numerical schemes for a class of time-dependent singular problems are avail-
able in the literature. These problems are characterised by a small parameter affecting

the highest derivative in the differential equations underlying the problem (see chapter 2).
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In this chapter, we seek to determine the solution of the linear singularly perturbed

problem
. 0?u(x,t) Ou(x,t) ou(x,t)
Lu:= (e + x) o +a(x,t) . b(z, t)u(z,t) — d(z,t) Y f(z,t),
(7.1.1)
(x,t) e Q=Q x (0, 7] = (0,1) x (0,77, (7.1.2)
subject to the initial and boundary conditions
u(z,0) =ug(x), 0 <z <1, u(0,t)=a4(t), u(l,t) = as(t), te (0,7 (7.1.3)

In the rest of this chapter, we assume that

e a(0.5,t) = 0 and a,(0.5,t) > 0, for 0 < ¢ < T, ensuring that the solution to problem
(7.1.1)-(7.1.3) guarantees the existence of a turning point;

o b(z,t) > B >0, VY(x,t) € @, which ensures that the problem verifies a minimum
principle;

o |ay(z,t)| > |a.(0.5,1)/2|, V(x,t) € Q, implies that the turning point appears at point
(05,1), Vt € [0,T).
The above conditions guarantee that the solution of problem (7.1.1)-(7.1.3) has a unique

solution which possesses an interior layer at = 0 [19].

In order to have compatibility between the boundary and initial conditions, we also as-
sume that

up(0) = a1(0) and ug(1) = ax(0),
so that the data match at the two corners (0,0) and (1,0) of the domain Q. These

conditions guarantee that there exists a constant C' independent of ¢ such that [72]

lu(z,t) —aq(t)| < Cz, Ju(x,t) — as(t)] < C(1—2z), Y(x,t)€Q

and

lu(z,t) —up(z)| < Ct, V(z,t) € Q.

In this chapter, we propose and analyse a fitted mesh finite difference method (FMFDM)
to solve a class of time-dependent problem (7.1.1)-(7.1.3) where the coefficients of the
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differential equations depend on both space and time, are smooth.

The rest of this chapter is structured as follows. We provide bounds of the solution
u(z,t) of (7.1.1) and its derivatives in Section 2. In Section 3 we design a FMFDM for
solving our problem. We prove that the proposed method satisfies a minimum principle.
We use this fact to establish a stability result. In Section 4 we conduct a rigorous error
analysis. We prove that the proposed numerical method is uniformly convergent of first
order with respect to the perturbation parameter in time and space, up to a logarithmic
factor. In order to improve the accuracy as well as the order of convergence of the pro-
posed FMFDM, we apply the Richardson extrapolation method in Section 5. In Section
6 we present one example to see how the proposed method works and confirm our theo-

retical results. Finally, some conclusions are drawn in the Section 7.

In the rest of this chapter, C' denotes a;generic constant which may assume different
values in different inequalities but will always be independent of ¢, as well as the spatial

and time discretization parameters.

7.2 A priori estimates of the solution and its deriva-

tives

In this section, we derive appropriate bounds on the solution of problem (7.1.1)-(7.1.3)
and its derivatives. The interval [0, 1] which we denote by Q) is partitioned as

0 =100,1/2—7], Q2. =[1/2—7,1/24+ 7] and Q, = [1/2 4+ 7, 1], where 0 < 7 < 1/4.

The linear operator L as defined in (7.1.1) verifies the following minimum principle and

then we a state stability estimate for the solution of (7.1.1)-(7.1.3).

Lemma 7.2.1. (Minimum principle.) Assume that £(z,?) is a smooth function satisfying

£(0,t) >0, £(1,¢) > 0 and Lé(x,t) <0, Vo € Q. Then &(z,t) > 0, Vo € Q.

173



Chapter 7: Time-dependent for interior layer convection-diffusion problems
with a variable coefficient diffusion term

Proof. Suppose that there exists a point (z*,t*) € @ such that &(2*,t*) = min &(x,1)

0<z<1

and assume that &(x*,t*) < 0. Clearly (z*,t*) ¢ Q. It follows that
Eo(z*, ") =0, &(a*,t*) =0 and &, (2%, ¢*) > 0. This implies

Lg(ﬁ*, t*) = (€+I*)€m€($*, t*)+a<x*’ t*)ga:(x*a t*)_b(x*’ t*)f(l'*, t*)—d(l‘*, t*)gt(x*a t*) > 07

which is a contradiction. It follows that {(z*,t*) > 0 and thus {(z,t) > 0, V(z,t) € Q.

We employ the minimum principle above to prove the next result which states that the

solution depends continuously on the data.

Lemma 7.2.2. (Stability estimate). The solution u(z,t) of problem (7.1.1)-(7.1.3) satisfies:
1 _
([, ] < fmax {llaulo; l92lloo ) # 1 lloe, V(2. 8) € Q.

Proof. See Lemma 3.2.2 in Chapter 3.

Estimates of v and its derivatives in the interval [0,1/2 — 7] and [1/2 + 7, 1] are given in

the next lemmas.

Lemma 7.2.3. The bound on the solution u(x,t) of (7.1.1) is |u(z,t)| < C, (z,t) € Q.
Proof. We refer to [30] for the proof.

Lemma 7.2.4. Let u(x,t) be the solution to (7.1.1)-(7.1.3) and a(z,t),b(x,t) and f(x,t)

sufficiently smooth function in Q. Then, there exists C' independent of ¢, such that

Dz, t)
OxJ

|§C’, Vo € Qyor Q. and (z,t) € Q,0 < j < 2.
Proof. See [11].

Lemma 7.2.5. Under the assumption of Lemmas 7.2.1 and 7.2.4, the bound on the

derivative of u with respect to t is |u,(z,t)| < C, (z,t) € Q.

Proof. See [30].
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Lemma 7.2.6. |u(z,t)| < C, (z,t) € Q.

Proof. See [31].

Based on the ideas of [39], we are in position to establish the following lemma. Due
to the presence of an interior layer at point at xy/, = 1/2, the solution of the prob-
lem (7.1.1)-(7.1.3) may be considered as a concatenation of two solutions: One side on
0 < = < 1/2 displaying an interior layer near xy/, = 1/2 (right hand of the interval) and
the other side on 1/2 < x < 1 presenting an interior layer near xy/» = 1/2 (left hand of
the interval) as well. Consequently, the derivatives of u(x,t) in the interior layer are esti-
mated by three types of singular, power functions according to the sign of the coefficient
of the convection term a(z,t) at the point aj. Then; we have two different cases

L a(zy,t) <0, zfe[r=1/2,1/2], t € [0,T] and (7.2.1)

a(zh, t) > 0y oy e (L/2,7+1/2], t € [0,T].

Lemma 7.2.7. Let u(z,t) be the solution of (7.1.1)-(7.1.3). Then assuming that
a=a(xf,t) >0, for1/2 <z <7+1/2, Vt €[0,T], and j = 1,2,3,4, we have

: L+ (e + )7, 0<a<l,
Pu(x,t ‘
‘aﬂ;)‘ <O 14 (e +a) T e+ 1/2), a=1, (122)
L+e e+ z)' ™, a>1.

When a = a(zf,t) <0, for 1/2 —7 <2 < 1/2, let p be an integer such that a +p =0
and a+p—1<0,Vt €[0,7] and j = 1,2, 3,4, then we have the following bounds

) 17 a<07j<p7
M u(x,t )
8(333') SOy 1+ (e+a) 7 Plln(e+2)], a+p=0,j>p, (7.2.3)
1+ (e + o), a+p>0,75>p.

Proof. We prove this lemma by following the steps provided by ([39], pp. 107-110).
Application of the inverse-monotone pair T' = (L,T") (see pp 49) implies that

u(z,t)| <C, (2,t) € Q. (7.2.4)
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From (7.1.1)-(7.1.3) and(7.2.4) and V¢ € [0,T], we obtain

1, 1/2—7<xz9<2<1/2,
ulz,t e, 1)2—7<x<a0 j=1,2,34,
w@t)) o / 0 J (7.2.5)
Oz 1, 1/2<zo<z<T41/2,
el 1/2<x<x, j=1,2,3,4,

and arbitrary zy > 0, independent of € and .

case 1: a>0for 0 <z < 1/2, Vt € [0,7]. The derivatives of u(z,t) are estimated

according to the value of a: 0 < a <1, a =1land a > 1. Solving (7.1.1) for u,,(x,t), we

obtain
OPu(x,t)| ~ flx,t) Fb(x, ulx, t) + d(z, t)u(z,t)  alz, t)ug(x,t)
W‘ = Upy(z, 1) = i - Cta) (7.2.6)

Integrating (7.2.6) on both sides from 1/2 to z, we obtain

ds. (7.2.7)

ug(z,t) = [* 1188 Fbs ulsit) + d(s Bl t) 1T /1 als, (s, 1)

1/2 e+ s /2 E+ s

By [39], us(z,t) is given by

uz(x,t) = up(1/2,t) [ngrexp[—gl(x, )] + ga(z, 1) (7.2.8)
where
g1(x,t) = /1; ag(j_’ i) ds = a(z,t)In(e + z) — /12 as(s,t)In(e + s) ds (7.2.9)

with a(1/2,t) =0, and

xT

go(z,t) = (e + :U)fa/ [f(s,t) +b(s, t)u(s, t)+

1/2

d(s, t)us(s,1)](e + 5)* Lexplgi(s,t) — gi(z,t)] ds. (7.2.10)

Noting that |g1(z,t)| < C from (7.2.4), we find that

T

g, 1) < C(e + x)_“/ﬂ (e + )1 ds < C.
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Using the triangle inequality in (7.2.8) and taking into account the estimates of gi(x,t)
and go(x,t), we obtain

Ou(x,t)
Ox

‘ = Jua(z, )] < C[1+ Jua(1/2,)](/ (e + 2))7] . (7.2.11)

Considering 0 < a < 1, there exists a point zy in the interval (1/2,7 + 1/2) such that

|uz(x,t)| < C. Thus we have

ua(1/2,1)] ( ° ) e

€+ xg
This inequality yields

£ a
j;xg> < Cle+x0)%e* < Ce

w(1/2.] <0

Using the value of |u,(1/2,¢)| in (7.2.11), we obtain

ou(z,t)

o :\ux(x,tﬂgC[l—l-(a—l—x)_“], 0<a<l.

Differentiating (7.1.1) with respect to x, solving the resulting equation for w,..(x,t), we

obtain
Uz (T, 1) = b(ﬁ,tl;CZ}(I,t)um(th> %(( b+ ) um(x,t)+
fulx,t) 4+ b (x, t)u(z, t) + dp(z, t)uy(x, t) — d(z, t) U (2, 1) (72.12)
(e + ) IR
0*u(z,t)/0x? is given by
4 gﬁ; D () = 1y (1/2,1) ij T eplogs(e, )] 4 ga(wt)  (7.213)

where

gs(x,t) = /19/62 a(sg,i):—l ds = [a(z,t)+1] 1n(5+x)—1n(€+1/2)—/1j2 as(s,t)In(e+x) ds,
(7.2.14)
with a(1/2,t) = 0 and

ga(z,t) = (e + )" 1/ [Fa(5,8) + by(s, (s, £) + dy(s, )ug(s, 1) — d(s, t)ugs(s, )+

(b(s,t) — as(s, )us(s,t)](e + s)* explgs(s,t) — gs(x,t)] ds. (7.2.15)
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Since |g3(z,t)] < O, |ug(z,t)| < C, |ug(x,t)] < C, and |u(z,t)| < C, we find that
lga(, )| < Cle +2) ! /x 1+ us(s,t)](e+ ) ds < C[1+ (e +2)77. (7.2.16)

1/2

We obtain from (7.1.1)
Uz (1/2,8) < Ce +1/2) 7M1 + uy(1/2,8)] S C[L + (e + 1/2)7%71].

Substituting the estimates of u,,(1/2,t) and g4(z,t) into (7.2.13), we obtain

a+1

82u(1‘7t) +C [1 + (8 + x)—a} .

ox?

‘ = Uy (2,t) < C {1 + (e + 1/2)_(1_1} [

E+x
Using (e +1/2)7%7! < (¢)7*! in the above inequality, we obtain

Ou(x,t)

ox?

‘ = |Uge (7, 1) O {1 + (5—}—:5)_“_1} , for0<a < 1.

Differentiating (7.1.1)-(7.1.3) and taking into account (7.2.4), we get the following result

Hu(x,t)
OxJ

‘ <C [1 + (e + x)l—“—ﬂ} :

Consider the case when a = 1. On integrating (7.2.8) from 1/2 to 7 + 1/2, we obtain

w(1/24+7,t) —u(1/2,t) = uy(1/2,t)e[ln(e + 1/2 + 7) exp(—g1 (1/2 4+ 7, 1)) —

In(e 4+ 1/2) exp[—g1(1/2,t)] + /1i:2+7 In(e + x)agla(;’t) exp[—g1(x,t)] dz]+

1/2471
/ g2, t) dz, (7.2.17)
1/2

where
0g1(x,t)
ox

are obtained from (7.2.9). Substituting these equations into (7.2.17), we obtain

=a(z,t)(e+ ) " and ¢1(1/2,t) = 0

w(l/24+7,t) —u(1/2,t) = uy(1/2,t)e[ln(e + 1/2 + 7) exp(—g1(1/2 + 7,1))

—In(e + 1/2) exp[—g:(1/2,1)] - /IZHT a(z,t)(e + 2)"" In(e + ) exp[—gi (2, t)] da]+

1/2471
/ go(x,t) do. (7.2.18)
1/2
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Using the triangle inequality in (7.2.18) and we obtain
1/241
|In(e +1/2+ 1) exp|—g1(1/2 + 7,1)] — /1/2 a(x,t)(e + x) "t exp[—gi(z, )] dz| < C,
we obtain

C < W/ (1/2,t)[e —eln(e + 1/2)]].
For sufficiently small ¢ < zg, o > 0, we have € —eln(e +1/2) > eln(e + 1/2). It follows

that
C > |u,(1/2,1)|[e — eln(e + 1/2)]] < |ux(1/2,1)|[eln(e +1/2)71].

Solving this inequality, we obtain
luz(1/2 B ST an e 2)

Substituting this estimate into (7.2.11), we obtain

’ g1 (z,t)

e | = |ug(z,0)] L C[L+ (e f-x) ° In~'(e+1/2)71].

Now determine u,,(x,t) for a = 1.'Now, (7.2.13) becomes

Ou(x,t)
Ox?

From (7.2.16), g4(z,t) is defined as follows

= Upe (7, 1) = Uy (1/2,1) [eixr exp|—gs3(x,t)] + ga(x,t). (7.2.19)

1ga(z, )] < Cleta)? / " [Luy(s, ))(e+s) ds < Cl1+(e+a) I~ (e+1/2)7Y). (7.2.20)

1/2

From (7.1.1), we obtain
Upr(1/2,1) < Ce+1/2) 71 +up(1/2,8)] < Cle +1/2)2In" (e +1/2) 71

Using the estimates of w,,(1/2,t) and g4(z) into (7.1.1) and taking into account (¢ +
1/2)7%2 < &2, we obtain

Ou(x,t)

52 Upe (2,8) < C[1+ (e +2) 2 In" (e + 1/2)71].

By differentiating (7.1.1) and with the help of (7.2.5), we arrive at the following result

Hu(z,t)

—j1..—1 -1 _
B <Cl4(e+2)?In(e+1/2)7], a=1.
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We prove the case when a > 1 by using «/(1/2,t) < Ce™! obtained from(7.2.5) for
1/2 < x < xp substituting into (7.2.11), which then leads to

ou(x,t)
Ox

’ = |ug(x,t)| < C[1 4+ e +2)77.

Now determine wu,,(z,t) for a > 1. Using u,,(1/2,t) < Ce™? obtained from(7.2.5) for
1/2 <z < xp and |ga(z,t)| < CO[1 + &7 (e + )79 substituted into (7.2.13), we obtain

0*u(z,t)

W é C[l + €a_1(€ + .Z')_a_l].

Differentiating (7.1.1) and taking into account (7.2.5), we easily obtain

Hu(x,t)
OxJ

| < ClTetTieFa) ') j = 1,2,3,4.

This concludes the proof of the estimate (7.2.2) for 1/2 < x < 1/2+ 7.

case 2: a<O0for1/2—7<2z<1/2 uy(e,t) is given

Uy (2, 1) = ug (w0, t) explt)(zo, z, )]+

/l’ f(s,t) +b(s, t)u(s,t) +d(s,t)us,t) .
0 e+ s

xp[Y(xo, z,t)] ds  (7.2.21)

where
v a(k,t)
t)=—
Ut = — [ S

If a(1/2,t) = 0 then ¢(s,z,t) < C, 1/2 — 7 < s, x < 1/2. Using the triangle inequality

dk.

in (7.2.21) and choosing a point xy € [—7/2,1/2] such that u,(zo,t) < C, we obtain

ou(z,t)
Ox

‘ = |ug(z,t)| < C[1+|In(e+x)|], 1/2—7 <2 < 1/2, a(1/2) =0, j = 1since p = 0.

Now we determine u,,(x,t) with p = 0 for j = 2. On differentiating (7.1.1) and solving
the resulting equation for u,,(x,t), we obtain

O*u(x,t)

o (c + )7 explu(s. z.1)] ds.

(7.2.22)

= Uz (20, 1) exp[t(z0, 7, 1)] + (e +2) 77 /: Fg(j ?
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where
a(k,t)
e+ kK

w(s,x,t):—/sm dr

and
F(s,t) = f(s,t) + bs(s, t)u(s,t) + ds(s, t)u(s, t) + [b(s,t) — as(s,t)]us(s, t).

Substituting ¢ (s, x,t) < C and u.,(zo,t) < C into (7.2.22), we obtain

xT

<O+ Ce+a)P! / [+ ug(s, D)](e + 8)P ds < C[1 + (¢ + )" (e + 2)].

o

O*u(x,t)

Ox?

From (7.1.1)-(7.1.3) with p = 0, for j > 1, we obtain

Du(z,t)

| SO+ a2 £a)ll, a+p=0,j>p

Let a(1/2,t) < 0. In this case p > 1. Then there exists a constant xy > 0 such that

a(x,t) <0for1/2 — 7 < x < xp. Therefore, we have
P(s,x,t) < —zolnf[(e +s)/(e+2)], 1/2 —7 < 2 < s < .
Taking exponentials on both sides of the above inequality, we obtain
exp(¥(s,z,t)) < [(e+x)/(e+35)]*, 1/2—7 < x < s < .

Substituting this estimate into (7.2.21) with = s and taking into account (7.2.5), we

obtain
ou(z,t)
ox

| = |u1‘($at)| <G, 1/2 —7 < 2 < T, a((),t) < 0.
Differentiating (7.1.1) and taking into account (7.2.5), we obtain

‘ Dz, t)

Do 'éC’, 1/2—7<2<1/2,a<0, k<p, j=1,2,3,4.
x

Consider the case when j > p, a+p > 0 and a < 0. We will estimate u,(z,t) and u,,(z,t)

by following the same steps as for 0 < a < 1. We define u,(z,t) from (7.2.8) as follows

a+1

o (,1) = up(1/2,1) Lix expl—g1(z, )] + ga(a, 1), 1/2 =7 <@ < 1/2. (7.2.23)
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Following the same lines as for 0 < a < 1, we obtain

Ju(x,t)
Ox

/N

0.

‘ = |ug(2, )| < C[1+ (e +2)"" Y, a

We estimate wu,,(x,t) from (7.2.13) as follows

e a+2
U (2, 8) = g (1/2, 1) LH

Following the same lines as for 0 < a < 1, we obtain

0u(z,t)
Ox?

| — ()] < O+ (e + 7)), a <0

Differentiating (7.1.1) and taking into account (7.2.5), we obtain

Hu(x,t)

D <O+ (e+a@)sli1f2=r<2<1/2, a<0, j>p.
xX

This complete the proof of the estimate 7.2.3 for 1/2 —7 <z < 1/2.

exp[—gs(x,t)] + ga(z,t), 1/2 —7 <z < 1/2.

(7.2.24)

The above bounds on the derivatives of the'solution are estimated in the layer regions,

which are not sharp enough for the proof of £ convergence in Section 7.4. Therefore

we need to derive stronger bounds, which are obtained on a method originally given by

Shishkin. This can be realised by decomposing the solution of problem (7.1.1)-(7.1.3) into

two parts, namely the smooth component v(z) and the singular component w(x) ([42],

pp 47) such that
u(z,t) = vz, t) +w(x,t),

where v(z,t) is the solution of the inhomogeneous problem
Lo(z,t) = f(x,t), (x,t) € Q= (1/2,1) x (0,71,
v(x,0) = u(z,0) =up, 1/2 <z <1,
v(1/2,t) = 0,v(1,t) = u(l,1),
and w(x,t) is the solution of the homogeneous problem

Lw(z,t) =0, (.)€ Q = (1/2,1) x (0,T],

(7.2.25)

(7.2.26)

(7.2.27)

(7.2.28)
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w(xz,0) =0, 1/2 <z <1, (7.2.29)
w(1/2,t) =u(1/2,t) —v(1/2,t), 0<t<T, (7.2.30)
w(l,t)=0, 0<t< T (7.2.31)

The bounds on the solution of (7.1.1)-(7.1.3) are established below.

Lemma 7.2.8. The smooth and singular components of u(z, t) of problem (7.1.1)-(7.1.3),

for 0 < 7 < 4 satisfy
1+ (e +2)*7|In(e + )|, r e [0,1/2],
8%(1{, t) <C 1+ (e +a)3 %, a<l, zell/2,1], (7.2.32)
Ox? 1+ (e +2)* 9| In"Ye+1/2)7Y, a=1, z€[1/21],
1+ e e +a)372d, a>1, re[l/2,1],
and
(e + z) " nle +2); z€[0,1/2],
8jw(?,t) <C (e + z)t—erdy a<1, zell1/2,1], (7.2.33)
Ox? (e + ) | £172)7 1, a1, ze(1/2,1],
ev g + z)t-o, a>1, ze€[1/2,1]

where C' is a constant independent of ¢.

Proof. We prove this lemma on ; = [1/2,1]. The proof on [0, 1/2] follows in a similar
way. The reduced problem (¢ = 0), corresponding to problem (7.1.1) is

200+ a(z, )vl(z,t) — b(x, )0’ (z,t) — d(x, t)v) (z,t) = f(z,t), (2,t) € Q, (7.2.34)
(z,0) = v)(z), 1/2<x <1, v21,t) =u(l,t) = ay(t), t€(0,7). (7.2.35)

Further, we decompose the smooth component v(z,t) ([42], pp 68) as follows

v(x,t) = vo(w,t) + (e + 2)vi (2, 1) + (€ + 2)°va(w,t), (7,t) € Q, (7.2.36)

where vy is the solution of the reduced problem in (7.2.34), which is independent of &,
and having smooth coefficients a(x,t), b(z,t) and f(x,t). From these assumptions, for

0 <j <4, we have
8j00(x7 t)

7| S C, for all z € Q, (7.2.37)
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v; and vy are the solutions of (7.1.1). Applying Lemma 7.2.7 for 1/2 < = < 0 and
j =1,2,3,4, results in the following bounds (for k = 1,2)

: 1+ (e +z)7, 0<a<l,
Doz, t '
0D cod 1k et e 127, =1, (7.2.38)
1+ em(e 4 2y, a1

Now, apply the triangle inequality and substitute tha above three estimates into (7.2.36),
for 0 < j < 4, we prove the Lemma (7.2.8) for the smooth part.

For the proof of the regular component w(x,t), define the barrier functions as follows

UE(z,t) = Cexp(—nz/e)el-+ w(x, t), (z,t) € Q.
First, we calculate the values of W%(z, ) at the boundaries:

UE(1/2,t) = Cexp(—n/2e)et +w(1/2,t), 0<t < T,
= Cexp(—n/2e)e’ +u(1/2,t) —v(1/2,t), using (7.2.30),
> 0, for a suitable choice of C 0 <t < T,

UE(1,t) = Cexp(—n/e)e' £w(l,t), 0<t<T,

<_
= Cexp(—n/e)e’, using (7.2.31),

UH(2,0) = Cexp(—nz/e) £w(z,0), 1/2<z <1,

= Cexp(—nz/e), using (7.2.29),

WV

0, 1/2<z<1.

From the above estimates, we notice that ¥(x,t) > 0, (x,t) € Qy = Q;\Q;. Therefore

we have

LUE(z,t) = (e +2)VE (x,t) + alz, ) VE(z,t) — b(a, ) UE (2, 1) — d(x, )V (2, 1)

= Cexp(—nz/e)e’ [77 (€€+ z) _ na(:,t) —b(x,t) — d(x,t)} + Lw(zx,t)
= Cexp(—nz/e)e [772(66:_ z) _ na(:,t) —b(z,t) — d(:p,t)} , using (7.2.28)
[

< 0, since (z/e) < [=b(x,t) — d(z,t)], (x,t) € Q.

184



Chapter 7: Time-dependent for interior layer convection-diffusion problems
with a variable coefficient diffusion term

Now since Lemma 7.2.1 to the barrier functions, we obtain U*(z,¢) > 0, (z,t) € Q.

Since C'exp(nz/e)et £ w(x,t) > 0, it follows that

w(z,t) < Cexp(—na/e)e!, (,1) € 2

< Cexp(—nz/e)e’ since e < e’
< Cexp(—nz/e) (z,t) € .

By using the inequality relation, the above inequalities can written as

(e +xz)t™e, a <1,
jw(z, )] < Cexp(—nz/e) <CQ (e+z)=Hn"'(e+1/2)71, a=1, (7.2.39)
e He +m)ine, a>1.
Since Lw(z) = 0, the j"* derivative of w(x) can be estimated immediately from the

estimate of w(x). The following estimates hold for 0 < j < 4,

‘ (& + )74, a <1,
Hw(x,t ,
6);]») <O (e42) 7| nHe+1/2)7Y, a=1, (7.2.40)
e e+ x)tod, a>1.

which completes the proof of Lemma (7.2.8)for the regular parts.

In the following section, we design a FMFDM to solve a time-dependent convection-

diffusion problem (7.1.1)-(7.1.3).

7.3 Construction of the FMFDM

Time discretization

The Euler implicit method is used to discretize problem (7.1.1)-(7.1.3) with uniform step-
size At = T /K. Note the time [0, 7] is therefore partitioned as

w' = {t;, = kAt,0 < k < K}. (7.3.1)
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We discretize problem (7.1.1)-(7.1.3) on @’ as follows

2(x, ty) — z(z, 1)

(e+2)zpe(x, ty) +alz, tr) 2o (2, ty) — (2, tr) 2(x, ty) — d(2, tr) AL = f(x,ty)
(7.3.2)
subject to
2(x,0) = zo(x), 0< <1, 2(0,tp) = aq(t), z(1,tr) = as(t). (7.3.3)
Now, (7.3.2) can be written as
Lz(z,ty) = f(z,t) — d(x,t)z(xg;l)7 (7.3.4)
subject to
2(x,0) = zo(x), 0<x <1, 2(0,tp) = aq(t), z(1,tx) = as(t), (7.3.5)
where

Lz(z,t) = (€ + ) zgu(w, tr) + alx, tr) 2o (2, ) — lb(m, tr) + d(zttk)] 2, te).

The local truncation error e, at each time level to i, is given by

er, = u(x,ty) — z(x,ty), where z(z, ;) is the solution of (7.3.4)-(7.3.5).

The local error estimate is [11]
lexlloe < C(AL)?, 1<k < K. (7.3.6)
The global error estimate is [11]:

|Exlloo < CAL, 1<k < K. (7.3.7)

Spatial discretization

Let QY denote the following partition in the interval [0, 1] such that: zg = 0, zx/s = 1/2,
zy = 1 and let QN = ¥ x QN be the grid for the (z, t)-variables, and Q*N = QXN NQ.
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Due to the presence of an interior layer at the point zy/, = 1/2, the transition parameter

T:min{i,;ln (JZ)} (7.3.8)

where 7 is a positive constant. The spatial domain is discretized using a piecewise uniform

T is to be chosen as

mesh which divides the space domain [0, 1] into the following subintervals [0,1/2 — 7],

[1/247,1/2+ 7] and [1/2 4+ 7, 1]. These subintervals are subdivided uniformly to contain

N/4, N/2 and N/4 mesh elements respectively. Note that the mesh spacing is given by
4005 —7)/Nif j=1,2,--- ,N/4,3N/4+1,--- ,N — 1, N,

W ECERL LS /4,3N/ o)

A7/Nif j = N/4+ 1, N/4 + 23N /4.

We adopt the notation S(x;,#;) := S§. We construct the following scheme to solve (7.1.1)-

(7.1.3) along with appropriate boundary conditions.

o7k o sk 1Tk _ (Fk o Sk — ik BUTT
LNKE (e +x;) DU +a; Dy US — (b7 + 2Z)UF = fi — B j=0,--- N/2 -1,
J o ~ - ~ dk ~ dkUR— .
(e + ;) DU + @Dy UF — (Br + Z)WUF = fF — S~ j=N/2,--- N -1,
(7.3.10)
subject to the discrete initial and boundary conditions
U)(2,0) =), j=0,1,--- N, (7.3.11)
U =ab=a(k), Ub=ab =ay(k), 1<k <K, (7.3.12)
where
~p  ad¥ +a )
aj = =5+ forj=0,1,--- ,N/2-1,
ak+ak
ik = ST for j = NJ2,N/2+1,--- N — 1,
~ k k k
b= e for j—1,2,3,.-- N — 1,
~ k k k
]k: % for j=1,2,3,--- N — 1.
Uk, —U? Uk — Uk g
DiuF="2L_J p-ypk=J 1 pukt—=_= (DU - D UF
T 77 h§+1 x ) h;g J h,?—i—h?_,'_l( x ) x ])
and
k k—1
prvk=Yi= Y
J At
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Now, (7.3.10) can be expressed as
LgéKUf = T_U]k—l + rCUJZ€ + 74-*-(]]’?_‘_1 — Fj’ j=1,2,3--- N —1, (7.3.13)

where for j =1,2,3--- N/2 — 1, we have

2 , ak ak 9 N~ dk 2 .
= (e+z) 4 o= (e + ;) oSl g = (etz) (7.3.14)
hi(hi + hja) by hi hihjn At hjva(hj + hjs)

For j = N/2,N/2+1,--- /N — 1, we have

o 20e+x;) o a;  2e+ ;) _Ek_di‘ o 2(e + z;) ak
T hy(hy + b)Y hjiyi  hihk, TOAtT T hy(hy 4 b)) by
(7.3.15)
and krrk—1
e
e e %. (7.3.16)

The scheme (7.3.10)-(7.3.12) is a fitted mesh finite difference method (FMFDM) to solve
the problem (7.1.1)-(7.1.3).

The results of the analysis of the scheme (7.3.10)-(7.3.12) depend on the following mini-

mum principle.

Lemma 7.3.1. (Discrete minimum principle). Suppose that LYX is the discrete given
in (7.3.10) and 5]’“ is any mesh function verifying LN’K%C < 0in QMK 5? >0,

1<j<N, g >0and &k >0,1 <k <K, then & >0in QN
Proof. See Lemma 3.3.1 in Chapter 3.

Lemma 7.3.2. (Uniform stability estimate). At any time level tj, if Z]'? is any mesh

function such that Z} = Z§ = 0, then

1
1ZF| < = max |[LVFZF| VO<i < N.
1<j<N-1

Proof. See Lemma 3.3.2 in Chapter 3.

Based on the above continuous and discrete results, we are now in a position to pro-

vide the e-uniform convergence
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7.4 Convergence analysis

In this section, we prove that the proposed FMFDM is uniformly convergent of order one,

up to a logarithmic factor.

Theorem 7.4.1. . Let Uf be the approximation solution of problem (7.3.10)-(7.3.12) and
denote the solution z(xj,ty) of problem (7.3.4)-(7.3.5) at the time level t), by 2 = z(x;, ty).

Then, we have

N 2
max |Uk — z; M <ONT! [ ()] : (7.4.1)
0<j<N 4
Proof. We prove this Lemma on the interval [1/2,1]. The proof on [0,1/2] follows in a

similar way. In the case of the discrete problem, the solution UF of(7.3.10)-(7.3.12) can

be decomposed into a regular part and a singular part as
ko oyrk k
VIVRILHWY,
where V]k is the solution of the inhomogeneous problem

dk x Vi
i 2V 0_ 0 vk _ ok
————, Vi =}, Vi’ = g,

LNK k k
V f At ) Vi

and VVf is the solution of the homogeneous problem
LYRWE =0, W) =w), Wi =wp, Wy, =Unxjs — Vi

Using (7.1.1) and (7.3.10) the nodal error of the smooth component is computed as

dy x V!
N.K (1/k kN sk N,K, k
LRV —of) = fj_%_L Uj

T U —\ .,k
= (e +ux) E—ng vi +aj @—Dr v; -
Then, by local truncation error estimates (Lemma 4.1 [42]) at each point (z;,t;), we

obtain

a;
2

(5 + .73]')
3

k
L (VE—b)] < J

J J

for N/2<j < N-L
(7.4.2)

($J+1 Lj—1

3
H@UJ

a5
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Using the estimates of the derivatives of v; of Lemma 7.2.8 and h; = zj—x,;_1 < AN~ in

(7.4.2), we obtain

1+ (e+z)+ (e+x)te, a<1,
[LNVEWVE—ol) S CNT' 14 (e42) +In (e +1/2)7), a=1, (7.4.3)
1+ (+z)+eHet+a) a>1.

The above inequalities lead to:

ILVE(VE b < ONTL

J J

Now, applying Lemma 7.3.2 to the mesh function (V}k — Uf), we obtain

(V} — b)) £CN“for N/2<F< N — 1. (7.4.4)

J

The estimation of the nodal error of the singular component depends on whether 7 =
1/4 or

7 = (¢/n)In(N/4). If 7 = 1/4, the mesh is uniform, i.e., 7 = 1/4 < (¢/n)In(N/4). The
estimate of the singular component similar to equation (7.4.2), then gives

a
2

(e + Pw; y
|LY (W —wh)| < 3 L1 —151) 8953] ’

Fwh for 1 < j < N/2—1.

(zj—2j-1)

82wj
02

Noting that z;—x; 1 < 4N~! and taking into account the bounds on w; of Lemma 7.2.8

for each case of a, we obtain

(e +a)* a<l,
ILVEWE—wf)| KON (4 2) 2 In e +1/2)7Y, a=1, (7.4.6)
e e+az) 2 a>1.
The above inequalities lead to
LY E(WE—wh)| < CN~1e™. (7.4.7)

Since e~! < (4/n) In(N/4), we obtain the following inequality

| LYWk — wf)y < CN'In*(N/4).

J
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Using Lemma 7.3.2 then we obtain

|(WE—wh)| < ON"'In®(N/4) for N/2 <j < N-1. (7.4.8)

J

If 7 = (¢/m) In(N/4), the mesh is piecewise uniform. In this case we have two sub-intervals
namely [T + 1/2,1] and [1/2,7 + 1/2]. A different argument is used to bound W — w in
each subinterval. Firstly, we compute the error for the singular component in the coarse
mesh region [7 + 1/2,1], i.e. for all 74+ 1/2 < z; < 1. Using the triangle inequality, we
have

(WF —wh| < [WF|+|wk]. (7.4.9)

J J

Applying Lemma 7.2.8 to (7.4.9), we obtain
|wf| < Ce_lxj L ak W
Substituting the value of 7 in the above expression, we obtain
jw¥| < CIn(N/4)' < C'for 3N/4 < j < N. (7.4.10)

Now to obtain a similar bound on Wf , the interested readers can obtain the following

inequalities using of Lemma 7.3 (p.58) and Lemma 7.5 (p.60) of [42] which lead to
[WF| < CIn(N/4) < C for 3N/4<j < N. (7.4.11)
Combining the estimates obtained by (7.4.10) and (7.4.11), we obtain

|(WF —wh] < CIn(N/4) < C for 3N/4 < j < N. (7.4.12)

J

Now the bounds in the interior region, [1/2, 7+1/2] can be obtained from (7.4.5) by using
the bounds of w; in Lemma 7.2.8 keeping in mind that h = 47 /N, we obtain

LY (WF —wh)| < Che ™ < Cre N~

From (7.4.12), we have
|(W]’\€//2 - w?\,/z)] =0
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and

|W3kN/4 - w§N/4| < |W§N/4| + |w§N/4)| <O

Now, introduce the barrier function ®* in [1/2,7 4 1/2] defined by
O = (2 +7)Cre >rN~'+ CoN 7,

where C' and C5 are arbitrary constants.

Now consider comparison functions [¥=]¥ defined by

[UF]5 = (2 + 7)Cre TN A CoN T (W — w)). (7.4.13)

For an appropriate choice of Cy and Cy, (7.4.13) satisfies the following inequalities
Wiy, 2 0 and W = 0.
Note that
LYK 0,5 NJ24-1 < j'<U3N/4 - 1.

By applying Lemma 7.3.1 on [1/2,7 + 1/2] for the function [U*]¥, we obtain
(0¥ >0, N/2+1<j<3N/4-1.

Consequently,
|Wk — wﬂ < (I)j S 018_2T2N_1 + CQN_I.

J

Substituting the value of 7 in the above inequality, we obtain

(WF —wk| < CN"'In® (N/4). (7.4.14)

Using estimates (7.4.12) and (7.4.14), we obtain the estimate on the singular component

of the error on [1/2,7 4 1/2]

(WF —wh| <CN"'In*(N/4), N/2+1<j<3N/4-1. (7.4.15)
Noting that
Uy — 2§ = (VF =) + (W —wf) (7.4.16)
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and using (7.4.4) and (7.4.15), we obtain
UF — 25| < CN"'In(N/4))?, N/2—1<j<N. (7.4.17)
A similar analysis on the subinterval [0, 1/2] yields
UF — 25| < ON"'In(N/4))?, 1<j < N/2. (7.4.18)

Combining the inequalities (7.4.17) and (7.4.18) then gives the required result.

The next theorem provides the main result of this chapter.

Theorem 7.4.2. . Let u be the ezact solution of problem (7.1.1)-(7.1.3) and U be its
numerical solution obtained via the difference equations (7.3.10)-(7.3.12). Then, there
exists a constant C independent of the perturbation parameter ¢, and of the discretization

parameters h; and At such that

2
max |[Ub=bli< @ {At AN {m (ZD] ] . (7.4.19)

Proof. The result follows from the triangle inequality
IUF —ufll < NUF = 251+ ll2f — 451,

and the combination of (7.3.7) and Theorem 7.4.1.

To increase the accuracy as well as the rate of convergence of the scheme, we use Richard-

son extrapolation in the following section.

7.5 Richardson extrapolation on the FMFDM

In order to improve the accuracy of the proposed method, we apply the Richardson ex-
trapolation method. Richardson extrapolation is a procedure where a linear combination
of two approximations of some quantity results a third and better approximation of the

quantity [49].
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We consider the mesh €27, which is obtained by bisecting each sub-interval of QF. It
is clear that QO C Qfy = {#;} and &; — &;_1 = h; = h;/2. Let UF and UF be the nu-
merical solution of (7.3.10)-(7.3.12) on the mesh Q7 and 7, respectively. The estimate
(7.4.17) can be written as

UF — 2f = C\N"'In(N/4)* + Ry(z;), Vz; € Qf (7.5.1)
and
UF — 28 = Co(2N) " In(N/4)* + Ron(3;), Vi; € Oy, (7.5.2)
where C] and Cy are some constants and the remainder terms

Ry(x;) and Ron(E,) are O[NT (In(N/4))?].

Bear in mind that the transition parameter 7 remains the same as in (7.3.8) when com-

puting both UF and U]’?. This is seen from the factor In(N/4).

Combination of (7.5.1) and (7.5.2) gives
28— (2UF — UF) = Ry(x;) — 2Ran(x;) = O[N ' (In(N/4))?], Va; € Q7. (7.5.3)
Set
U™t = oUF — UF, Va; € QF, (7.5.4)

as the new approximation of z]k computed after employing Richardson extrapolation. The

error after extrapolation Uje "R can also be decomposed as in (7.4.16),

(Uea:t o Z)f _ (Vea:t _ U)f + (Welt _ w)k (755)

R
where Vje“ﬁ':t’]c and T/Vjext’]c are the regular and singular components of U;xt’k. The local

truncation error of the scheme (7.3.10)-(7.3.13) after extrapolation is given by

LYKt — o) = 2LV K(OF — 2;) — LYR(UF — 2)), (7.5.6)
where
- k ok
LNRUF =28y =r 20+ v 1tz — (e +2))2) — a2 + 0bzh + ]At] . (7.5.7)
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and
Lo
3

LNE(UF — 28 =720 + 72 + 7z — (e 4+ 20)2) — a2 + bh2F + -

J J J

(7.5.8)

The expressions for r—, r¢ and r* are given in (7.3.14) (7.3.15) and (7.3.16) respectively
while the quantities 7~, 7 and 7T are obtained by substituting h; by ilj and hjq by ﬁjﬂ
in the expressions r—, ¢ and r* respectively. Taking the Taylor series expansion of z}tl

and 2, about z; yields

2y =2 — by + };?ZJQ - 6332? + 224(51>j)7 (7.5.9)
Zfﬂ = zj + hj25 h%l Zi + h%lzg’ + hgzlz4(§2,j), (7.5.10)
zf_l = 2; iLJz; + szj‘? -4 ig)z? 4 %z‘l(gl,j), (7.5.11)
2o =z by + B?“z? + B?“z?’ + E§+1z4(52,j), (7.5.12)

4 VAR S ] G .7 24
where

~ l’jfl —|—x]’
Y

(gl’j) € (Ij—lvxj)7 (527]) € (Ij>$j+1), & € ( 5 M

x;) and 52 € (zy, 5

).
Substituting (7.5.9) and (7.5.10) into (7.5.7), (7.5.11) and (7.5.12) into (7.5.8), we obtain

LN’K([]]I-C - Z;C) = klzj + ]{]22’;- —+ ]€32]2- + ]{342? -+ /{?57124(51,]') -+ /{?57224(52,]') (7513)

and

LN’K(U;.C — ij) = %1Zj —+ ];322; + %32? + ];742]3 -+ ]%42? + /;35’124(517].) + ];35’224(527].). (7514)

The coefficients in (7.5.13) are

2+ ;)  2(e+x;) 2(e + z;)
]{;1: - + ) kQZOa
hi(hj+hje)  hihje hig(hi+hiag)

Vh,  akh. + 22)h,;
_era)hy 4 ”+(€ v (et ),
hj+hi 2 hj+hj
—(e+a;)h akhi (e +x;)h3,, _ (e 4 x;)h? B akn? (et aphiy,

B(hjthyr) 6 B(hythie) TN 12(hy+hy) 247 120yt hy)

3

k4:
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The quantities for ky, ks, ks, ki, /::5,1 and /;:572 can be obtained by substituting h; by ﬁj
and hj+1 by Bj—l—l-

Substituting (7.5.13) and (7.5.14) into (7.5.6), we obtain

LVEU — )b = Tyzj + Tozl) + +T32) + +Tu12W (&, §) + Tupz® (&, 5),  (7.5.15)

where
7 — U +z;)  ldle+ay) 14(e + ;)
Yol h) Bk by )
L (e+x)h; (c+2;)+ (€+$j)hj+17 T, = _&5@7
hj + hj+1 hj + hj+1 12
~
Ty = (e + xj)h? 4 h? and Tjg = _(€+$—])h§’+1

24(hj + hyy) 32 24

Given (7.3.9) and for the sake of simplicity, we use the notation

H 1ifyj =3N/4, 8N4+ 1, -, N,
h; = (7.5.16)
h WY S INJ2N/2 41 3N/

Using the fact that, for Vj =3N/4,3N/4+1,--- N, H = h; < 4N~ substituted into
(7.5.15) in the subinterval [7 + 1/2, 1], we obtain

akH? eH? a'H? cH?
LN’K Ve:pt _ )k — I m j (4) N (4) N 7517
( U)j 12 Uj + 48 + 32 v (517.]) 24 v (627.]) ( )

Using the triangle inequality and Lemma 7.2.8 substituting into (7.5.17), we obtain:

1+ (e42) 7 a<l1,
[LYE(V o) KON 14 (e+2) T In M e +1/2)70, a=1, (7.5.18)
1+eHe+a)? a>1.

The above inequalities lead to

|LNVE (Ve —u)f| S ON72

J

Hence, by Lemma 7.3.2, we obtain

[(Vert —u) < ON72. (7.5.19)

J
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The estimate of the nodal error of the singular component depends on whether 7 = 1/4 or
T = (¢/n)In(N/4). Firstly, the mesh is uniform and (e/n)In(N/4) > 1/2. The estimate

of the singular part of the local truncation error is obtained as follows

~kp2 2 ~kp3 3
NK (1 reat K ath eh ath 4 ) eh’ 4 .

LR (W —w)i = — ]12 wi’ + [48 + ?32 ] w® (&, ) — ﬂw( '(&,4).  (7.5.20)
Now, applying the triangle inequality and Lemma 7.2.8 substituted into (7.5.20), we
obtain

(e+x) %2 a <1,
LYVEWet —w)  <Ch™2{ (e+2)3In e +1/2)7", a=1, (7.5.21)
T a>1.
The above inequalities lead to
LYEWe —lw)k < Ch[PeT? SON 272 (7.5.22)
Since ¢! < (2/n) In(N/4), (7.5.22) becomes
|LYE(We —w)h| < CN72In? (N/4) .
Hence, by Lemma 7.2.8 we obtain
(W — w)s| < CN71In* (N/4). (7.5.23)

Secondly, the mesh is piecewise uniform with the mesh spacing h = h; < 47N~ for

Vj=N/2,...,3N/4 on [1/2,7+ 1/2]. We obtain from (7.5.22)

|LYE (Wt —w)h| < CLN P22 (7.5.24)
Using 7 = (¢/n) In(N/4) and Lemma 7.2.8 in (7.5.24) we obtain

(W — w)s| < CN~*1In* (N/4). (7.5.25)

A similar analysis can be performed on [0, 1/2].

Combination (7.5.19), (7.5.23) and (7.5.25) along with (7.5.5), gives rise to the following

theorem.
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Theorem 7.5.1. Let z and U be the solution of (7.3.4)-(7.3.5) and (7.3.10)-(7.3.12),
respectively. Then, there exists a constant C, independent of the perturbation parameter

e and the space discretization parameters h; such that

max (U — 2)¥| < CN~2 {m (N)r. (7.5.26)

0<j<N 4
Once more, using the triangle inequality and combining (7.3.7) and Theorem 7.5.1,

we obtain the error after extrapolation which we state in the following theorem.

Theorem 7.5.2. (Error after extrapolation). Let u be the exact solution of (7.1.1)-(7.1.3)
and U its numerical approzimation obtained via the scheme (7.3.10)-(7.3.12). Then, there
exists a constant C', independent of the perturbation parameter €, the time discretization

At and the space discretization paramelters hj such that

ext{|l k
ogjglz{flg?kgK (v u)]| ithe

Atk N2 {m (JDH . (7.5.27)

7.6 Numerical example

In this section, we present the numerical results obtained for the test problem. We begin
with N = 16 and At = 0.1 and then we multiply N by two and divide At also by two.
The maximum errors and order of convergence are calculated by the exact solution. The
solution in the example has a turning point at x = 0.5 , which gives rise to an interior

layer.
Example 7.6.1. Here we consider the following problem (7.1.1)-(7.1.3) for
a(x,t) = 2z — 1)(1+1), b(z,t) = (1 +at), d(z,t) =e ™, T =1
and the functions f(z,t) and ug(z) are such that the exact solution is given by
u(x,t) = e 520 — 14 ¢)*cos (2 — 1).

Maximum errors at all mesh points are determined

N, K e,N,K e,N,K
ESNE = lui ™ — Uy |, and we compute B, v x = ax E. Nk,

max
0<j<N;0<k<K
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N, K : N, K , . .
where u7;"" denotes the exact solution, and U;; """ denotes the numerical solution which

is obtained by a constant time step At using N mesh intervals in the entire domain

2 = [0, 1]. In addition, the numerical rate of uniform convergence is computed as
Tl = TE,Z — 10g2 (E87N17K1/E572Nl72Kl> .

After extrapolation the maximum errors at all mesh points and the numerical rates of

convergence are calculated as follows:

ext o ext e,N,K _ _ ext ext
e = max, UG — gy | and Ry = R = 1ogo(Bly, i,/ B2 2x,)-
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Table 7.1: Results for Example 7.6.1 Maximum errors before extrapolation

£ N=16 N=32 N=64 N=128 N =256 N =512
K=16 K=32 K=64 K=128 K=1256 K =512
1072 | 2.23E-02 1.61E-02 1.08E-02 1.02E-02 1.02E-02  1.02E-02
1073 | 2.22B-02 1.60E-02 1.10E-02 6.32E-03  3.47E-03  1.82E-03
107% | 2.22B-02 1.61E-02 1.10E-02 6.33E-03  3.48E-03  1.83E-03
1071 | 2.21E-02 1.61E-02 1.11E-02 6.34E-03 3.48E-03 1.83E-03
1072° | 2.21E-02 1.61E-02 1.11E-02 6.34E-03  3.48E-03  1.83E-03
Table 7.2: Results for Example 7.6.1 Maximum errors after extrapolation
£ N=16 N=32 N=64 N=128 N=256 N =512
K=16 K=432 K=64 K=128 K =256 K = 10240
1072 | 3.34E-02 1.21E-02° 1.02E-02 '1.02E-02 1.02E-02  1.02E-02
1073 | 3.36E-02 1.24E-02 3.63B-03 1.00E-03 1.01E-03  1.01E-03
1074 | 3.36E-02 1.24E-02 3.64E-03  9.60E-04 2.44E-04  1.02E-04
1071 | 3.36E-02 1.24E02 3.64E-03 9.74E-04 2.52E-04  6.40E-05
1072 | 3.36E-02 1.24E-02 3.64E-03 9.74E-04 2.52E-04  6.40E-05

Table 7.3: Results for Example 7.6.1 Rates of convergence before extrapolation

g T1 T2 T3 T4 s
10~* | 0.47 0.54 0.80 0.68 0.00
107° | 0.47 0.54 0.80 0.87 0.93
1077 | 0.46 054 0.80 0.86 0.93
10=2° | 0.46 0.54 0.80 0.86 0.93

Table 7.4: Results for Example 7.6.1 Rates of convergence after extrapolation

g 1 T9 T3 Ta Ts5
107% | 143 1.77 192 198 1.26
107° | 143 1.77 1.92 1.99 2.00
1077 | 1.43 177 1.90 1.95 1.98
1072° | 1.43 177 1.90 1.95 1.98
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7.7 Discussion

In this chapter, we proposed a Fitted Mesh Finite Difference Method (FMFDM) for a
class of time-dependent singularly perturbed problems in which the diffusion term is a
function € with z as a linear function. In addition, the solution to this problem displays an
interior layer due to the presence of a turning point. After providing appropriate bounds
on the solution and its derivatives, we used the classical Euler method to discretize the
time variable. This process resulted in a system of interior layer boundary value problems
(one at each time level), which we solved by using a FMFDM. The proposed method
used an upwind scheme on an appropriate non-uniform mesh of Shishkin type, fine in the
(interior) layer and coarse elsewhere. Using bounds on the solution and its derivative,
we showed that numerical method was uniformly convergent relative to the perturbation

parameter € and the step-size.

Theoretical results were validated through a numerical experiment. We computed the
maximum point-wise errors and the corresponding rates of convergence for different

values of N and K. The results displayed in tables 7.1 and 7.3 that the method was uni-
formly convergent. Furthermore, we investigated the effect of Richardson extrapolation
via FMFDM in order to improve our results. For comparison purposes, we kept the same

values of N and K considered above with numerical results shown in tables 7.2 and 7.4.
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Concluding remarks and scope for

future research

In this thesis, we considered various classes of singularly perturbed two-point boundary
value problems and time-dependent parabolic problems whose solution exhibited an inte-
rior layer due to the presence of a turning point. Cases of constant and variable diffusion
coefficients were investigated. The major objective of this thesis was to construct and
analyse fitted mesh finite difference methods (FMFDMs) on Shishkin meshes and to use
Richardson extrapolation to increase their accuracy and rate of convergence. Noting that
a Shishkin mesh is a piecewise constant mesh, we wanted to investigate how these meth-
ods would perform if the mesh was graded. To this end, in Chapter 4, we designed a
FMFDM on a Bakhvalov mesh.

For each of the problems, we commenced by establishing bounds on the solutions and
their derivatives before embarking on the design of the method. These bounds were in-

strumental in the convergence analyses of the proposed FMFDMs.

Investigations of the two-point boundary value problems indicated that the proposed
methods were e-uniformly convergent of order one which was improved to order two when

applying Richardson extrapolation. Similarly, methods proposed for the parabolic proved
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to be e-convergent of order one in the time and space. Richardson extrapolation was
applied in space direction to achieve second order accuracy. These theoretical results
were supported with extensive simulations. Numerical results were tabulated in relevant

chapters.

As far as the scope for further research is concerned, we intend to
e Present a mesh-independent analysis to the problems considered.

e Explore the possibility of extending the proposed approach for elliptic singular per-

turbation problems having a variable diffusion coefficient.
e Construct higher order fitted mesh methods to solve the problems considered.

e Explore the possibility of extending the proposed method to solve fractional order

differential equations.

e Explore problems in applied sciences where solutions change in the interior of the

domain and are sensitive to the change in the diffusion coefficient.
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