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ABSTRACT

We begin with the concept of closure space and show how it relates to other objects like graphs and
metric spaces in categorical terms. We also study the notion of simplicial sets and show that there
is an adjunction between the category of simplicial sets and the category of closure spaces. We will
define the homology and cohomology of simplicial sets and apply that treatment to the construction
of various homologies and cohomologies for closure space. Moreover, we also present an investiga-
tion of the Dold-Kan correspondence theorem. Finally, we will focus on the categorical foundation
of persistent homology and promote a general formalization of a stability theorem; both of these are
at the heart of topological data analysis.
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Chapter 1

Introduction

From the beginning, algebraic topology aims to distinguish topological spaces and continuous
maps between them up to homeomorphism. In classical algebraic topology, we associate with a
space an algebraic object that is invariant under continuous deformation, which is called algebraic
invariant, for instance: homology group, betti numbers, and homotopy group. We then use those
algebraic invariants to understand the topological properties of a space. Algebraic topology is then an
interplay in the construction and use of functors between the category of topological spaces and the
category of groups. With numerous advances made by various mathematicians, algebraic topology
has been playing an increasingly important role not in theory but also in data analysis. What we call
topological data analysis (TDA) is a novel tool and algorithm for the analysis and visualization of data,
that uses mostly the techniques of persistent homology, which are, of course, based on homology
theory. An algebraic invariant plays an important role in TDA; it has significant meaning about the
shape of the data.

Overall, the importance of this work is threefold:

We will begin with the fundamental concepts of closure spaces, including the correspondence
between closure spaces, interior spaces, and neighborhood spaces. In addition, we will investigate
how far a closure space can be related to other objects like graphs, digraphs, and metric spaces. Most
of the definitions and results have been introduced by Cech in [CFK66] while the categorical formal-
ization has been presented later in [DT95] and [BM22].

In Chapter 3, we will specialize in the theoretical aspects of simplicial sets. A classical method
to study a topological space is to approximate or decompose it into a block of simplices: points, seg-
ments, triangles, and so on. In 1950, Samuel Eilenberg and Joseph Zilbert introduced the theory of
simplicial sets, which can be thought of as an abstraction of the triangulation of a space. Therefore,
in Chapter 3, we will focus on these theoretical aspects. We will see that every simplicial set gives rise
to a closure space and vice versa, which leads to an adjunction between those corresponding cate-
gories. Furthermore, the main core of this chapter will be the construction of various homologies
and cohomologies for closure spaces using simplicial set theory. Singular homology and homotopy
for closure spaces has been introduced by Davide Carlo and Bogin, Garbaccio Rosanna in [Bog84].
Peter Bubenik and Nickola Milicevi¢ redevelop that idea by defining a various singular and cubi-
cal homology theory. We then propose an explicit construction of singular (co)homology and Cech
(co)homology of closure spaces using the homology of simplicial set, following the approach given
in [GM96]. We will close this chapter by investigating the Dold-Kan correspondence theorem, which
states that there exists an equivalence between the category of simplicial abelian groups and the cat-
egory of non-negative chain complex. We will follow mainly the approach given in [GJ09] [Wei94]
[BM21] and [GM96] along this chapter.

The last chapter will be devoted mostly to the theoretical foundations of topological data analy-
sis. We will begin with a categorical definition of the basic material in topological data analysis. We
will see what kind of mathematical object we can use to encode the shape of the data. After that,
we give a general framework of the methods of persistent homology as well as the stability theorem,



which are considered the cores of topological data analysis. In addition, it is worthwhile to know
that persistent homology can be applied in data analysis after the first version of the stability theo-
rem was proved by Cohen-Steiner, Edelsbrunner and Harer in [CEHO07]. We then end this chapter by
showing the stability theorem in the generalized case. The stability theorem guarantees the effective-
ness of the method of persistence homology and especially the persistence diagram. The framework
given along this chapter will be generalized in the category of Cech closure spaces, but we will show
clearly some useful particular cases of topological space and simplicial complex. We refer mostly to
[Cha+16], [EH10], [BS14] and [BM22] in this chapter.

The last part of this work is an appendix that is devoted to a brief introduction of category theory.
The reader who is familiar with category theory can ignore this part, and those who are not familiar
should read first before starting Chapter 2. We will recall some basic definitions of category, functor,
and natural transformation. After that, we give an overview of the Yoneda lemma, (co)limit, adjunc-
tion and the notion of the coreflective category. It is extremely important to note that we only recall
in this appendix what we need along with this work, so this is never enough to cover the background
of category theory. However, those who might be interested in category theory can read for instance
[Mac98], [Riel6] and [AHS90].



Chapter 2

Closure, Interior and Neighborhood
Spaces

In this chapter, we shall introduce the most fundamental concepts of a closure space and give some
elementary results. We will provide a description of a closure operation in terms of interior and
neighborhood operators, and vice versa. Furthermore, we will see the connection between cate-
gories of closure spaces and relations that include simple graphs and simple digraphs. We will close
this chapter by constructing a functor from the category of metric spaces to the category of closure
spaces. Most of the material given here appears in [CFK66] and [DT95].

2.1 Closure Spaces

Definition 2.1.1. [CFK66] Let X be a set. Amap cx : P(X) — P(X) is called a closure operator for X if
the following conditions are satisfied:

i. (Grounded) cx(®) = @,
ii. (Extension) forall Ac X, A< cx(A),

iii. (Monotone) for all A, B < X such that A< B, cx(A) < cx(B).

The pair (X, cx) is called a closure space.

iv. (Additive) forall A,B< X, cx(AUB) = cx(A) Ucx(B).

If in addition the closure operator cy satisfies condition iv. we say that cx is a Cech closure
operator on X and the pair (X, cx) will be called a Cech closure space, we will call it again closure
space for simplicity.

v. (Idempotent) for all A< X, cx(cx(A)) = cx(A).

Moreover, if the condition v is satisfied, then cy is called a Kuratowski topological closure opera-
tion for X and the pair (X, cx) is a Kuratowski topological space.

If we have a set of one element {x}, we will write simply c({x}) as c(x). We also note that for given
closure operators ¢, d : P(X) — P(X), we say that c is finer than d and d is coarser than c if and only of
c(A)cd(A) forevery Ac X.

Definition 2.1.2. [CFK66] Given a closure space (X, cx) and A < X. We say that A is closed if cx(A) =
A, and openif cx(X\ A) =X\ A.

Example 2.1.3. [DT95] [CFK66] Let X be a set.



* The discrete closure operator for X is the identity map idx : P(X) — P(X), which is the finest
closure operator on X.

* The indiscrete closure operator for X is the map indyx : P(X) — P(X) defined by

X iftA#9

ndx(A) =
x4 {(b ifA=g.

This is the coarsest closure operator on X.

 Let (X,7) be atopological space. The Kuratowski closure operator kx : P(X) — P(X) is defined
by kx (A) = Awhere Ais the smallest closed set (i.e. X\ A€ 7T) on X containing A; in other word,
A is the intersection of all closed sets containing A. The pair (X, kx) is called the Kuratowski
closure space.

Definition 2.1.4. [CFK66] Let (X, cx) and (Y, cy) be closure spaces. Amap [ : (X,cx) — (Y,cy) is
continuous at x € X if for all A< X, x € cx(A) implies f(x) € cy(f(A)). We say that f is continuous if
itis continuous at each point x € X.

Definition 2.1.5. [DT95]

1. Let (X,cx) be a closure space and Y be a subset of X. We define the closure operator cy :
P(Y) — P(Y) of the subspace (Y, cy) to be the finest closure operator on Y that makes (Y, cy) —
(X, cx) continuous; cy is given by

cy(A)=Yncx(A), forall AcCY.

2. Let f: (X,cx) — Y be a surjective map from a closure space (X, cx) to the set Y. We define a
quotient closure operator cr:P(Y)— P(Y) by

cr(A) = flex(f1(A))

forall Ac Y. Infact, this is the coarsest closure operator on Y which makes f: (X, cx) — (Y, ¢ 1)
continuous.

Proposition 2.1.6. [CFK66] Let [ : (X,cx) — (Y,cy) and g : (Y,cy) — (Z,cz) be continuous maps.
Then the composition gf : (X, cx) — (Z,cz) is continuous. Moreover, the composition is associative
and for every continuous map f : (X,cx) — (Y,cy), fidx = f and idy f = f where idx and idy are
identity continuous maps on (X, cx) and (Y, cy) respectively.

Proof. Let Ac X.

(g f)ex(A) = g(f(ex(A)) =gley (f(A) f is continuous
Ccz(g(f(A)) =cz((gH(A) g is continuous.

Therefore, g f is continuous.
It is clear that the composition is associative and for any continuous map f: (X, cx) — (Y, cy) we
have, fidx = fandidyf=f. O

Definition 2.1.7. We define the category CS (resp. CL) to be the category of all (Cech) closure spaces
as objects and continuous maps between (Cech) closure spaces as morphisms. The category CL is a
full subcategory of CS.

Proposition 2.1.8. [CFK66] Let (X, cx),(Y,cy) € CS and f : X — Y be a set map. The following condi-
tions are equivalent.



@) f:(X,cx)— (Y,cy) is continuous.
(i) Forall Ac X, f(cx(A) S cy(f(A).
(iii) ForallBSY, cx(f~1(B)) € f~'(cy(B)).

Proof. Ttis easy to checkthat f: (X, cx) — (Y, cy) is continuous if and only if for all A< X, f(cx(A)) <
cy (f(A)).
Assume that f satisfies the condition (ii). Let B < Y. We have f~!(B) < X. By the condition (ii),
we get
flex(F B ey (F(FHB)) S ey (B).

The last inclusion comes from the monotonicity of ¢y and the fact that f(f~'(B)) < B. It follows by
the Galois connection f(-) - f‘1 (=) that cX(f_1 (B)) < f_l((,‘y (B)). This yields the condition (iii).

Suppose that the condition (iii) holds. Let A< X. We have f(A) € Y. We note that A< f~1(f(A)).
The monotonicity of cx implies

cx(A) € cx (f (F(A)).
By the condition (iii), we obtain
ex(FYHFA)) € Fl ey (FA)).

Socx(A) < f‘1 (cy (f(A))). Again, by the Galois connection f(-) - f’l(—), we have f(cx(A)) € cy (f(A4)).
Hence we get the condition (ii). O

Remark 2.1.9. As shown in [CFK66], [Rie21a] we have the following results:

1. Let (X, c) be a Cech closure space. A topological modification of c is a topological closure operator
T.: P(X) — P(X) given by

T:(A) = ﬂ{Fl AcCF c¢(F)=F}forall Ac X.
We note that 7. is an idempotent closure operator. i.e., 7.7, = T,.

T
2. There is an adjunction Top T v CL. where 7 is a functor mapping a closure space (X, ¢) to
]

a topological space (X, 7.), and a continuous map f : (X,c) — (Y,d) to a continuous function
7f:(X,7¢) — (Y,74) in Top; and ¢ is a functor sending a topological space (X, 7Tx) to a closure
space (X, kx) and continuous map f : (X, Tx) — (Y, Ty) to a continuous map f : (X, kx) — (Y, ky)
in CL.

2.2 Interior Spaces and Neighborhood Spaces

Definition 2.2.1. Let X be a set. An interior operator on X is a map ix : P(X) — P(X) satisfying the
following conditions:

i ix(X)=X,
ii. ix(A)c Aforall Ac X,

iii. ix(A)<ix(B)forall ACBCX.
The pair (X, ix) is called interior space.

iv. ix(AnB)=ix(A)nix(B)forall A,Bc X.

v. ix(ix(A)) = Aforall Ac X.



Remark 2.2.2. Let (X, ¢) € CS. The closure operator ¢ induces an interior operator i, : P(X) — P(X)
defined by i.(A) := X\ c(X \ A), for all A< X. Conversely, given an interior space (X, i), the interior
operator i is uniquely determined by the closure operator ¢; : P(X) — P(X) given by ¢; (4) = X\i(X\A)
for all A< X. In case that (X, ¢) € CL, the interior operator i. satisfies the condition iv. in Definition
2.2.1. Moreover, if the closure operator c is a topological closure, then i, satisfies the condition v. in
Definition 2.2.1.

Definition 2.2.3. Let (X,c) € CL. A subset U of X is a neighborhood of aset Ac X if Aci.(U). A
neighborhood system of a set A is a non empty collection of neighborhoods of A. In particular, if A is
a singleton set {x} we write simply neighborhood system of x.

Definition 2.2.4. [Rie21a] Let (X, c¢) € CL. We say that

1. a collection U = {Ugy}qeca of subsets of X is a cover of (X, ¢) if X = Ugea Uy, i.e. ifforall x € X
there exists U € U such that x € U.

2. acollection U/ = {Uy}qeca of subsets of X is an interior cover of (X, c) if X = Ugea ic(Uy), i.e. if
every point x € X has neighborhood in /.

If in addition every U € U is open (closed), then we say U/ is an open (closed) cover.

Definition 2.2.5. [CFK66] Let (X, ¢) € CL. A base of the neighborhood system of A < X is a nonempty
collection B of subsets of X such that each set B € B3 is a neighborhood of A and each neighborhood
of A contains a set in B. If A = {x} is a set with one element, we will use the term local base at x.

Proposition 2.2.6. /i CFK66] Let U (x) be a local base at x. Then forall Ac X,
X€Ec(A) = VYUelUX), UnA# Q.

Proof. Let A< X. First, assume that x € c¢(A). Since U (x) is a local base at x, then for every U € U (x),
x € X\c(X\U). Suppose that Un A= @, then A< X\ U. Then c(A) € c(X\U). So x € c(X\U). This is
contradiction because U is a neighborhood of x. Thus Un A # @.

Conversely, suppose that x ¢ c(A),i.e. x € X\c(A) = X\c(X\(X\A)). Then X\ Ais aneighborhood
of x,s0 X\ AelU(x), but (X\ A) N A=@. We must have x € c(A). O

Proposition 2.2.7. [CFK66] Let x € X. IfU (x) is a local base. Then U (x) satisfies the following condi-
tions:

@U(x) # @,

() forallU eU(x), xe U,

(c) foreach U,V € U(x), there exists W € U (x) such thatW<cUnNV.

Proof. Suppose that U (x) is a local base at x. It is clear that {/(x) # @.
LetUel(x). Then xe€ X\ c(X\U). Since X\U < c(X\U),then X\ c(X\U)<U.SoxeU.
Let U,V eU(x). We have X\ U < X\ (Un V). It follows that

xeX\cX\U) s X\c(X\(UNV)).

So x€ X\ ¢(X\(UnV)). Therefore Un V is a neighborhood of x. It follows that there exists W € I/ (x)
suchthat WcUnV. O

Theorem 2.2.8. [CFK66] For each x € X, letlU (x) be a collection of sets that satisfies (a), (b) and (c) in
Proposition 2.2.7. Then, there exists a unique closure operator ¢ on X such that for each x € X, U (x)
is a local base at x in the closure space (X, c). Precisely, the closure operator ¢ on X is obtained from
Proposition 2.2.6 as follows:

c(A)={xeX|VUeUx), UnA# @}, forall Ac X.



Proof. Let U e U (x). Itis clear that c(@) = @.

Let A< X and x € A. Let U € U(x), by the condition (b) we have x € U. Then x € Un A. Therefore
xec(A) and A< c(A).

Let A,B< X. Letx € c(A)Uc(B). Forevery U € U (x) wehave UNnA# @ or UNB # @, s0 UN(AUB) #
@. Thus x € c(AU B) and then c¢(A) U c(B) € c(AU B).
Suppose that x € c(A) U c¢(B). There exists U, V € U (x) such that Un A=V n B = @. By the condition
(c), there exists W € U (x) such that W < Un V. Since we have

WnNn(AUB)=(WNnAUWnNB)=4¢.

Therefore x ¢ c(AU B). So c(AU B) < c¢(A) U c(B). Hence c(AU B) = ¢(A) U ¢(B). We conclude that c is
a closure operator.

Now, we have to show that U/ (x) is a local base at x. Let x € X and U € U(x). Suppose that
xec(X\U).Forevery Veld(X), VN(X\U) #@,but U e (x) and UnN (X\U) = @. So, we must have
x € X\ c(X\U). Thus U is a neighborhood of x in (X, ¢).

Let V be a neighborhood of x in (X, ¢), thatis xe X\ c(X \ V).

Suppose that for all U € U (x), (X \ V)N U = @. Tt follows by the definition of the closure operator ¢
that x € ¢(X \ V). That means V is not a neighborhood of x, but that is a contradiction. Therefore,
there exists U € U/ (x) such that U € V. Hence U/ (x) is a local base at x. O

Definition 2.2.9. [BM22] Let X be a set. A neighborhood function on X is a map N : X — P(P(X))
satisfying the following conditions: for all x € X,

i. N(x)#o,
ii. forall Ae N(x), x€ A,
iii. if Ae M (x) and A< B then Be N (x),

iv. if A,Be N'(x) then AnB e N (x).
We note that N/ (x) is a filter. For x € X, we call A € N (x) a neighborhood of x and call A/ (x)
a neighborhood filter. Gall N a collection of neighborhood filters. The pair (X, ) is called a
neighborhood space.

v. if A € N (x) then there exists B € N (x) with B € A such that for all y € B, there exists C € N »
such that C ¢ B. If in addition \ satisfies the condition v, then (X, \) is a topological space.

Definition 2.2.10. [BM22] Let (X, ¢) € CL and let i be the corresponding interior operator associated
with c. There is a neighborhood function N : X — P(P(X)) defined by

Nx={AcX|x¢c(X\A)}={Ac X|x€i(A)} forall xe X.

Definition 2.2.11. [BM22] Given a collection of neighborhood filters N. There exists an interior and
closure operator i, ¢ : P(X) — P(X) defined as follows:

i(A)={xeX|qUeN(x),Uc A} forall Ac X,
c(A)={xeX|VUeN (x),UnA# @} forall Ac X.

Definition 2.2.12. [CFK66] Let (X, Nx) and (Y, Ny) be a neighborhood spaces. A continuous map
f:(X,Nx)— (Y,Ny)isasetmap f: X — Y such that for all x € X and for all Ae Ny (f(x)), f }(A) €
Nx(x). Equivalently, f is continuous if and only if for each x € X and for each A € Ny (f(x)), there is
a B € N'x(x) such that f(B) < A.

Proposition 2.2.13. Let f : (X,Nx) — (Y,Ny) and g: (Y,Ny) — (Z,N) be continuous maps. The
composition g f : (X,Nx) — (Z,N7) is continuous. Moreover, the composition is associative.



Proof. Letxe Xand A€ N, (gf(x).Sety= f(x),wehave A€ Nz(g(y)). Since g is continuous, then
g7 1(A) e Ny (1), so g 1(A) e Ny (f(x)). Since f is continuous, we have f~1 (g1 (A)) € Nx(x), that is
(g /)1 (A) e Nx(x). Thus g f is continuous. It is easy to check that the composition is associative. [

Remark 2.2.14. The identity map idx on (X, N) is continuous. Moreover, if [ : (X,Ny) — (Y,Ny)
is a continuous map, then fidx = f and idy f = f.

Neighborhood spaces together with all continuous maps between neighborhood spaces form a cat-
egory of neighborhood spaces denoted by Nb.

Proposition 2.2.15. Let f: (X, Nx) — (Y,Ny) bea continuous map inNb. Then f induces a continu-
ousmap f : (X, cx) — (Y,cy) in CL where cx and cy are the closure induced by N'x and Ny respectively
as in Definition 2.2.11.

Proof. Let A< X and y € f(cx(A)). There exists x € cx(A) such that y = f(x). Let V e Ny(f(x)). By
the continuity of f: (X,Nx) — (Y,Ny) in Nb, we have f‘l (V) € Nx(x). It follows from the definition
of cx(A) that f~1(V)n A # . Since ¢ # f(f " HV)nA) = Vn f(A) then y = f(x) € cy(f(A)). So
flcx(A) € cy(f(A)). Hence f: (X, cx) — (Y, cy) is continuous in CL. O

Proposition 2.2.16. Let f: (X, cx) — (Y, cy) be a continuous map in CL. Then f induces a continuous
map [ : (X,Nx) — (Y, Ny) inNb where N'x and Ny are defined as in Definition 2.2.10.

Proof. Let x € X and A € Ny(f(x)). We need to prove that x ¢ cx(X \ f‘l(A)). It follows by the
definition of Ny that A€ ANy (f(x)) implies f(x) € Y \ cy (Y \ A).
We note that

xe U E W \ey(YVNA) =X\ fF ey (Y \ A).

‘We observe that
ex(X\ F7HA) = cx(FTHY \ A).

Moreover, since | : (X, cx) — (Y, c¢y) is continuous
ex(FHY VA € F ey (Y A)).

Therefore
xeX\ flley(YVA) S X\ ex(F LY\ A)).

Thatis x ¢ cX(f_1 (Y \ A). Then f_1 (A) € Nx(x). Hence [ is continuous in Nb. O

Remark 2.2.17. According to Proposition 2.2.15 and 2.2.16, in addition with Proposition A.0.6, there
exists a functor from the category NV : CL — Nb and C : Nb — CL respectively.

Theorem 2.2.18. [BM22] The category Nb is isomorphic to CL.

Proof. Let (X,\) e Nb. We have to prove that NC(X,N) = idnp(X,N).
Set NC(X,N) = (X, N), where the neighborhood function N:X - PP(X))is given by

N ={AcX|IUeN (%), Un(X\ A) = @}
={AcX|3UeN(x), U< A},

forall x € X.

Let x€ X and Ae N (x). Since A< Athen A€ N (x). So NV (x) = N (x).

On the other hand, let A € A/(x). There exists U € A/(x) such that U < A. Since ¢(X\ A) < ¢(X \ U),
then x ¢ c(X\ A). Therefore A € N'(x) and N (x) € N'(x). Hence N (x) = N (x) and it follows that
X, N) = (X, ).



Let (X, ¢) € CL. Now we have to show that CN (X, ¢) = idcL(X, ¢).
Set CN(X, ¢) = (X, ¢), where the closure operator ¢: P(X) — P(X) is defined by

CA={xeX|x¢cX\U) = UnA#g}
=xeX|UNnA=¢ = xec(X\U)}

forall Ac X.
Let Ac X.Letxec(A)suchthatx¢ c(X\U).fUNnA=¢@ then A< X\ U, so c(A) € c(X\U), but this
contradict the hypothesis, so we must have Un A # @. Then x € ¢(A) and c(A) < ¢(A).

Let x € ¢(A). Since (X\ANA=¢then xe c(X\(X\A) =c(A). Therefore ¢(A) < c(A). Thus
¢(A) = c(A) and that implies (X, ¢) = (X, ¢).

Moreover, it is clear that for every morphism f in Nb and g in CL we have CN(g) = idnp(g) and
NC(f) =idcL(f). We conclude that CN = idyp and NC = idcy. O

2.3 (Co)product and (Co)equalizer

This section is devoted to the definition of certain categorical small limits and colimits in CL.

Let {(X;, c;)}icr be a collection of closure spaces. Let X be the set given by the cartesian product
of X;, i.e. X =T];esX;; any element x € X is then written as x = (x;);e; where x; € X; for every i €
I. Consider the natural projection maps 7; : X — X;. We would like to define the coarsest closure
operator ¢ on X which makes those projections 7; all continuous.

Proposition 2.3.1. [CFK66] For every x € X, a local base U (x) at x consists of a collection of all sets of
the form Njes n]_.l(Vj) where ] is a finite subset of I and V; is a neighborhood of 7 j(x) in (Xj,c;) for
each j € J. MoreoverU (x) satisfies the condition in Proposition 2.2.7. Therefore, by Theorem 2.2.8 there
exists a unique closure operator c on X characterized by the local base U (x) for all x € X.

Definition 2.3.2. The closure space (X, ¢) together with the family of projection maps {r; : (X,c) —
(Xj, ci)}ier form a categorical product on the category CL.

In other words, it is a limit of the diagram F from the discrete category I to CL that sends each object
i e Ito the closure space (X, c¢;) € CL.

In particular, we have the following product of two closure spaces.

Definition 2.3.3. The diagram (Y, cy) <”—Y (XxY,exy) i} (X, cx) form a product of (X, cx)
and (Y, cy) in the category CL where X x Y is cartesian product and the closure operator cy,y is
obtained from the local base

Ux,y)={UxVXxY|VYUeUX),VVeUy}

where U (x) and U (y) are the neighborhood systems of x and y respectively.
By Theorem 2.2.8, we have the closure operator

cxy(A) ={(x, ) e XxY|VUxVel(x,y), An(Ux V) # ¢},

forall Ac X xY.

Let {(Xj, ci)}ier be a collection of closure spaces. Let X be the disjoint union X := [[;¢; X;. We
have to define the finest closure operator ¢ on X which makes all natural inclusion ¢; : (X;, ¢;) — (X, ¢)
continuous.

Definition 2.3.4. [CFK66] Let A < X such that A =[[;c; A; where each A; € X; for all i € I. Define the

closure of A by
c([]An =[] ei4).
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The following is a characterization of the categorical coproduct of closure spaces.

Definition 2.3.5. The closure space (X, c) is characterized by the following universal property:

For every closure space (Z, d) and every family of continuous maps {h; : (Xj, ¢;) — (Z, d)}ie;, there
exists a unique continuous map f : (X, c) — (Z,d) such that fi; = h; forevery i € I.
In other words, the categorical coproduct is then the colimit of the diagram F from the discrete cate-
gory I to CL sending each object i € I to the closure space (X;, ¢;) € CL.

f
Definition 2.3.6. [BM22] Given continuous maps (X, cx) ; (Y,cy). Consider a closure space
g

(E,c) where E := {x € X| f(x) = g(x)} and c is defined as in Definition 2.1.5. We define the equalizer
of f and g to be the object (E, ¢) € CL (or the pair ((E, ¢),t)) together with the continuous inlusion
L:(E,c) — (X, cx).

f
Definition 2.3.7. [BM22] Given continuous maps (X, cx) 3 (Y,cy). A coequalizer of f and g
g

consists of the object (Y/ ~, ¢p) € CL (or the pair ((Y/ ~, ¢p), p)), where ~ is an equivalence relation
generated by (f(x),g(x)) forall x € X, p: (Y,cy) — (Y/ ~,¢p) is a continuous map and the closure
operator ¢, is defined as in Definition 2.1.5.

Theorem 2.3.8. [BM22] The category CL is complete and cocomplete.

Proof. Since category CL has a product and equalizer (resp. coproduct and coequalizer), then it is
complete (resp. cocomplete) by Theorem A.0.23. O

2.4 Relations and Closure Spaces

The material in this section were originally introduced by Slapal in [Sla93]. He developed a construc-
tion of closure space from a relational system and vice versa. Moreover, both of these constructions
are functorial.

Let « > 1 be an ordinal number.

Definition 2.4.1. [Sla93] Let (X, ¢) € CS.

i) A closure space (X, ¢) is called s, -closure space if the following condition is satisfied:

VA X = c(A) = U {c(B)| |B| < a}.
BcA

Here, the notation |B| means the cardinal of the set B.
ii) A closure space (X, c) is symmetricif y € c(x) implies x € c(y) for all x, y € X.

It is worth to mention that any s,-closure spaces are called Alexandroff closure spaces which agree
with the definition in [DT95]. Furthermore, itis clear that any s,-closure operation is additive. We will
denote by CL4 (resp. CLg4) the category where whose objects are an Alexandroff (resp. symmetric
Alexandroff) closure space and whose morphisms are a continuous map between them. Both are full
subcategories of CL.

Let X be a set. We denote by X¢ the set of all sequences (x;)o<i<q Of type a where x; € X for all
O<i<a.

Definition 2.4.2. [Sla93]
1. The ordered pair (X, R) where X is a set and R is an a-ary relation on X (i.e. R < X%) is said to be

a relational system of type a or a-ary relational system.
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2. Given an a-ary relational system (X, R) and (Y,S). Amap f: (X,R) — (Y,8) is called a homomor-
phism of relational systems if for all (x;);<, € R implies (f(x;))i<q € S.

We denote by Rel, the category of a-ary relational systems and a homomorphism of a-ary rela-
tional systems.

Example 2.4.3. The following is a well-known, particular 2-ary relational system that we will need
later. Let X be aset. Set D :={(x,x)| x€ X} < X x X.

a) [BM22] A simple graph or graph is a pair (X, E) where E € X x X is a symmetric relation on X such
that EnD = @.

b) [DT95] A directed graph or digraph is a pair (X, E) where E < X x X is arelation on X.
c) [DT95] A spatial digraph is a pair (X, E) where E € X x X is a reflexive relation on X.

A graph (resp. digraph) homomorphism is a homomorphism between a simple graphs (resp. di-
graphs) defined as in Definition 2.4.2.
For simplicity, if R is a 2-ary relation we will write xRy by meaning that (x, y) € R.

Furthermore, all simple graphs (resp. digraphs, spatial digraph) together with all graph homo-
morphisms (resp. digraph homomorphisms. spatial digraph homomorphisms) form a category de-
noted by Gph (resp. DiGph, SDiGph), which are full subcategories of Rel,.

Definition 2.4.4. [Sla93] Let (X, R) € Rel,. Define a closure operator cg : P(X) — P(X) induced by the
a-ary relation R as follows: forall Ac X,

cr(A) = Au{x e X|3(x;)i<a €ER, (ip <), x=x;, and Vi <ip, x; € A}

Moreover, the pair (X, cg) is a closure space. As shown in [S1a93], the closure operator cy, satisfied the
condition of s,-closure in Definition 2.4.1.

Theorem 2.4.5. [Sla93] There is a functor ®, : Rel, — CS sending an a-ary relational system to a
closure space and a homomorphism of an a-relational system to a continuous map between closure
spaces.

Proof. The mapping on object is defined by ®, (X, R) = (X, cg) for all (X, R) € Rel,, and (X, cg) is the
same as in Definition 2.4.4.

Let f: (X,R) — (Y,S) in Rel,. We have to prove that f induces a continuous map f : (X, cg) —
(Y, cs) in CS.
Let Ac X and y € f(cgr(A)). There exists x € cg(A) such that y = f(x).
If x € A, then it is clear that y € cs(f(A)).
Now, suppose that x € cgr(A) \ A. There exists (x;);<¢ € Rand 0 < iy < a such that x = x;, and x; € A
for all i < iy. Since f is a-ary homomorphism, there exists f(x;)i<q € S and 0 < i < a such that
y=fx) = f(x;) and f(x;) € f(A) for all i < ig. Then y € cs(f(A)). Thus f(cr(A)) € cs(f(A)), that is
f:(X,cg) — (Y, cs) continuous.

We set @4 (f) = f for all f in Rel,. By Proposition A.0.6, @, is a functor. O

Definition 2.4.6. [Sla93] Let (X, ¢) € CS. We define an a-ary relation R, induced by the closure oper-
ator c as follows:

(Xi)i<a € Rc <= xj, € c({x;| i < ip}) for any iy with 0 < iy < a.
Furthermore, we obtain an a-ary relational system (X, R.).

Proposition 2.4.7. [Sla93] Any continuous map f : (X,c) — (Y, d) in CS induces a homomorphism of
an a-ary relational system f : (X, R;) — (Y, Ry) in Rel,,.
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Proof. Let (x;)i<a € R;. Then for every ip such that 0 < iy < a, x;, € c({x;]i < ip}). Since f: (X,c) —
(Y, d) is continuous, we have

f(xiy) € flelix;l i <io}) € d(f({x;] i <ip}) for any ip with 0 < ip < a.
Thus (f(x;)) i<« € Rg- Hence f: (X,R;) — (Y, Ry) is an a-ary homomorphism. O

Theorem 2.4.8. [Sla93] There is a functor ¥, : CS — Rel, that maps a closure space to an a-ary rela-
tional system and a continuous map in CS to an a-ary homomorphism in Rel,.

Proof. For all (X, c) € CS, we define ¥, (X, c) = (X, R;) where (X, R;) € Rely, is given as in Definition
2.4.6.

By Proposition 2.4.7, for any f : (X,c) — (Y,d) in CS we set ¥, (f) = f, where the f in the right
hand side is a homomorphism from (X, R.) to (X, R;) in Rely,.
It follows from Proposition A.0.6 that W, is a functor. O

For the rest of this section, we assume that a = 2, we will then focus on the investigation of the
relation between the categories CL, CL,4, CL;4, SDiGph, DiGph and Gph.

2.4.9 Symmetric Closure and Alexandroff Closure

Some of the definitions and results given here have been developed in [CFK66] and [DT95], while
most of the categorical results are recently from [BM22]. We will present how the results may be
proved using the coreflective category which is unknown in those papers.

Definition 2.4.10. [BM22] Let (X, ¢) € CL. We denote by A, the Alexandroff modification of the clo-
sure operator ¢ defined by A.(A) =Uyea c(x) for all A< X. i.e., A. is sp-closure. The pair (X, A.) form
an Alexandroff closure space.

Proposition 2.4.11. The category CL4 is a coreflective full subcategory of CL.

Proof. Let (Y, d) € CL. Consider the identity function id : (Y, Ag) — (Y, d).
Let Ac Y. We note that forall x € A, d(x) < d(A). It follows that

Ag(A) =] dxcdA.

XeEA

Then id is continuous.

Now we have to prove that id : (Y, Ay) — (Y, d) is a coreflection for (Y, d).
Let (X,c) e CL4 and let f: (X,c) — (Y,d) be a morphism in CL. Define the map f: (X,c)— (Y, Ap)
given by f(x) = f(x) forall x € X.
Let A< X. Since f is continuous and by the definition of A;, we have f(c(x)) € d(f(x)) = Ag(f(x))
forall x € X. Then

f(c(A)) = f(c(A) = f( U c(x)), because c is Alexandroff closure

X€EA
= flec) c [ Aa(f(x) € Ag(f(A) = Aa(f(A).
xeA xeA

So f(c(A)) € Aq(f(A)) and therefore f: (X,c) — (Y, Ag) is continuous in CL.
It is clear that the diagram
(X,¢)

|
a!fi \

v id
(Y,Ay) —> (Y,d)
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commutes, i.e. idy.f = f and f is unique.
Therefore, idy : (Y, Az) — (Y, d) acoreflection for (Y, d). This yields, CL4 is a coreflective subcategory
of CL. O

Corollary 2.4.12. [BM22] The functor A : CL — CLy is right adjoint to the inclusion functor CL 4 — CL.
i.e., there is a natural isomorphism

CL((X, 0),(Y,d)) = CLA((X, ), A(Y,d))

forall (X,c) e CLy and (Y, d) € CL.

Proof. We know by Proposition 2.4.11 that CL 4 is a coreflective full subcategory of CL. By Proposition
A.0.28, there exists a unique functor A : CL — CL4 such that A(X, c¢) = (X, A.) for each object (X, c) €
CL and for each morphism f: (X,c) — (Y,d) in CL, idy.F(f) = f.idx. Moreover A is a right adjoint
to the inclusion functor by Theorem A.0.29. O

Definition 2.4.13. [BM22] Let (X,c) € CLa. Let x € X, set p(x) = {y € c(x)| x € c())}. Define the
symmetrisation s. of the closure c to be the symmetric Alexandroff closure given by

sc(A):= | p(x), forall Ac X.

x€A
Furthermore (X, s.) is a symmetric Alexandroff closure space.
Proposition 2.4.14. The category CL;4 is a coreflective full subcategory of CL 4.

Proof. Let (Y,d) € CL 4. Consider the identity function id : (Y, sz) — (Y, d).
Let Ac Y. Note that for every x € A

saX)=p) ={yedx)| xed(y)}cd(x).

It follows that
sa(A) = | sa0) c | dx) =dA.

XEA xeA

Thus id is continuous.

Let (X,c) € CLgx. Let f: (X, ¢) — (Y,d) be amorphism in CL 4.
Consider the map f : (X, ¢) — (Y, s4) defined by f(x) = f(x) forall x € X.
Let AcXand ye f (c(A)). Since c is Alexandroff closure,

fle) = U flex.
X€A
Then, there exists x € A such that y € f(c(x)). It follows by continuity of f that y € d(f(x)). Since
¥ € f(c(x)) then there exists z € ¢(x) such that y = f(z). Moreover x € c(z) because of the symmetricity
of the closure c. Then f(x) € f(c(2)) € d(f(2)) =d(y). So f(x) ed(y)and y € f(c(x)).
Therefore y € s4(f(A)) and f(c(A)) € s4(f(A)). Hence f: (X,c) — (Y, sg) is continuous in CL; 4.
The diagram
(X,0)

|
) \

v idy
(Y,sg) — (Y,d)

is commutative, and it is easy to check that f is unique. Then idy : (Y, sq) — (Y, d) is a coreflection of
(Y,d). Hence CLg, is a coreflective subcategory of CL 4. O

Corollary 2.4.15. [BM22] The functor s : CLy — CL;4 is right adjoint to the inclusion functor CLgy —
CL,4.
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Proof. Since CLg, is a coreflective subcategory of CL 4. By Proposition A.0.28, there exists a unique
functor s : CL4 — CLg4 that satisfies s(X, c¢) = (X, s;) for every object (X, c) € CLy, idy.s(f) = f.idx
for each morphism f: (X,c) — (Y,d) in CL4. By Theorem A.0.29, s is right adjoint to the inclusion
functor CL;4 — CL4. O

2.4.16 Correspondence between Graphs and Closure Spaces

Following the construction given in Definition 2.4.4 and 2.4.6; we recall that for any (X, E) € SDiGph,
we construct an Alexandroff closure space (X, cg) € CLy where cg(A) = {y € X| Ix € A, xEy} for all
A < X. Furthermore, given a closure space (X, c) € CL4, we obtain an associated digraph (X, E;) €
SDiGph defined by xE. y if and only if y € c(x).

Theorem 2.4.17. [DT95] The functors ¥, : CL4 — SDiGph and ®, : SDiGph — CL 4 define an isomor-
phism of categories, i.e. CL 4 = SDiGph. Furthermore, they restrict to an isomorphism CLg 4 = Gph.

Proof. Let (X, ¢) € CL4. We have @V, (X, ¢) = D, (X, E;) = (X, cg,).
Let A< X. We have

cp,(A) ={yeX|Ixe A xE;y} ={ye X|Ix€ A, y € c(x)} = c(A).

So, the closures ¢ and cg, are equal and (X, ¢) = (X, cg,). Then ®, ¥, (X, ¢) = idcy, (X, ¢). Furthermore
forall f: (X,c) — (Y,d) € CL4, we have ®,V¥, f = idcr, f. Hence @,V = idcr,.
On the other hand, given (X, E) € SDiGph we have W®;(X, E) = ¥Y2(X, cg) = (X, E.,). For all
(x,y) € E,,
XxE; y < yecg(x) < xEy

Therefore Wo®,(X, E) = idSDiGph(X,E). Moreover for all f : (X,E) — (Y,F) in SDiGph, V,®,f =
idspigph f- Thus W2 ®; = idspigph- O

2.4.18 Closure Spaces from Metric Spaces

We construct a functor from a category of metric spaces to the category of closure spaces. Denote by
Met the category of metric spaces where whose objects are metric spaces and whose morphisms are
non-expansive maps between them. i.e., every morphism f : (X, dx) — (Y, dy) in Met must satisfies
dy (f(x), f(y) =dx(x,y) forall x, y € X. We recall that for a given a metric space (X, d) € Met and real
number € =0,
Be(x):={ye X|d(x,y) <e}.

Definition 2.4.19. Let (X, d) € Met and € = 0. We have a closure operator defined as follows: for every
AcX,

Ce,a(A) = | Be(x)

xX€EA

For every € = 0, the pair (X, ¢, 4) is called a metric closure space.

Proposition 2.4.20. Lete = 0. Every morphism f: (X, dx) — (Y, dy) inMet induces a continuous map
[:(X,ceay) — (Y, Ceq,) inCL.

Proof. Lete=0andlet f:(X,dx) — (Y,dy) be amorphism in Met.
Let Ac X and y € f(ce,a, (A)). There exists x € ¢ 4, (A) such that y = f(x). Then, there exists a € A
such that x € B, that is dx(x, a) < €. Therefore, there exists b € f(A) such that b = f(a). We note that

dy(y,b) =dy(f(x), f(a)) <dx(x,a) <e.
So y € B(f(a)). That implies

ye U Be(w) =ceq, (FA).
ue f(A)
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Thus f(ce,a, (A) S Ce,a, (f(A), and f: (X, ¢e a,) — (Y, € q,) is continuous. O

Proposition 2.4.21. For everye = 0 there is a functor M, : Met — CL sending a metric space (X, d) toa
closure space (X, ¢, q) and morphism Met to a continuous map in CL.

Proof. Define M¢(X,d) = (X, c¢,4) for all (X, d) € Met and M,(f) = f for every morphism f in Met. By
Proposition A.0.6, M, is a functor. O

We note that for every € = 0 the closure operator c, 4 is not necessarily idempotent and the functor
M, : Met — CL is not the composition Met — Top — CL. We can construct a functor from Met to CL
in that manner but in this case we will always have a Kuratowski closure space.
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Chapter 3

Simplicial Set Theory and Homology for
Closure Space

Our first step is to recapitulate some basic notions of simplicial sets. After that, we will describe the
construction of a simplicial set from a closure space and vice versa. We will see that simplicial sets
can be useful in the construction of certain homology and cohomology theories. In addition, we will
finish this chapter by providing a connection between the category of simplicial abelian groups and
the category of non-negative chain complexes.

3.1 Simplicial Set

Definition 3.1.1. [GJ09] We define A to be the category of finite ordered numbers defined as follows:
* its objects are totally ordered sets of the form [n] :={0<1<2<.--<n}forneN,

* its morphisms are non decreasing maps. i.e., for any morphism 6 : [m] — [n] in A, for all i, j €
[m],ifi < jthen (i) <6(j).

Definition 3.1.2. [GJ09] Let [n] € A and i € [n].

i) The i-th coface map d' : [n—1] — [n] is the unique injective monotone map that omits i-th entry;
it is defined as follows: for all k € [n — 1]

N L
k+1 if k=i

(3]---

a° —_
0 1 2] —
0 =3 11 =} 2l =3

ii) The i-th codegeneracy map s’ : [n+ 1] —» [n] is the unique surjective map which repeats the i-th
value. Explicitly, for all k € [n + 1]

S (k) = k ifk=<i,
k-1 ifk>i.

- [3] 2] == 1] =5 (0]
==

Of course, the maps d i and s’ defined above also depend on n, but we do not indicate that in the
notation for simplicity.
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Proposition 3.1.3. [GJ09] We have the following cosimplicial identities:

dld'=d'a’™"  ifi<],
slst =gtsitl ifi<j,
daisi=! ifi<j,
sld' =4 di=Ys/ ifi>j+1,
id ifi=jori=j+1.
Proof. We only prove the first identity, the proof of the other identities is analogous.
Let [n] € A and i, j € [n]. Notice that d/d and did’~! are mapping from [n] to [n+2] in A. Suppose
that i < j.
Ifk<i, thend/d'(k)=d’/(k)=kand d'd’~ (k) =d'(k) =k
Ifi<k<jthend/d (k)=d/(k+1)=k+1anddd/~"'(k)=d'(k+1)=k+1.
If j<k thend/d (k)=d/(k+1) = k+2and d'di~' (k) = d*(k+1) = k +2.
Thus, we have d/d’ = d'd/=" forall i < j. O

Lemma3.1.4. [Mac98] Any arrow f : [m] — [n] in A has a unique representation f = dh...dikgh...gin
where
n=ip>-->i=20,0<j;<:--<jp<m

and the ordinal numbers h and k satisfym—-h=n—-k=p.

—> (n]

si.. glh\,f \/Yl .dik

Proof. Anymap f in A is determined by its image. Let A be a set of elements of [#] that are not in the
image of [m]. That is
A={ke[n]l k¢ f([mD}.

Denote by i,---, i those elements and order it as 0 < iy < --- < i} < n. We then have the injection
m=d"---d":[p] — [n].
On the other hand, let B be the set of elements of [2] that does not increase, i.e.

B={ke[ml]l f(lk]) = f(lk+1D}

Denote by 0 < j; <--- < jj < mthose elements of B. Note that we set p = m—h = n— k. We define the
map e to be the surjection s/! --- s/* : [m] — [p] and we obtain f = me. The unicity of the coface and
the degeneracy maps implies the unicity of the factorization. O

Definition 3.1.5. [GJ09]

1. A simplicial set is a functor X : A°P? — Set, also called a presheaf from A. Generally, we say
simplicial object if the category Set is replaced by any category C. For every [n] € A, any element
of X[n] is called n-simplice.

2. Amorphism X — Y of simplicial sets, called simplicial map, is a natural transformation from
the functor X to Y'..

We define the category of simplicial sets denoted by sSet to be the functor category Set®” .

Example 3.1.6. Let n € N. A standard n-simplex A" is a simplicial set

homa (-, [n]) : A°P — Set
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mapping any object [m] € A to the set homa ([m], [1]) and any morphism f : [p] — [g] in A to the
function
hom(f, [n]) : homa ([g], [1n]) — homa ([p], [n])

given by the composition i f for any h € homa ([g], [1]).

Remark 3.1.7. [Mac98]
For each integer n > 0, we denote by |A"| c R**! the topological standard n-simplex defined by

n
|A"] ={(tg,...,tn)€|R"+l 1> 4 :1,t,-zo},

i=0

together with the induced topology from R”.

We have a functor ~ : A — Top sending any finite ordered set [n] € A to a standard n-simplex
|A"| € Top and any order preserving function 8 : [m] — [n] in A to a continuous map 0:|A™| — |A"
in Top, where

é(tg,..., tn) = (So,...,Sp) with §; = Z tj.
0(j)=i
Definition 3.1.8. Let X be a topological space. A singular simplicial set is the simplicial set Sx :
A°P — Set defined by

- Sx([n]) = homrep (|A", X) for all [n] € A,

- given 0 : [n] — [m] in A, the map Sx(0) : homyep(|A"™|, X) — homyep(|A”], X) is defined by
Sx(0)(0) = o0 for any g € Sx([m]) and 0 is the map induced by 6.

This allows us to define a functor from the category of topological spaces Top to the category
of simplicial sets sSet. Furthermore, it is worth noting that this singular simplicial set is the key of
the construction of the singular homology for a given topological space. A well-known reference for
more detailed treatement of singular homology is for example [Hat02] and [Mun84].

Proposition 3.1.9. [GJ09] A simplicial set X € sSet is equivalently specified by a collection of sets
{ X1} nen together with a map d; : X, — X,—1 and s; : X, — Xy41 satisfying

d,‘dj :dj_ld,‘ ifi<j,
$iSj=Sj+1Si ifi<j,

sj-d; ifi<j,
disj= sjdi—y ifi>j+1,

id ifi=jori=j+1.

Those maps d; are called face maps while s; are degeneracy maps.

Proof. Let X € sSet. We define the set X;, by the image of [n] of the simplicial set X, i.e., X}, := X([n])
for all [n] € A. Let i € [n], define the map d; := X(d") and s; := X(s'), where d', s are the i-th coface
and codegeneracy maps in Definition 3.1.2. By functoriality of X and the cosimplicial identities in
Proposition 3.1.3 we obtain the identities above.

Conversely, we define the contravariant functor X : A°”? — Set by assigning any object [n] € A to
the set X([n]) := X,,.
Let f : [m] — [n] in A. By the lemma 3.1.4, f can be written uniquely as a composition of some
s and d', thatis f = d"---d' s/ ... s/k. We then set X(f) = Sj. - Sjdi, -+~ d;, and it is clear that X
contravariant functor. O
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Example 3.1.10. We recall that the set of points {xy, ..., x,} € R™ is said to be geometrically indepen-
dent if for every real numbers fy, ..., t;; such that Z;’:O t; = 0 and Z;’ZO tix; =0 implies fo=t; =+ =
tp, = 0. Let {xo,..., x,} be a geometrically independent set. We define the n-simplex o spanned by
{xo0,...,Xn} to be the smallest convex set containing {xy, ..., X}, it is then given by the set

=0 =0

n n
U:{xElex:Ztix,-, Zti=l, l’iZO}.

A subset T < 0 spanned by a subset of {xy,..., x,} is called face of 0.
A (geometric) simplicial complex K in R" is a collection of simplices in R” such that:

-Forevery o € K, if T is aface of o then T € K,

-The non empty intersection of any two simplexes of K is a face of both of them.

Now, let us associate an orientation for a given simplex o spanned by {xy, ..., x;}. For any permu-
tation 7 of the symmetric group S;+1, we say that

{x0,..., Xn} ~ {Xz(0)---, Xzm)} < 7 iseven permutation.

The orderings of the vertices of o is then fall into two equivalence classes. Each of those classes is
called orientation of o, and denoted again by o = [xy,...,X,]. We say that o is an oriented simplex if
o is equipped with an orientation. More detailed treatment about simplicial complexes is given in
[Mun84].

We are going to define a simplicial set associated to a given simplicial complex.
Let K be a simplicial complex. We define a simplicial set K : A°” — Set as follows:
Foreveryne N,

K, :={[xo,..., Xnll [x0, ..., Xy] is an oriented n-simplex of K3}.
For every morphism a : [m] — [n] in A, K(a) : K,, — K, is given by
K(a)([x0,...,Xn]) = [Xa))+-» Xa(m)]-
Note that
d;[xg,.. A = Eo!. £ 80BN, T an®s[xo, . £ 0] 0N & X, ..., xn].

Of course that the maps d; : K,, — K;,—; and s; : K;, — Kj,41 satisfies the identities in Proposition 3.1.9.
One should realize that the map d; sends n-simplex [xy,...,x;] to the face [xg,..., Xi—1, Xi+1,..., Xzl
opposite of the vertex x;.

Example 3.1.11. Let G be a group. A nerve of G is a simplicial set BG given by the family {BG},en
where BGy = {1} and BG, = G" for all n = 1. The face maps d; : BG,, — BG,-1 and degeneracy maps
si : BG, — BG4 are defined by

(gz»ncygn) ifi=1
di(gly'-'vgn): (gl,...,gigi+1,...,gn) if2<i<sn-1
(81,--»&n-1) ifi=n

and
si(g,.--,8n) =(81,---,8i,1,8i+1,-..,8n), foreach1 <i<n.

Generally, one can define a nerve of a small category C to be a functor NC: A°? — Set that sends
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each [n] € A to NC,, = homcq([n],C), any element o, € NC,, can be seen as a composition of maps

o 2o L Iy e, I,
where all those C; are objects of the category C.
The maps d; : NC, — NC,,_; sends
- oL Iy, I,
to
SRR LR S N RN (R o8 ifi=0
Co L I oy Mg, Iy g, if1<icn
oL o LI SN ORI if i = n.
Moreover, the maps s; : NC;,, — NCy41 assigns each
CO fl> Cl f2> fn—l> Cnfl fn> Cn
to
e fl) fi) G ’d> oy fi“) f”) -

There exists a functor NV : Cat — sSet mapping each small category C to the simplicial sets NC.

Definition 3.1.12. Let x € X,,;;. We say that x is degenerate simplice if there exists y € X, and i € [n]
such that s;(y) = x.

Lemma 3.1.13. [GJ09] Given a simplicial set X : A°P — Set and an object [n] € A,
sSet(A”", X) = X,,.

Proof. Since A is a small category, applying the Yoneda lemma A.0.16 we get the result. This lemma
tells us that any n-simplice x € X, can be identified as a simplicial map A” — X. O

3.2 Nerves and Geometric Realization

The excellent reference for the material given in this section is [GJ09], where we can find the theory
of nerves and geometric realization in the case of the category of topological spaces. There exists an
analogous generalization of this theory in [BM21] for the category of Cech closure spaces CL. Here,
we will give an explicit detailed construction of what Bubenik and Mili¢evi¢ outlined in [BM21].

Definition 3.2.1. [GJ09] Given a simplicial set X € sSet. A simplicial category A | X is a category
where:

» whose objects are morphisms of the form A" — X,

* whose morphisms are a commutative diagram of a simplicial map

N
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Lemma 3.2.2. Let X be a simplicial set. Then

X= lim A"
A"—XeA|X

Proof. We use the lemma A.0.20. Since A is a small category, any functor X : A°? — Set is a colimit of
representable functors A” = homa (—, [n]) for some objects A” - X in A | X. O

Remark 3.2.3. Given a simplicial map f: X — Y in sSet. The simplicial map f induces a functor
f*:A| X — A|Y given by the composition of f. Furthermore, for every simplicial set X there is a
forgetful functor Ux : A | X — A that sends each object A” — X to the object [n].

Definition 3.2.4. [BM21] Given a simplicial set X € sSet. The geometric realization | X| of X is defined
by the colimit

XI:= lim |A",
A"—XeA|X
in the category of closure space CL.
Consider the diagram functor Fx : A | X — CL mapping each A" — X to the closure space
(|A"|, k) where kj, is the Kuratowski closure operator from the topology of |A"| as a subspace of
R"™*1. Precisely the functor Fy is given by following composition

ALX 25 A — Top <3 CL.

Since A | X is a small category and CL is cocomplete by Theorem 2.3.8, then there exists a unique
colimit of the diagram Fy in the category CL. Thus | X| is well defined.

Proposition 3.2.5. Any simplicial map f: X — Y in sSet induces a continuous map | f|:1X| — Y| in
CL.

Proof. Let f: X — Y be a simplicial map in sSet. Let

X
TN
A" ——= 5 A"

be a morphism in A | X.

Consider the functor Fx : A | X — CL mapping A" — X to (|A"|, k;,). By the definition of the colimit
|X|, there exists a cocone (| X],7) where 1 : Fx = | X| such that n..Fx(a) = n,. By the definition of
the colimit | Y], there exists a cocone (|Y],€) where € : Fy = |Y|. Furthermore, we define the natural
transformation e f* : Fy f* = |Y|, where the components are given by (€ f*)x =€, forall xe A | X.

AM%A"

Fx()/)l lFX(X)

jam — @ an

DN
1X]
€fy ! €fx
N
4

1Yl
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Applying the functor f* to the morphism a in A | X, we have a morphism f*a in A | Y, which satis-
fiesep Fy (f*a) = €y because (|Y],¢€) is a cocone.

Since Fy f* = Fy then (e f*)Fx(a) = (¢f*),. Therefore (|Y|,ef* : Fx = |Y) is also a cocone. More-
over, it follows from the definition of the colimit |X| that there exists a unique continuous maps
|f1:1X]— [Y[]in the CL such that | f|n, =€fy, and | f]nx = €fx. O

Proposition 3.2.6. [BMZ21] Thereis a functor|—| : sSet — CL mapping a simplicial set X € sSet to a clo-
sure space | X| € CL, and simplicial map to a continuous map in CL. This functor is called realization
functor.

Proof. The mapping on objects is defined as in Definition 3.2.4, while on morphisms it is defined as
in Proposition 3.2.5.

Let f: X — Y and g: Y — Z in sSet. We proceed the same analogy of the proof of Proposition 3.2.5.
By the definition of the colimit | Z|, there exists a cocone (|Z|,A) where 1: F; = | Z]|.

We note that the following diagram is commutative.

A O

gn* AlY

Al Z

Applying the functor g*: A | Y — A | Z to the morphism f*a in A | Y, we obtain the morphism
g (fa)inA | Z.
Since (|Z],A) is a cocone then A f)xFz(g* (f*@)) = Agf)y- Moreover, we have Fzg* = Fy and Ag =
Ag* then )ng’ixFy (f(a) = Ag}iy. Therefore (|.Z],Ag" : Fy = | Z]) is also a cocone.
By the definition of the colimit |Y|, there exists a unique continuous map |g|: |Y| — |Z] such that
glerx = A(g )} and Iglery = A(g )y
However, we also have a cocone (|Z],A(gf)* : Fx = | Z]).

el ey e o AT

N

€fy | X| €fx
|
Elq
Agh); v
Y|
|
|
Ely
|

Mg N3

v

|Z]

Furthermore, the definition of the colimit | X| implies that there exists a unique continuous map from
|XI to | Z] such that n.|g f1 = A(g f)y and ny|g fI = A(g f)}. Then, we have |g f1 =g f]:1X| — | Z].

Finally, the identity simplicial map idx in sSet induces a continuous identity map id, x| in CL. Thus
| —|is a functor. O

Proposition 3.2.7. The geometric realization of the standard n-simplex set A" € sSet is homeomorphic
to (|A"], kp).
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Proof. Consider the diagram functor Fa» : A | A" — CL sending each object A? — A" to the closure

space (|AP], kp).

Consider the morphism
AP —— % 5 A"

inA| A"

By the definition of the colimit |A”|, there exists a natural transformation 7 : Fo» = |A"*| such that
(IA"],m) is a cocone. We then have 1, Fa»a = 1,. Therefore, there exists a continuous map h: [A"| —
|A"| such that hny = idja»| and hny = Fan(a).

Apl FAn(a) IAn

DN

|A"]
Fan(a) : idian,
13k
<l

|A"

So we have
h77y = Fan(a) = (nxh)ny B nx(hny) =nxFar(a) = My

Thennh =idan.
Thus h:|A""| — |A"| is homeomorphism with inverse 7y : [A"] — [A"]. O

Definition 3.2.8. [BM21] Let (X, ¢) be a closure space. A nerve of X is a simplicial set 7 (X) : A°? —
Set defined as the following:

-forall n=0, 7 (X), = CL((I1A"], kx), (X, ¢)) and
- for each morphism f: [m] — [n] in A,

J (X)(f): CL(1A"], kn), (X, €)) — CL(IA™], km), (X, ©))

o—of
where f: (|A™, k) — (|A"], k) is continuous map in CL induced by f.

Proposition 3.2.9. [BM21] There is a functor J : CL — sSet mapping each closure space (X,c) to a
simplicial set J (X) and continuous map f : (X, c) — (Y, d) to a simplicial map J (f) : J(X) — J (Y).

Proof. The mapping on objects is defined as in Definition 3.2.8.
Let f: (X, c) — (Y,d) be amorphism in CL.
Let [n] € A. We define the components of the natural transformation 7 (f) by

J (f)n:CL(A"|, X) — CL(A"|,Y).

o— fo
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LetO:[m] — [n] € A.

CLI(A™], k), (X, ©) L% cL(am), k), (Y, d))

| Lo

CL(IA™], km), (X, ©)) W CL((A™], km), (Y, d))

Let a: (A", k) — (X, ).

(= 0)-TNn@=(=-0)-fa=(fa)-0 = fab
TPm- 0@ =T (Im-(a-0)=fab

Then the diagram above is commutative and 7 (f) is a natural transformation.
On the other hand, a routine computation proves that 7 (idx) = id 7(x) and J (fg) = J (N T (g). O

Theorem 3.2.10. [BM21] Given a simplicial set X and a closure space (Y, d). We have
CL(X]|,Y) =sSet(X, J (Y)),
which is natural in both variables. That is the realization functor | — | is left adjoint of the functor J .

Proof. Let X € sSet and (Y, d) € CL. We have

CL(IX],Y)=CL( lim A", Y) Definition 3.2.4
A" XeA| X
= lim CL(A"], Y) Lemma A.0.21
A"—XeA|X
= lm JX),. Definition 3.2.8
A"~ XeA|X
sSet(X, J (Y)) = sSet( ll_n)l A", T (V) Lemma 3.2.2
A"—XeA|X
=Pl sSet(A”, 7 (Y)) Lemma A.0.21
A"—XeA|X
= l(lr_n J (&, Yoneda lemma A.0.16
A" XeA|X
Thus CL(|X]|,Y) =sSet(X, J (Y)). O

Itis important to note that the geometric realization allows us to solve one of the fundamental in-
verse problem of homotopy: Given any group G. Is there a topological space X such that w; (X, *) = G?
Eilenberg and Mac Lane discovered that the classification space | BG| which is the geometric realiza-
tion of the nerve of G as in Example 3.1.11 is an Eilenberg Mac Lane space of type K(G, 1). i.e.,

G ifi=1
;i (IBGl, *) = .
0 ifi#1
More advanced investigation into that problem is presented in [May92].

3.3 Homology and Cohomology of Simplicial Set

Our goal in this section is to define the homology and cohomology of simplicial sets, in particular
simplicial abelian groups. We recall that a chain complex C. of abelian group is a family {(C,0,)} ez
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of abelian groups, together with group homomorphisms 9, : C,, — C,—; such that 8,,-;0,, = 0 for all
neZ. A chain map f: C. — D, is a family of group homomorphisms {f;, : C, — Dy},ez such that
fn-10n = 0p-1 fn for all n € Z. We then denote by Ch(Ab) the category of chain complexes of abelian
group, whose objects are chain complexes and whose morphisms are chain maps; we will write only
Ch to simplify the notation. We restrict our study to the category of non negative chain complexes
Ch; where the indices of the family of abelian groups vary over N instead of Z, i.e. {(Cj,0,)}nen-
Those who are interested to the subject of homological algebra can read for example [CE56] and
[Wei94].

Definition 3.3.1. A simplicial abelian group is a contravariant functor X : A°’ — Ab. We denote by
sAb := Ab®” the category of simplicial abelian groups together with simplicial maps between them.

Remark 3.3.2. Since we have the well-known free functor Set — Ab. By Lemma A.0.14, there is a
functor Z : sSet — sAb, which is defined explicitly as the following:

- Any simplicial set X to the simplicial abelian group ZX given by A°” —X 5 Set —~5 Ab .
Explicitly, for each [n] € A define ZX,, = ZX([n]) := (X},), i.e. the free abelian group generated by X,
and for each a: [m] — [n] € A,

ZX(a) : ZX, — Z Xy,
Z NyX — Z nx(Xa)(x)’

- Any simplicial map f: X — Y to the natural transformation Zf : ZX — 7Y, where the compo-
nents are given for each [n] € A by

2fn:2Xy— ZYy
YIRE— M Bdfn ().
x x
Moreover, there is a forgetful functor I/ : sAb — sSet.
Proposition 3.3.3. The functor Z is left adjoint of the functor.
Proof. Let X e sSetand Y € sAb. Consider the maps

* Yxy:sAb(ZX,Y) — sSet(X,/Y) defined as follows: let  : ZX — Y with components 7, :
(Xn) — Yy, for each [n] € A. The simplicial map 1 induces a simplicial map nx : X —- UY
defined by (1,x) ,(x) =1, (x) for all x € X,,. We then define ¥x,y (1) = nx.

e Oxy :sSet(X,U{/Y) — sAb(ZX,Y) defined as follows: let u: X — LY with components i, :
X, — UY, forall [n] € A, the simplicial map p induces a simplicial map fi: ZX — Y defined for
each [n] € Aby 1,3 nyx) =) nygp,(x) where n, € Z . We define @y y (1) = fi.

Let p € sSet(X,U/Y). We denote by u, the components of u for all [n] € A. We have
YxvPxyW=Yxv(@)=ix,

where the components of fi)x : X = UY is defined by (ix) »(x) = u,(x) for all [n] € A. Then (ix), =
up for all [n] € A. It follows that Wx y @ x vy (1) = p. Thus Wx y®@x vy = idsset(x,1/v)-

On the other hand, let ) € sAb(Z X, Y). We have

Oxy¥Yxym=2x vy x)=nx,

where the component of x : ZX = Y is defined by (7 x)»(X nxx) = X nyn(x) for all [n] € A.
We then obtain (1x), = 1, for all [n] € A. Therefore ®x y¥Yx,y () =n. Then ®x,y¥x vy = idsabzx,v)-
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Hence ¥ x y is bijective with inverse ®x,y.

It remains us to check the naturality on sAb and sSet.
Let Y e sAb and f : B — A be a morphism in sSet. We have to prove that the following diagram is
commutative.

SAB(ZA, Y) —2% sSet(A,UY)

~zy] |-

sAb(ZB,Y) \P—) sSet(B,UY)
B,Y
Letn:ZA — Y be a morphism in sAb. We have
(=N Yaym=-f)ma=na-f

and
Yoy -(—Zf)m) =Ygy -0W-Zf)=n-Zf)B.

Let [n] € A and x € B,,.
na f)n(x) — (nA'fn)(x) =MlA), fn(x) =Mn fn(x) =Mn 'Zle)n(x)~

Let X e sSetand f : A— B be a morphism in sAb. We have

SAb(ZX, A) — sSet(X,UA)

| Lo}

sAb(Z X, B) m} sSet(X,UUB)

Letn:ZX — Abe amorphism in sAb.
Uf-=)Pxam=WUSF--)nx=USfnx

and
Yxp-(f--Ym)=Yxs(f-n)=(-mx=fnx.

Therefore, for every [n] € A and x € X};, we have

U mx)In(X) =Ufr- x)n () =U fr-Nn () = fnMn () = (- 11x)n(X).
Hence, Z is left adjoint to 4. O
Proposition 3.3.4. [GJ09] Let A € sAb. There is a non-negative chain complex of abelian groups A.
given by the family of abelian groups {A,} nen together with the boundary map

n .
Op = Z(—l)ldi : Ay — Ay foreveryneN.
i=0

This complex is also called Moore complex or unnormalized complex.

64 63 a2 a1

> A3 > Ao > Ay > Ao
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Proof. Letn=1.

n=1{ n L
0n-10n= ) (Z(—l)l+]didj)
i=0 \j=0

= Y DMddj+ Y (-D"dd;

O<sj<i=n-1 O<i<j=n
= Y (—1)i+jdidj+ > (—1)i+jdj_1di (Proposition 3.1.9)
Osj<isn-1 O<i<jsn
= Y DWddi+ Y D" ldid; Setk=j-1)
O<j<isn-1 O<i<k=n-1
=0.
Then 0,,_10, =0 forall n=1. O

Remark 3.3.5. Any simplicial map f : A — B in sAb induces a chain map f : A. — B, in Ch,. Let
{fu: An — By}, be the components of the simplicial map f : A— B. Then the chain map f is given
by the family of group homomorphisms {f,, : A,, — By}, where f,(x) = f,,(x). The fact that f: A— B
is a natural transformation implies fn+16n+1 — a’n 11 fn for all n = 0. Moreover, if A,, and B,, are free
abelian groups then f,(¥X vea, 71xX) = X ve 4, M fin ().

Remark 3.3.6. An obvious generalization of this construction is possible. Given an abelian group G.
The chain complex A. (G) is defined by the tensor product

Ap®G ifn=0.

0 ifn<0

Dually, a cochain complex A°(G) with a coefficient in G can be defined as follows:

G = {homAb (A4,,G) ifn=0

ifn<0
and the coboundary map 6™ : A"(G) — A"*1(G) is given by
n+l

™M) =[O =Y. (-1 fd;.
i=0

We have applied the hom-set contravariant functor homay(—, G) : Ab — Ab to the chain complex
A.(G) in order to obtain a cochain complex A®(G).

In case where G = Z we write simply A° for the cochain complex with a coefficient in Z. The cobound-
ary map satisfies 616" = 0 for all n > 0.

AO 7 Al 7 Az 7 A3 7 °°°

Definition 3.3.7. Let A € sAb. For every n € N. We define a n-(co)cycle group of A denoted by Z,(A)
(resp. Z"(A)) to be the kernel of the group homomorphism 8, (resp. 6"). i.e.,

Zn(A):={x€ Ap| 0,(x) =0} and Z"(A) := {x € Anl 6" (x) =0}.
The n-(co)boundary group of A denoted by B,,(A) (resp. B"(A)) is the image of 8,,,1 (resp. 6" 1). i.e.,

By(A):={yeAyldx€ Aps1, y=0p+1(X)}
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and
B™"(A):={y€ AplAx€ Ay_1, y=6""1 (1)}

It is easy to show that B, and Z;, are both subgroup of A,,. Furthermore, for every n € N the iden-
tity 0,041 = 0 is equivalent to saying that B, (A) is a subgroup of Z,,(A). The same results for the
coboundary group and cocycle group. Therefore we can define the following homology and coho-
mology group.

Definition 3.3.8. [GM96] Given a simplicial abelian group A. We define the n-th homology of A with
a coefficient in Z to be the homology of the chain complex A.. That is

Zn(A)

Hy, (A7) = Hy(Al) := B,A)

, forevery n=0.

Moreover, we define H,(A;G) := H,(A.(G)) for each n = 0 the homology with a coefficient in an
abelian group G.
Similarly, the n-th cohomology of A with a coefficient in G is defined by

n

n g —a n g -
H'(4;G) = H"(A"(G)) 1= 2o,

for every n=0.
In fact, the homology (resp. cohomology) measures the failure of the sequence A.(G) (resp.
A°®(B)) to be exact.

Remark 3.3.9. Let A be a simplicial abelian group. Denote A. its corresponding chain complex. The
elements of A, are called n-chains of A, while the elements of Z,,(A) (resp. B, (A)) are n-cycles (resp.
n-boundaries) of A. Elements of the group H,, (A, G) are called n-homology classes; those are exactly
all n-cycles which are not a (n + 1)-boundaries.

Generally, for every simplicial set X € sSet we define the (co)homology of X to be the (co)homology
of the simplicial abelian group ZX.

Example 3.3.10. Let K be a finite simplicial complex. As in Example 3.1.10, we obtain a simplicial
set denoted by K : A°”? — Set. Its corresponding simplicial abelian group ZK : A°” — Ab is then
characterized by the family of free abelian groups

LaKoa 2K b { Z Ngo| ng € Z}, for each n € N.
o€k,
Forevery neN, if o = [xo,...,x,] € K;,, we define 8, : K, — ZK,,—1 by
n .
Onlxo,..., xp) = D_(=1)'djlx0, ..., Xnl.
i=0

Extending it linearly, we have a group homomorphism 9,, : ZK;, — ZK;,_; given by

Ol Z Ngo) = Z ng0,(0).

ek, ek,

Itis easy to see that 0,10, =0foralln=1.
A simplicial (co)homology of K is the (co)homology group of the simplicial abelian group ZK as in
Definition 3.3.8.

3.3.11 Homology and Cohomology with a Coefficient System

Now, we want to construct a chain complex and a cochain complex with coefficients in a more gen-
eral way than an abelian group. We can assign that the coefficients at different simplices are taken
from a different abelian groups.
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Definition 3.3.12. [GM96] Let X € sSet. A homological coefficient system .4 on X consists of

- a family of abelian groups Ay, one for each simplex x € X,

- a family of group homomorphisms A(f, x) : Ax — Ax()x, one for each pair (x, f : [m] — [n])
where x € Xj,, such that the following conditions are satisfied:

Alid, x) =id,;
A(fg, x) =Ag, X(HnA(f, x).

Definition 3.3.13. [GM96] Let X € sSet. A cohomological coefficient system 15 on X is

- a family of abelian groups By, one for each simplex x € X,

- a family of homomorphisms B(f, x) : Bx(s)x — Bx, one for each pair (x, f : [m] — [n]) where
x € X, satisfying

B(id,x) =id
B(fg x)=B(f,x)B(g, X(f)x).

The homological and cohomological coefficient system on a simplicial set X can be thought of
as an object of the functor categories AbA X" and AbA!X respectively. Not surprisingly, by Yoneda
lemma.

Definition 3.3.14. [GM96] Let .A be a homological coefficient system on a simplicial set X. A chain
complex C.(X, A) of X with a coefficient in A is a chain complex given by the family of a free abelian
groups {Cp, (X, A)} ,en, where

CaX,A):= ) Acx.

xaXg

The boundary map is the group homomorphism
0n:Cp(X, A) — Cp (X, A)

n . .
Y axx—0nc= ) Y A(d', x)(ay) (-1)'d;(x)

XEXa xeX,i=0
for every n e N. As usual, 0,,0,,+1 =0 forall n=0.

Definition 3.3.15. [GM96] Let B be a cohomological coefficient system on a simplicial set X. A
cochain complex C* (X, ) of X with a coefficientin 3 is given by the family of abelian groups {C" (X, B)} nen
where
C"(X,B) := homset(Xp, | By).
xeX,

For every n € N, the coboundary map 6" : C"*(X, B) — C""*1(X, B) is defined by

n+1 . .
8"()(x) =) (-1)'B(d',x)(fd;), forall x € Xp1.
i=0
Moreover, the coboundary map satisfies 516" = 0 for all n = 0.

Definition 3.3.16. [GM96] Let X € sSet and .4 be a homological system of coefficient on X. A homol-
ogy of X with a coefficient in A is defined by

H,(X,A) :=H,(C.(X,A) foralln=0.

The cohomology of the simplicial set X with a coefficient in a cohomological system B3 is defined
dually in a similar way.
H"X,B):=H"(C*(X,B)) foralln=0.
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We note that if A, = Z and A(f, x) = id for all x € X,,, then the homology group H.(X,.A) coincides
with the homology defined in Definition 3.3.8.

Now, it is convenient to verify the functoriality of those homology and cohomology groups. Pre-
cisely, for every integer n = 0, H,, : sAb — Ab and H" : sAb — Ab define a functor, known as (co)homology
functor.

Proposition 3.3.17. Let f : A— B be a morphism in sAb. The chain map f : A. — B. induces a group
homomorphism

f« 1 Hp(A)) — Hp(B.)
X+ By(A) — f(x)+Bp(B).

Proof. Recall the properties of a chain map in Remark 3.3.5.
Let x € Z,(A). We have

0, frn(%) = fru_10n(x) = fr=1(0) = 0.

Then f,,(x) € Z,(B) and therefore f(Z,(A)) € Z,(B).

Let y € f,,(B,(A)). There exists x € B,,(A) such that y = f,,(x). There exists a € A,,; such that x =
On+1(@). We have y = f(X) = fu(@n+1(@) = 0}, | (fa+1(@). So y € By(B). Thus f(B,(A)) € Bu(B).
Consequently, the mapping f. given by f. (x + B, (A)) = f(x) + B, (B) is well defined. Moreover, since
f is a group homomorphism, we have

fe(x+y+Bup(A) = fulx+y) +Bp(B) = fu(x) + f(3) + Bu(B) = fu(x) + fi(3).

Itis clear that the image of the identity element of H,(A.) is the identity element of H,,(B.). Therefore,
f+ is ahomomorphism. O

Proposition 3.3.18. There exists a functor H,, : sSAb — Ab.

Proof. Define the mapping on objects by H,(A) = H, (A; Z) for every simplicial abelian group A. For
any simplicial map f: A — B in sAb, we define H,(f) = fx.

Let f: A— B and g: B — C be simplicial maps in sAb. Let us prove first that the chain map
induced by the composition g f is the composition of chain maps gf.
Let x € A;,. We have

(&nf)(X) = &nfn(X) = 8n(Fn () = gn(fn () = (gnfr) (X) = (g fr) (X).
Let x+ B, (A) € H,(A). We have
g+ fx (X + By(A) = gu(fn(x) + Bu(B)) =& (fn(x)) + B, (C)
=(gnfa)(x) +Bp(C)
:(gnfn)(x) + B, (C)
=(gf)«(x+ By (A)).

Therefore Hy, (g f) = Hn(g) Hu(f).
Let A € sAb. We have
(ida)«(x+ By(A) = i_d(x) + B, (A) = x+ B,,(A).

So Hy(id) = idg, 4. Consequently, H, : sSAb — Ab is a functor. O

Dually, we can define by analogy the contravariant functor H” : sAb — Ab that maps each simpli-
cial abelian group A to the cohomology group H"(A4; Z).
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3.4 Homology and Cohomology for Closure Spaces

Let us begin with the construction of the singular homology for a closure space. We will use the
theory of simplicial sets we have defined above. Given a closure space (X, ¢) € CL. By the definition
3.2.8, we have the nerve functor 7 (X) : A°”? — Set. Applying the functor in Remark 3.3.2 we have the
simplicial abelian group Z.7 (X) : A°” — Ab.

Definition 3.4.1. Let (X, c¢) € CL. We define the chain complex C.(X) associated to the closure space
(X, ¢) to be the chain complex 7.7 (X). as in Proposition 3.3.4.

Explicitly, for each n = 0, we have the free abelian group C,(X;Z) = ZJ (X),, and the boundary
operator 0, is defined by

On: JX)y — Cp1(X)

n
o+— 0,0 := Z(—l)idia.
i=0

We extend this linearly to a group homomorphism 8, : C,(X) — C,_;(X) given by 6,3, ns0) =
Y o Ng0n0, with ns € Z.

We then build a cochain complex C* (X) given by the family of abelian groups {C" (X; Z)} ,ez where
C"(X;Z) = homyy,(C,,(X;7Z),Z) for each n € N. The coboundary operator 6" : C"(X;Z) — C""\(X;Z)
is defined by 6" f = f - 0,41 for each f € C,(X; Z).

Definition 3.4.2. Let (X, c) be a closure space. The singular homology group of the closure space
(X, ¢) with a coefficient in Z is defined by

H,(X;Z):= H,(2J (X);Z) = Hp(C. (X)), for every n e N.

Dually, the n-th singular cohomology group of the closure space (X, ¢) with a coefficient in Z is
given by
H"(X;Z):= H"(C"(X)), for every n e N.

Whenever we need to emphasize on the closure operator, will write H,((X, ¢); Z) or H,(X,¢c) to
mean the nth homology of the closure space (X, ¢) with coefficient in Z. Otherwise, we keep writing
H,(X; Z) for simplicity.

We should notice that there exists a singular homology functor H,, : CL — Ab given by the follow-
ing composition of the functors 7, Z and H,

CL ‘7>sSet Z)sAbi>Ab.

Remark 3.4.3. Now, one might wonder about some comparison between homology of the simplicial
set and singular homology:

The first question is: If X € sSet, is the homology of the simplicial set X isomorphic to the singu-
lar homology of its geometric realization | X|? The answer is positive. In fact, extending the approach
given by Milnor in case of the category Top [Mil57], the simplicial map X — J (| X]) is a weak equiva-
lence or quasi-isomorphism, in the sense that it induces an isomorphism H,(X;G) — H,(J (1X|); G
for all n € N. Therefore, since H,(|X|;G) := H,(ZJ (IX]); G) we obtain the desired isomorphism
H,(X;G) = H,(|X|;G) forall n € N.

Another question is formalized as follow: If (X, ¢) € CL, is the singular homology of X isomorphic
to the singular homology of | 7 (X)|? Again, Milnor proved that the continuous |7 (X)| — X is a weak
equivalence, i.e. it induces an isomorphism H, (|7 (X)|; G) — H,(X;G) for all n e N.

We should be careful that this fact does not imply that the space X is homeomorphic to |7 (X)].

Definition 3.4.4. Let (X, c) be a closure space. The nth Betti number 3,(X) of X is the rank of the
homology group H,(X;Z).
Bn(X) :=rank H,(X; Z).

31



One can notice that Betti numbers are a topological invariant, they are preserved under homeo-
morphisms but the converse is not true. It is also convenient to note that one interprets the nth Betti
number as the number of n-dimensional holes in the space. Therefore, §¢(X) counts the number
of connected components in (X, ¢), B (X) is the number of 1-dimensional holes (X, ¢) which can be
seen as a loops or a circle, and 8, (X) corresponds to the number of voids in (X, ¢), which can be seen
as the empty space inside a ball. In general, for higher dimension those kind of holes can not be
visualized.

Proposition 3.4.5. If the closure space (X, c) is one point space, then Hy(X;Z) = Z and H,(X;Z) =0
foralln>0.

Proof. Denote by x the unique element of X. For each n € N, there is exactly one n-simplex o, :
|A"| — X that sends everything to x. Then J,(X) = homcy(|A”|,{x}) = {o,}. Therefore, for every
integer n = 0 we have C,(X;Z) = ZJn(X) = {on}).

For n =1, we have

. n .
(=D'dion=) (-1)'ou=
0 i=0

On(on) =

n
=

0,-1 ifniseven
if nis odd

Where 0,1 is the only simplex in 751 (X).
We then obtain the following chain complex:

> 203 0>ZUZ—>ZUIL>ZUOL>O

.If n =0, we have Zy(X) = Zoo and By(X) = 0 then Hy(X) = Z.
.Ifniseven Z,(X) =0 and B, (X) =0 then H,(X) =0.
Ifnisodd Z,(X) =Z0,, = 7Z and B,,(X) = Zo,, = Z then H,(X) =0. O

We are going to define the notion of path connected as in topological spaces.

Definition 3.4.6. Let (X,c) € CL and a,b € X. We associate the interval [0, 1] with the Kuratowski
closure operator k induced by the usual topology on [0, 1]. A path in X with origin a and extremity b
is a continuous map f: ([0,1], k) — (X, ¢) such that f(0) = @ and f(1) = b. If such path exists, we say
that a and b are path connected. A subspace Y of X is called path connected component if every pair
of points in Y is path connected.

Theorem 3.4.7. Let (X,c) be a closure space. Suppose that there exists a family of path connected
component {(X;, ¢;)}ies such that X = [1;e; Xi. Then H,(X;Z) = @Bjer Hn(X;;Z) foralln e N.

Proof. Let 0 € J,(X). We note the image of a path connected component by continuous map is
a path connected component. Then ¢ (|A"|) is path connected and o(|A"|) < X; for some i € I.
Therefore C,,(X;Z) = @;c; Cn(Xj; Z). Since 0,(C,,(X;; Z2)) € Cp—1(X;; Z) then Z,(X) = @Pje; Zn(X;) and
By(X) = @iel By (Xj).

Consider the canonical projection

p:ED Z,(X;) — B Zn (X)) Bu(X;).
iel iel

(01)ier— (0 + Bn(Xi)ier

It is clear that the map p is well defined and surjective.
If (0)ier € Dier Zn(X;) such that

poi)ier = (0;+Bp(Xi))ier = 0+ Bp(Xi))ier,
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then (0;)ie; € Pjer Bn(X;). Therefore ker p = @;c; B, (X;). By the First Isomorphism Theorem, we
have

P H,(X;;2) = Z,(X) ker p.

iel

This yields H,(X;Z) = @ Hn(Xi; 2). O

The construction above is not only for the case of Z. Using the remark 3.3.6, we obtain a general-
ization of singular homology and cohomology for closure space with a coefficient in abelian group G.
More generally, we can define a singular homology with coefficient in homological coefficient system
A.

It is also important to note that the construction of the singular homology group above satisfies
the Eilenberg-Steenrod axiom, as we can see in [Bog84] and [BM21].

Another form of (co)homology theory has been described for a topological space without using
any theory of simplicial sets in [Wal70], namely Cech (co)homology.

In the rest of this section, we would like to define a Cech (co)homology for a closure space using
the theory of simplicial sets. We have defined in Definition 2.2.4 that an interior cover ¢/ of a closure
space (X, ¢) is a family U = {Ug}ges such that X = Uges ic(Uq)-

Definition 3.4.8. Let (X, c) be a closure space. Let U = {Uy}qcr and V = {VB}pes be interior covers of
the closure space (X, ¢). We say that U{ is a refinement of ) if there exists a map ¢ : I — J such that

Uq S V(o) for all a € I, where i, is the interior operator corresponding to c. If ¢/ is a refinement of V,
we write this relation U < V.

Let (X, ¢) be a Cech closure space. We denote by Cov(X) the set of all interior covers of (X, c).
Proposition 3.4.9. Let (X, c) be a closure space in CL. Then, (Cov(X), <) is a directed preordered set.

Proof. Itis clear that (Cov(X), <) is a preordered set.
LetU = {Uglqer and U = {Vp} g be interior covers of (X, ¢). Consider the set

UNY:={UnV|IUEeU, VeV

Let x € X. Since U and V are interior covers of (X, ¢), there exists U € U/ and V € V such that both

of U and V are neighborhoods of x, i.e x € i.(U) and x € i.(V). We have i.(U)ni.(V)=i.(UnV),

then x € i, (UnN V). It means again that U NV is a neighborhood of x. Since UnV € U AV, then

X SUwertny ic(W).

Therefore X = U ey ic(W). Thus U AV is also an interior cover of (X, ¢).
ForalUnVeld AV suchthatUeld and VeV, wehaveUNnVcUandUNV<cV.Thend AV

is a refinement of I/ and V.

We then conclude that (Cov(X), <) is a directed preordered set. O

We note that if (X, ¢) is just a closure spaces in CS, that is we drop the additivity, then the relation <
fail to be directed preorder relation on the covers of (X, ¢), in that case (Cov(X), <) is just a preordered
set.

Let (X, ¢) be a closure space in CL. We define Cov(X) to be the category given by the directed
preordered set (Cov(X), <).

Definition 3.4.10. Let (X, ¢) € CL. Let i = {U,}4e1 be an interior cover of (X, ¢). A nerve of the cover
U is a simplicial set X : A°”? — Set defined as follows:

- foreach [n] € A, X, = {(@,...,an) € " Uy, NUg, N-+-N Uy, # B},
- foreach f:[m] — [n] in A, we have
X(N): X, — X

(@, ..., an) — (Af@),---r X f(m)
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Let U = {Uq}qer and V = {Vg}gcs be covers of the closure space (X, c) such that i/ <. Denote by
X and Y the nerves of covers I/ and V respectively. The maps ¢ : I — J induce naturally a simplicial
map ®: X — Y given for each ne N

O,: X, — Y.

(aO) ceey al’l) —_ ((P(ao), ceey (p(a}’l))
The maps ® make sense because Ug, N---N Uy, # @ implies Uy(ay) N---NUp(a,) # -

Definition 3.4.11. Let (X, c) € CL. A (co)homology of (X, ¢) with respect to I/ is defined respectively
by the (co)homology of the simplicial abelian group ZX. That is

H,U;7) = H,(ZX;Z) and H"(U;Z) = H"(ZX;Z), for every neN.
We then define a Cech (co)homology of (X, ¢) with a coefficient in Z as follows: for every n € N,

H,(X;2)= lim  H,U;2) and H'(X;2)= lim H"U;2).
UeCov(X) UeCov(X)

Let n € N. Consider the functor H" : Cov(X) — Ab sending each cover U/ of (X, ¢) to the homology
group H"(U;Z). Since Cov(X) is a small category and Ab is a cocomplete category, then the colimit of
the diagram H" exists and is unique in Ab by Theorem A.0.23. Therefore, the nth Cech cohomology
group H" is well defined.

We might be wondering about the relation between the singular (co)homology and the Cech
(co)homology of closure space. When do those two (co)homologies coincide? We leave that ques-
tion for those who are interested to investigate.

It is also important to mention the notable work of Antonio Rieser in [Rie21b], he developed a
construction of a sheaf cohomology for Cech closure space.

Finally, one should be aware about the theory of homotopy group for closure space, it has been
defined in [Bog84]. Recently, some other results about fundamental groups for closure space have
been developed in [Rie21a].

3.5 Dold-Kan Correspondence

Following [GJ09], we will provide the Dold-Kan correspondence theorem in this section, which states
that there is an equivalence between the categories of simplicial abelian groups and non-negative
chain complexes. In order to do that, we first need to construct a functor from sAb to Ch. and vice
versa. Along this section, we then provide in detail the treatment that Goerss and Jardine outlined in
[GJ09].

3.5.1 Functor from sAb to Ch+

Proposition 3.5.2. Let A € sAb. There exists a chain complex NA. = {(N Ay, 0,)}n=0 called normalized
chain complex given by

n-1
NA, = () kerd; < Ay, foreveryneN
i=0
and the boundary map is defined by
0n:NA, — NA,_1, whered, = (-1)"d,, for every n e N.

Proof. On the one hand, let n = 1 be an integer and x € NA,,. Then x e kerd; forall0<i<n-1.
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Moreover, by Proposition 3.1.9 we have d;d,, = d,,—1d; fori < n, so
di0n(x) = (=1)"d;d,(x) = (-1)"dp_1d;(x) =0

Therefore 0,,(x) € kerd; forall0 <i < n—1 thatis 0,,(x) € NA,_;. Thus 0,,(NA,;) € NA,_; and 0, is
well defined.

On the other hand, we have to prove that {(NA;,0,)},>0 form a chain complex. i.e., for all n = 0,
0,041 =0.
Let x € NA,+; and n = 1. By the identities in Proposition 3.1.9 and since x € ker d,;, we have

0n0n+1(x) = (1" dydpi1 (%) = (1> dpdy(x) =0.
Hence 0,0,+1(x) =0 and N A. is a chain complex. O

Proposition 3.5.3. [GJ09] There exists a functor N : sAb — Ch, sending a simplicial abelian group to
a normalized chain complex and a simplicial map to a chain map.

Proof. By Proposition 3.5.2, we define N(A) = N A, for every A € sAb.

Let f: A— B be a simplicial map in sAb defined by the component f;, : A, — B, for any [n] € A.
We define Nf : NA. — NB. to be a chain map where the components Nf,, : NA, — NB,, given by
the restriction of f;, in NA;,, for every n e N. i.e., N f,,(x) = f(x) forall x e NA,,.

First, for every n € N let us prove that the map N f;, : NA,, — NB,, is well defined.
Let x € NA, and i < n. Since f is a natural transformation and x € kerd; for every i < n, we have
di fn(x) = fn_1d;(x) = 0. Then f,(x) € kerd; forall i < n and x € NA,, and that implies f;,(x) € NB,.
Thus Nf,(NA,) € NBj,.

Second, we need to prove that N f is a chain map, which means the following diagram commutes

NA, 2% N,

Ny, =
NBy == NBy1

Since f is a natural transformation, we have
an]\]fn 3 (_l)ndnfn 3 (_l)nfn—ldn — fn—l(_l)ndn =i an—larp

Therefore N f is a chain map.
Finally, a routine computation shows that Nid4 = idy, forall Ae sAband N(gf)=Ng.Nf, for
all f: A— Band g:B— CinsAb. Thus, N:sAb — Ch, is a functor. O

It was shown, for example, in [Wei94] or [GJ09] that for a given simplicial abelian group, the Moore
complex and the normalized complex have the same homology groups. i.e., for every A € sAb,

H,(A.) = H,(NA,) forall neN.

3.5.4 Functor from Ch+ to sAb

Now, we want to construct a functor from the category of non-negative chain complexes Ch. to the
category of simplicial abelian groups sAb. In order to do that, we need the following facts.

We denote by A0 @ subcategory of A, whose objects are finite ordinal numbers, and we take all
monomorphisms in A to be the morphisms of A ;,550.

Given a chain complex C. = {(Cy, 05,)} nen. We have the contravariant functor

Oc:A o — Ab
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defined as follows:
— for each [n] € A, we assign ®¢([n]) = C;, and

— foreach f: [m] — [n], we define

idc,:C,— Cy ifn=m,
Oc(f)=4(-D"0,:Cp,—Cyq iff=d":[n—1]— [n],
0 otherwise.

Furthermore, for each integer n = 0, we define the abelian group

Cnlz @ Ck

[n]—[k]

where the sum goes through all surjective maps with domain [7]. Any element x € C,, can be written
as x = (x1,"--,xp) where p is the number of all surjective maps with domain [n]. We should notice
that the summand Cj can appear many times in the expression C,,.

Proposition 3.5.5. Given a chain complex C. € Chy. Then C. induces a simplicial abelian group
C: A°P — Ab defined as follows:

— foreach[n] € A, C([n]) = Cy,

— foreach a : [m] — [n], we define C(a) to be the map

a: @ Cr— @ ) |

[n]—[k] [m]—[1]

Proof. Let a:[m] — [n] be a morphism in A. We need to prove first that the map a is well defined.
Let o : [n] — [k] be a surjection in A that corresponds to a summand Cy. in C,,.
By Lemma 3.1.4, there exists ¢: [m] — [s] and d : [s] — [k] such that the composition map

(m] =% [n] —<% (k] can be factorized as oa = dt.

] —=_[n]

i la

[s] > [K]

We then obtain a summand Cs in C,, associated to the surjection ¢ : [m] — [s]. The mapping is
defined on the summand by the map ®¢(d) : Cx — C;. Therefore for any xj in the summand Cy. of
Cn, we have @ (d) (x;) in the summand C; of C,,,. Thus @ is well defined.

Letid[, : [n] — [n] be anidentity map in A. Let o : [n] — [k] be a surjective map in A correspond-
ing to the summand Cy. in C,,.

(] 24 1

(k] >——> [k]

id[k]

The mapping of the summand Cj is given by the map ®¢(idjy;) : Cx — Ck.
We then have C(id|)) = idén for any [n] € A.

Finally, let a : [n] — [m] and B: [m] — [h]. Let 8 : [h] — [i] be a surjection in A corresponding to
the summand C; in Cj,.
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We have the factorization

ml -2

LoD

[s] > Li]

Then the surjection f; : [m] — [s] corresponds to the summand Cj in C,, and the mapping is given
by ®¢(s1) : C; — Cs. Therefore C(a) : C,, — C,, is defined on the summand by the map ®c.
Similarly, we have

(m] —= [n]

0| I

[p) > 1]

So the surjection f, : [n] — [p] corresponds to the summand C, in C, and the mapping is then
given by ®¢(sz) : Cs — Cp,. Thus, the map C(a)C(p) : C, — C,, is given as follows: for any x € C;
summand of C, we define

(C(@)C(P))(x) := (P (s2) D (1)) (x).

Combining these two diagrams above, we obtain the following commutative diagram

(n] —* [m]

Py n
[p] = [s] 5= ]

0

Then
Hﬂa =S1ha=8580h.

We then have the surjection 0 : [h] — [i] corresponding to the summand C; in Cy, while t, : [n] — [ pl
corresponds to C, in C,.. Therefore, we have the map ®¢ : C; — Cp which defines on the summand
the map C(Ba) : Cj, — C,,.. Then C(Ba)(x) = D¢ (s152)(x) for each x € C; and for all summands C; in
Cy,. Moreover, since @ is a contravariant functor then ®¢(s; s2) = ®c(s2)Pc(s;), then

C(fa)(x) = C(@)C(P)(x)

for each x € C; and for all summands C; in Cj,. Hence C : A°”? — Ab is a contravariant functor, so it is
a simplicial abelian group. O

Proposition 3.5.6. Let f : C. — D. be a morphism in Ch, defined by the family of group homo-
morphisms {f,, : C;, = Dp}nen. Then, there is a simplicial map f : C — D in sAb with components
fn:Cn— Dy, for any object [n] € A.

Proof. Let f: C. — D. be a morphism in Ch, defined by the family of group homomorphisms {f;, :
C;, — Dylnen where C. = {(Cy,0,)} =0 and D. = {(Dy, a/n)}nzo-
Note that we have the following commutative diagram

Ok—2

0 d Ok
k+1> Cy k o k Ly Cr_s .

fi| = =

> Dy ——> D1 ——> D2 ——> -~
ak ak*l ak*Z

/
6k+1

We have to show that f : C — D is a natural transformation with components f,, : C,, — D,, for all
n=0.
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Let a : [n] — [m] be a morphism in A.
I S
Cymw —— Dy,
C(a)l \LD(a) 3.1

Cnf—.>Dn

In order to prove that the diagram (3.1) is commutative, we need to check that it is commutative on
each summand.

Let 0 : [m] — [k] be a surjection in A corresponding to the summands Cy and Dy in C,,, and D,
respectively. We have the factorization

(n] —= [m]

| i

[s] > (k]

Then, the surjection ¢ : [n] — [s] corresponds to the summand Cs and D; in C;, and D,, respectively.
Therefore, there exists a maps @¢(s) : Cx — Cs and ®p(s) : Dy — D;.
It is enough to prove that the following diagram is commutative

Cki>Dk

@a(ml l%(s) 3.2)

CsT>Ds

1% case: If the map s is of the form d* - [k—-1] — [k] thatis s = k— 1, then ®p(s) = (—l)kc');C :Dj — Dy,
and ®¢(s) = (—1)¥dy : Cr — Cr—,. Since f is a chain map, the following equality holds

®p(s) fi = (~D¥0x fi = (~DF fr_10), = fr1 (-DF0) = fr@c(s).

214 cagse: If the map s is identity s = idjy) : [k] — [k] and s = k, then ®p(s) = Pp(id|y) = idp, and
Dc(s) =Dc(ids) = idc,.

Dp () fi =idp, fr = fi = fs = fs.ide, = fsPc(s)

374 case: If s is neither the identity nor of the form d k then ®@p(s) = D (s) =0.
Therefore, the diagram (3.2) is commutative and the commutativity of the diagram (3.1) follows. Con-
sequently f: C — D is a natural transformation, so it is a simplicial map in sAb. O

Proposition 3.5.7. [GJ09] There exists a functor I' : Ch, — sAb sending a chain complex C., to a sim-
plicial abelian group C and a chain map f to a simplicial map f.

Proof. For every C, € Ch,, set I'(C.) = C as defined in Proposition 3.5.5. For any chain map f: C. —
D, in Ch,, we define I'(f) = f , Where f is a simplicial map as in Proposition 3.5.6.
Let C, € Ch,. We have
T(idc,) = idc, = idr(c.).

Let f:C. — D. and g: D. — E. be morphisms in Ch.. We note that we have the simplicial maps
I'(f):C—DandI(g):D—E.

On the one hand, let us prove that the composition of those simplicial maps is again a simplicial
map I'(g)T'(f) : C — E with components

T@T(Nn=Tn(@T,(f) forall [n] €A.
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We then need to show that the following diagram is commutative for any « : [n] — [m] in A.

Cn % D,y 8 B,
C(a)\L \LD(tx) \LE(a) (3.3)

\ D \
) 7" Tag)

Let 6 : [m] — [k] be a surjective map corresponding to the summands C, Dy and Ej in Cim»Dm
and E,, respectively. By Lemma 3.1.4 there exist maps 7 : [n] — [s] and s : [s] » [k] such that
Oa = st: [n] — [k]. Therefore, we have the surjective map ¢ corresponding to the summands Cs, D
and E, in C,,, D,, and E,, respectively.

Ch fx o 8k Eq

‘DC(S)\L i@p(s) lch(s) (3.4)

Cs —>f Ds_gs> Es

Since the squares in the diagram (3.4) commute separately, we have

(PE(9)8K) fi = (DD (9)) fie = 8s(@p(8) fi) = 8s(fs D ()

Therefore, the diagram (3.4) is commutative, so is the diagram (3.3). Thus I'(g)I'(f) : C — Eis a
natural transformation and so a simplicial map given by (I'(g)T'(f)), = ',(g) ', (f) for all [n] € A.

On the other hand, we have the composition of chain maps gf : C. — E.. We want to define
the simplicial map I'(gf) : C — E. Let a : [n] — [m], we have to prove that the following diagram is
commutative.

—
I

C_ m (gf
m }
C(a)\l/ E(a) (3.5)

Cn (g 7)

In a similar way as above, we have the following commutative diagram

s

les]]

n

&Nk
€; ﬂ Ex
(DC(S)\I/ J/@E(s) (3.6)

Cs (gf)f Es

Using the fact that the component (g f) : Cx — Ej is the composition of g : Cx — Dy and f :
Dy — Eg,i.e. (gf)k = grfi for all k € N, we have the component (I'(g ), = T'n(g)'5(f). Therefore
TEMn=T@Or (), forall neN. Hence I'(g f) =T(g)'(f) and I : Ch; — sAb is a functor. O

3.5.8 Dold-Kan Correspondence

Definition 3.5.9. [GJ09] Let A € sAb. We define DA, as the subgroup of A,, that is generated by the
degenerate simplices.

We note that the boundary map 9, : A, — A, -1 of the Moore complex associated to the simplicial
abelian group A induces a homomorphism

On:Apl DAy — Apy_1/DAp_1.
X+ DAy — 0,(x)+ DA,
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The sequence {(A; /DAy, 05,)}nen forms a chain complex denoted by A/ D A..
Moreover, we have chain maps

NA. < A, 25 a/pa..
Forevery n=0and j < n, define

DjAp:=(Jsi(An-1)) =(x€ AplFy€ Ap1, I0<i< j, x=5;)})

i<j
and
isj
It is clear that foreach n e N

NjAp S Nj_1Ap S-S Ny Ay S NoAy,

and
D]AngD]-'_lAn g"‘gDnAn.

Proposition 3.5.10. The following diagram is commutative.

¢
Nj-1Ap-1 —> Ap-1/Dj1Ap—

s,-l J/g,- (3.7)

Nj1An —=5— AnlDj1 Ay

wheresj(x) =sjx forallxe Nj_1Ap andgj([x]) = [sjx] forall[x] € Ay_1/Dj1Au-1.

Proof. The map ¢ is defined trivialy by ¢(x) = [x] for x € Nj_1A;—1 or Nj_1 Ap.
Letx € Nj_1A,-1. Thatis x € kerd; for all i < j — 1, which also implies that

d,’ijz sj_ldix: Sj,10 =0.

Then s;jx € kerd; forall i < j —1, thatis sjx € Nj_1 A,. Thus s; is well defined.
Let [x],[y] € Ap-1/Dj-1Ap-1 such that [x] = [y]. We have

X+Dj1Ap1=y+Dj1Ap-1 = x—y€EDj_1Au-1.
Then, there exists u € A;,_» such that x — y = s u forsome k< j—1. So
Sjlx—=y)=sjspu = sjx—s;y=Sjspu = [sjx] =[s;y] = §j[x] :gj[y].

Hence s; is well defined.
Let x € Nj_1Ap-1. We have to prove that Sipx= ¢s;x. We have

PSjx=¢(5jx) = P(sjx) = [sjx] and s ;¢px = 5;[x] = [s;x].
Thus, the diagram 3.7 is commutative. O

Proposition 3.5.11. Let n be a positive integer and j < n. The sequence

§, .
0 —>% Ay1/Djo1Ap1 — ApIDj1 Ay —— AIDjA, —25 0 (3.8)

is exact.
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Proof. Let us show first that the map

i:ApIDj_1Ay— AnlDjAy,
x+Dj_1An-—>x+DjAn

is surjective.
Let0# [x]:=x+DjA,€ Ap/DjA,. Thenx ¢ Dj Ay, i.e. x ¢ si(Ap-1) foralli < j,so [x] ¢ Ap/Dj_1Ap.
Since s;d;x € s;(Ay-1), there exists [x] = x + s;d;x € Ay/Dj-1 Ay, such that i(x + s;d;x) = x+ DjAy.
Therefore i is surjective. Thus im i = ker0.

Next, we have to prove that the map S; isinjective. Let [x] := x+D;j_1Ap-1 € Ay—1/Dj-1Ap-1 such
thatgj([x]) =0. Then sjx+Dj_1A, =0thatis sjx€ D1 Ay. Thereexists i < j—1and y € A, such
that s;x = s;y. Moreover, we have

x=djsix=d;js;y=si(dj-1y).
Then x € s;(A,-2) for some i < j— 1. That means x € Dj_1A;-;. So [x] =0 and ker§j = 0. Therefore
$; is injective and ker s ; = im 0.
Now let us prove that im Syl keri. Let y € im S There exists [x] € Ay—1/Dj-1Ap-1 such that
y =§j([x]) =sjx+Dj_1Ay. Since sjx € D;j Ay, we have

l(y) = i(SjX+Dj_1An) Zij+DjAn =0

Thus y € keri and im s; € keri.
Let [x] € keri. We have

i[x]=0 <= x+Dj 1A, =0 < x€Dj14,.

Then, there exists i < j—1and y € Ap—; such that x = s; . It follows that [x] = [s; y] = s;[y]. Therefore
[x] €im s; and keri €im s j- Hence keri =im s - We conclude that the sequence (3.8) is exact. O

Theorem 3.5.12. [GJ09] The composite pt: NA. — Al DA. is an isomorphism of chain complexes. i.e.,
NjAp, — AulDjAy is anisomorphism for all n and j < n.

Proof. We want to prove it by induction on j.
e For j =0, let us prove that the group homomorphism

¢:NoA, — AplDoAy
x— [x]=x+DyA,

is an isomorphism.
Let x € Ny A, such that ¢(x) = 0. We have

X+DgAp,=0 < x€DyA;, < IyeAy_1, x= ).
Since x € ker dy, using the identity in Proposition 3.1.3 we have
0=dox=dpsoy=1idy=1y.

Then y =0 and so x = 0. Hence ker ¢ = {0} and ¢ is injective.
Let [x] € A,/ Dy A,. Every class [x] can be represented by x — sodpx. We have

d()(x— S()d()X) = d()x— doS()dox = d()x— ld(d()X) = dox— d()x =0.

Then x — sodpx € Ny A, and ¢p(x — sodpx) = [x]. So ¢ is surjective. Consequently ¢ is an isomorphism.
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» Assume that the group homomorphism

¢:NAn — Anl DAy
X— [x]:=x+ DAy,

is an isomorphism for all k < j.
Consider the following diagram

¢
Nj-1An ——% AnlDj-1 Ay

[T l" (3.9)

where the map ¢ is an inclusion map and the map i is asin 3.5.11.
Let x€ NjA;,. We have

ipux) = ip(x)=i(x+Dj_1An) =x+DjA, = @(x).

Thus, the diagram (3.9) is commutative.

We now want to prove that ¢ is an isomorphism. We have proved that i is surjective in Proposition
3.5.11. Moreover, by hypothesis, ¢ is bijective particularly surjective, it follows that the composition
i¢p:Nj_1An — AnlDjAy is surjective. Then, for every [x] € A, /DAy, there exists x € Nj_1 A, (i.e.,
dix =0forall i < j) such that i¢p(x) = [x].

Since

di(x—sjdjx) =d,~x—dl~sjdjx
. —dl'dejXZ —Sj_ldidsz —Sj_ldj_ldiXZ —Sj_ldj_lo =0 ifi<j
" \djx-iddix=djx—djx=0 ifi=j

then x —s;jdjxekerd; foralli < jandso x—s;djx € N;jAj,.
Therefore, for every [x] € A,/ D jAp, there exists x —s;d;jx € N;j A, such that

px—sjdjx) =ipiux—sjd;x) = [x]

by commutativity of the diagram (3.9). Hence ¢ is surjective.
Next, we have to prove that ¢ is injective. Let x € N; Aj, such that ¢(x) = 0. By commutativity of
the diagram (3.9), we have

Px)=0 = ip(x) =0 < i(Pp(x)) =0 < ¢P(x) e keri.

Since, the sequence (3.8) in Proposition 3.5.11 is exact, then ¢p(x) € im s i There exists z€ A,_1/D ji-14n-1
such that ¢(x) = s j(@). By the induction hypothesis ¢ is bijective particularly surjective for every

k < j, then there exists y € Nj_; A, such that z = ¢(y). Furthermore, by commutativity of the dia-
gram (3.7) in Proposition 3.5.10

P(x) =5;(2) = 5, () = P(s;(¥).
Since ¢ is injective then we obtain x =5 (y). We know that x € N; A,, then we get
O0=djx=djsjy=idy=y.
So y =0 and it follows that x = 0. Hence ¢ is injective. We conclude that ¢ is isomorphism. O

It is important to know that the theorem 3.5.12 together with a cubical set theory have been used
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to construct certain homology theory in a different model of simplices, for example a cubical homol-
ogy as we can see in [BM21]; the authors defined three different cubical homologies for given closure
spaces.

Theorem 3.5.13 (Dold-Kan correspondence). [GJ09] The functors N and I' form an equivalence of
categories Ch,. and sAb.

Proof. We only give the sketch of the proof here. First of all, we need prove that I'N = idgap. Let
A € sAb. We have to show thatn, : T N(A) — Ais a bijection. We note that ' N(A) and A are simplicial
abelian group. As seen in [GJ09], for each [n] € A the map

Nan: @ NAr— A,
[n]—[k]

is a natural isomorphism. Therefore n: I'N = 14,y is natural isomorphism.
Let C. € Ch,. We have NI'(C.) = N(C) = NC.. The normalized chain complex NC, is given by

NCu:= () kerd;, whered;: € C— @ C
i<n-1 (n]—»[k] [n=1]=[l]

and 0, : NC, — NC,_; is difined by 9, := (-1)"d,,.
Using Theorem 3.5.12, one can prove that the normalized chain complex NC., is equal to the chain
complex C.. This fact implies the existence of the natural isomorphism idcy,, = NT. O

We have mostly referred to [GJ09] for the description of the Dold-Kan correspondence theorem.
Our contribution in that section was to provide in detail the proof of the assertions stated by Goerss
and Jardine in [GJ09], that is needed for understanding the Dold-Kan correspondence theorem.

It is relevant to note that several interesting results in homotopy theory, homological algebra,
and indeed algebraic topology involve this theorem. Since we are not going through those topics, we
would recommend those who are interested to continue [G]J09],[Kan58] and [May92].
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Chapter 4

Construction of the Persistent Homology
for Closure Spaces

Persistent homology gives a way of tracking the shape of point cloud data (usually a finite metric
space, but not necessarily). The fundamental concept is that we begin to generate a sequence of
simplicial complexes from a point cloud, as we can see in Example 4.3.10. We call this sequence of
simplicial complexes a filtration and it can be seen diagrammatically as

K();*KEHKZ‘—*KE;;’---‘—’KP.

After that, one can compute the simplicial homology of these sequences to obtain a new sequence
of homology groups connected by the group homomorphisms induced by the inclusion from the
filtration:

Hy(Ko) — Hp(Ky) = Hp(K2) = Hp(K3) — --- — Hu(K)p)

for each n.

The technique of persistent homology is then applied to this algebraic sequence to capture the evo-
lution of the homology classes along this sequence itself. Any n-homology class represents what we
called n-dimensional holes or features. By analyzing this sequence of homology groups, one can un-
derstand which holes persist longer and then deduce how the shape of the data behaves. This tech-
nique is developing quickly; several algorithms for computing persistent homology can be found for
example in [EL02], [ZC04] and [EH10]. Those filtration above can be thought of as a particular functor
[n] — Top or [n] — Simp whereas the sequence of group homomorphisms can be seen as a functor
[n] — Ab.

This chapter is devoted to the categorical generalization of these theories for closure spaces. We
then start to construct a simplicial complex from a closure space and give different common methods
that can be applied to generate a simplicial complex from a point cloud. An advantage of the use of
the closure operator is that it allows us to build a simplicial complex from a sample of points that
are not equipped with or suitable for a metric. After that, we will build a filtration and later, the
functionality of homology will be applied to this filtration to obtain a persistent homology. Along this
chapter, we will refer mostly to [EL02], [ZC04], [BS14], [BM22] and [Cha+16].

4.1 Relation between Simplicial Complexes and Closure Spaces

Frequently, it is convenient to work with combinatorics objects such as graphs and simplicial com-
plexes. Those are the most important mathematical objects and the most practicable in terms of
computation. A simple starting point is then to construct a simplicial complex from a given closure
space.

Definition 4.1.1. A (abstract) simplicial complex is a pair (X, E) where X is a set and E is a collection
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of non-empty finite subsets of X satisfying the following conditions:
-iftre Eand @ #0 <7,theno €,
-ifxe X, then {x} € E.

Definition 4.1.2. A homomorphism of simplicial complexes f : (X,E) — (Y,F)isasetmap f: X =Y
such that foreveryec E, f(e) € F.

All simplicial complexes together with homomorphisms between them form a category of sim-
plicial complexes denoted by Simp.

Definition 4.1.3. Let (X, E) € Simp. We define a graph (X, T(E)) where
T(E)={o € E| |o| =2}.

Proposition 4.1.4. There is a functor T : Simp — Gph sending each simplicial complexe (X, E) to the
graph (X, T(E)) and each morphism f : (X, E) — (Y, F) to the graph homomorphism f : (X,T(E)) —
(Y, T(F)).

Proof. The mapping on objects is given by the definition 4.1.3."i.e., T(X, E) = (X, T(E)) for all (X, E) €
Simp.

In order to define the mapping on morphisms, we have to prove that every simplicial map f :
(X,E) — (Y,F) induces a graph homomorphism f : (X, T(E)) — (Y,T(F)). Let (x,y) € T(E). i.e,
xT(E)y. We have {x, y} € E and since f is a simplicial map then f({x,y}) = {f(x), f())} € F. There-
fore, (f(x), f(y) € T(F). Thus f: (X, T(E)) — (Y, T(F)) is a graph homomorphism.

Define T(f) = f. By the proposition A.0.6, T : Simp — Gph is a functor. O

Definition 4.1.5. Let (X, E) € Gph. We define a simplicial complex (X,K(E)) where
KE)={t<X|IT#8, |T|<00, VX#y€ET = (X,y) € E}.

Proposition 4.1.6. There is a functor K: Gph — Simp sending each graph (X, E) to a simplicial com-
plex (X,K(E)) and a graph homomorphism f : (X,E) — (Y, F) to a simplicial map f : (X,K(E)) —
(Y,K(F)).

Proof. We define K(X, E) = (X,K(E)) for every (X, E) € Gph.

Let f: (X, E) — (Y, F) be amorphism in Gph. We have to prove that the graph homomorphism f
induces a simplicial map f : (X,K(E)) — (Y,K(F)). Let 0 € K(E). It is clear that f(0) # ¢ and | f(0)| <
oo. Let y1,y2 € f(0) such that y; # y». There exists x; # x» € o such that y; = f(x1) and y» = f(x2).
Since f is a graph homomorphism, then (x;, x2) € E implies (y1, y2) € F. Thus f(o) € K(F) and f:
(X,K(E)) — (Y,K(F)) is a simplicial map.

We then define K(f) = f. So K: Gph — Simp is a functor using Proposition A.0.6. O

Proposition 4.1.7. [BM22] Let (X,E) € Simp and (Y,F) € Gph. Given a set map f: X — Y. Then
f: (X, T(E)) — (Y,F) is a graph homomorphism if and only if f : (X,E) — (Y,K(F)) is a simplicial
map. Thus, the functor T is a left adjoint to the functor K. For all (X, E) € Simp and (Y, F) € Gph,

Gph((X,T(E)), (Y, F)) = Simp((X, E), (Y,K(F)))

which is natural in both variables.

Proof. Let (X, E) € Simp and (X, F) € Gph.

Assume that f : (X,T(E)) — (Y, F) is a graph homomorphism. Let o € E. Let y;, )2 € f(0) such
that y; # y». There exists x;, x» € 0 such that y; = f(x1) and y» = f(x2). It is clear that {x;, x»} € T(E).
Moreover, since f : (X, T(E)) — (Y, F) is a graph homomorphism then {y;, y»} = f({x1,x2}) € F, so
(y1,y2) € F. Thus f(0) e K(F) and f: (X, E) — (Y,K(F)) is a simplicial map.

45



Conversely, suppose that f : (X, E) — (Y,K(F)) is a simplicial map. Let o = {x, y} € T(E), i.e.
xT(E)y. Itis clear by the definition of T that o € E. Since f is a simplicial map, then f(o) = {f(x), f(})} €
K(F). It follows that (f(x), f(y)) € F, i.e. f(x)T(E)f(y). Thus f:(X,T(E)) — (Y, F) is a graph homo-
morphism. O

By using the functor we have defined in Section 2.4.16 and 2.4.9. We can define a functor from CL
to Simp and vice versa.

Proposition 4.1.8. [BM22] The following compositions define a functor from CL to Simp and vice

versa:
R R Z T
CL XL CLp >t CLgp %= Gph A
a7 s 7 4 K

4.2 Vietoris-Rips Complexes and Cech Complexes

We have constructed a functor from the category CL to the category Simp. Furthermore, we will
provide another methods which allows us to build a simplicial complex from a closure space. The
construction we will present is essential in a topological data analysis because usually, via Vietoris-
Rips and Cech complexes one can obtain a simplicial complex built from a point cloud data.

Definition 4.2.1. Let (X, ¢) be a closure space. We define VR(c) to be the collection of non-empty
subsets 0 € X such thatforall x€ g, 0 < c(x).

VR(c)={o < X|0<|o| <00, VX€EO, 0C<c(x)}.

Proposition 4.2.2. [BM22] There is a functor VR : CL — Simp sending each closure space (X, c) to
the simplicial complex (X,V R(c)) and each continuous map f : (X,c) — (Y, d) to the simplicial map
f:(X,VR(c)) = (Y,VR(d)).

Proof. Let (X, c) € CL. We have to prove first that (X, VR(c)) is a simplial complex.

Let x € X. We have {x} € c(x), then {x} € VR(c). Let T € VR(c) and ¢ # o < 7. For every x € 7, we
have 0 < |7| <ocoand 7 € c(x). It follows that forevery x € 0,0 < |o| <ocoand o < ¢(x). Then o € VR(c).
Hence (X, VR(c)) is a simplicial complex.

Let f: (X,c) — (Y,d) be a morphism in CL. We want to prove that f induces a simplicial map

f:(X,VR(c)) = (Y,VR(d)).
Let 0 € VR(c). We have |f(0)| < co because |o| < co. Let y € f(0). There exists x € o such that
y = f(x). Since 0 € VR(c), then o € c(x) for every x € 0. It follows by the continuity of f that f(o) <
flc(x)) €d(f(x)) =d(y). Thisyields f(o) € VR(d). Hence f: (X,VR(c)) — (Y,VR(d)) is a simplicial
map.

We define VR(X, c) = (X, VR(c)) for all (X,c) € CL and VR(f) = f for every morphism f in CL.
Then using the proposition A.0.6, VR : CL — Simp is a functor. O

Definition 4.2.3. Let (X, ¢) be a closure space. We define
Clo)={o < X|0<|ol<oo, Ix€ X, 0 S c(x)}.

Proposition 4.2.4. [BMZ22] There is a functor C:CL— Simp mapping each closure space (X, c) to
the simplicial complex (X, C(c)) and each continuous map f : (X,c) — (Y,d) to a simplicial map f :
(X,C(c)) — (Y,C(a)).

Proof. We prove that (X, C(c)) is a simplial complex.

For every x € X we have {x} € c(x) then {x} € C(c). Let T € C(c) and @ # o < 7. There exists x € X
such that 7 € c(x), moreover 0 < |7| < co. It follows that o S c(x) and 0 < |o| < co. So ¢ € C(c). Hence
(X,C(c)) is a simplicial complex.
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Let f: (X,c) — (Y,d) be a continuous map in CL. Let o € C(c). There exists x € X such that
0 € c¢(x) and |g| < co. Therefore, there exists y = f(x) € Y such that f(o) < f(c(x)) and |f ()| < co.
Since f is continuous, then f (o) < f(c(x)) = d(f(x)) =d(y). So f: (X, C(c) — (Y,C(d)) isa simplicial

map.
Define C(X, c) = (X, C(c)) for every (X, c) € CL and C(f) = f for every continuous map f in CL.
One can see easily by Proposition A.0.6 that C : CL — Simp is a functor. O

Remark 4.2.5. From the section 2.4.21, we have defined a functor M, : Met — CL. Now, one can
construct directly a functor Met — Simp by composition of M, with one of C or VR. The functor
Met — Simp is crucial in topological data analysis because it allows us to give a simple representation
of the data.

The following examples are some illustrations of the generation of a simplicial complex from
finite data. Our first example is for the case where the data is not associated to a metric distance,
while the last would be a data that can be represented as finite metric spaces.

Example 4.2.6. Consider the set X ={hy, hy, hs, hy, c1, ¢2,¢3,}. Set H = {hy, hy, hs, hy} and C = {cy, ¢2, c3},
we can think of those two sets as a classes or legends of the elements of X. Define a closure operator
¢:P(X)— P(X) by

¢ ifA=9

H ifAcH
c(A) =

C ifAcC

X otherwise.

Applying the definition 4.2.3 and 4.2.1 to the closure space (X, c), we obtain a simplicial complex
(X, C(c)) where C(c) = (P(H) \ ) U(P(C) \ @). In addition, we also have VR(c) = V(c).

C3 C3
ho ho

C2

ho ho

Figure 4.1: Point cloud X (left). Simplicial complex(right).

Here, one can observe that we obtained two separate simplicial complexes, one (in green) for the
class H and the other (in red) for the class C. Any point from the class H will never connect to any
point in the class C. However, the disadvantage of this method is that we always obtain the largest
simplicial complex for each class. It would be interesting if we can construct a closure operator which
allows us to create enough simplicial complex that fits the data, not necessarily this large simplicial
complex.

Example 4.2.7. Let (X, d) be a metric space and ¢ = 0. For every ¢ = 0, we have the closure space
(X, ce,q) corresponding to the metric space (X,d) as in Section 2.4.18. We then obtain the usual
Vietoris-Rips complex and Cech complex as follows:

C(ceq) =lo S X|0< |o| <00, Ax € X, 0 S C q(X)}
={{xg,...,xx} = X|Ixe X, V0<i<n, d(x,x;) <€}
={{x0,...,Xp} S X| (] B(xi,€) # B}

0<i<n
VR(c,q) =lo = X|0<|o| <00, VXEOT, 0C C,q(X)}

={{x0,..., X} € X|V0 <1, j<n, dx;,xj) <€}
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One can check that for every € = 0, we have C’(ce,d) S VR(ce,q) CV'(CZS,d).
Let us illustrate these two methods by the following figures. Suppose that we have point a cloud
(X, d) where
X = {xo, X1, X2, X3, X4, X5, X6, X7}

and d is an Euclidean metric. We fix a radius € € [0, +00).

.Xis e X5
e Xg
X7 o e X3
e X2
Xg e
Xo .

X6 Xs
X4
X7 X3
X2
Xg
X0 1

Figure 4.3: Cech complex C’(ce,d). Since B(x2,€) N B(x3,€) N B(xy,€) # @, we have a 2-simplex
{x2, x3, X4}.

X6 Xs
X4
X7 X3
X2
X8
X0 X1

Figure 4.4: Vietoris-Rips complex V R(cy,4). We have the two 2-simplexes {xz, x3, x4} ({xo, X7, xs}) be-
cause d(x;,x;) < 2r forall i, j € {2,3,4} (i, j € {0,7,8}) respectively.

If we look at the point cloud X in Figure 4.2, the only topological information we can deduce from
it is that it is a set of points. When we look at the Cech complex built from that point cloud in Figure
4.3 and 4.4, we can deduce that there exists one 1-dimensional hole, and we have only one connected
component. However, that topological information may vary whenever we change the value of the
parameter .

In the following section we will construct a sequence of spaces built from different values of €.

4.3 Filtration

We present here various filtrations; they can be a sequence of closure spaces, a sequence of graphs,
or a sequence of simplicial complexes connected by inclusion maps. In addition, we will build a
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filtration of simplicial complexes from metric spaces, which is crucial in topological data analysis.
Along this section, we fix P to be the category given by the partially ordered set (B, <).

Definition 4.3.1. Let C be a category. A filtration F is a functor from P to the category C mapping
each p € P to the object F(p) of C and each morphism p < g to the inclusion morphism F(p) — F(q)
in C.

Definition 4.3.2. Let F,G : P — Cbe filtrations. A morphism between the filtration F and G is a natural
transformation F = G.

Usually, such a filtration is represented diagrammatically as

whenever the composition of morphisms -+ < p; < p» < p3 <--- make sense in P.

The category of filtrations in C together with all morphisms between them will be denoted by
FpC. It is a subcategory of a CP.

The following are some explicit examples of filtration, which we will use later.

Definition 4.3.3. [BM22] A P-filtered closure space (X., c.) is a functor P — CL mapping every object
p € P to the morphisms (X, ¢p) € CL and each morphism p < g in P to the continuous inclusion
(Xp, cp) — (Xg,¢q), 1.e. Xp € Xg and for all A< X, cp(A) € cq(A).

A morphism f: (X.,c.) — (Y.,d.) between two P-filtered closure spaces is then a natural trans-
formation (X.,c.) = (¥.,d.). It is characterized by the family of continuous maps {f} : (X, cp) —
(Y, dp)}pep such that the following diagram commutes

(Xp,cp) — (Xg,¢q)

5| K

forevery p< qinP.

We denote by FpCL the category of P-filtered closure spaces together with morphisms between
them. Of course it is a subcategory of CL?.

Definition 4.3.4. [BM22] A P-filtered simplicial complex (X.,E.) is a functor P — Simp that maps
each p € P to the simplicial complex (X, E;) and each morphism p < g to the inclusion simplicial
map (Xp, Ep) — (X4, Eg). i.e. X, € Xg and Ey, € E4 for every p < g.

A morphism f: (X.,E.) — (Y., F.) between P-filtered simplicial complexes is then given by the
collection of simplicial maps {f, : (Xp, Ep) — (Yp, Fp)}pep such that f, = fq|xp forevery p< g inP.

All P-filtered simplicial complexes together with all morphisms between them form a category
FpSimp which is a subcategory of Simp®.

The most useful filtration in topological data analysis is the case when we restrict to the category
of topological spaces; very often, we use the objects of Fiy Top, Fr <)Top and Fr <)Simp.

Example 4.3.5. Let (X, ¢) be a closure space and f : X — P be a set map. Set
D,={qePlq<pland X, =f"'(Dp) forall pe P

and define a closure operator ¢, : P(X,) — P(X)) by ¢,(A) = c¢(A) N X, for all A< X,,. We have a
P-filtered closure space

Sub(f):P — CL
p— (Xpycp)
p=q— (Xp,cp) — (Xg,¢q)
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Example 4.3.6. Particularly, let (X,7) be a topological space and assume that P = (R,<). Let f: X —
R be a real valued function on X. For every a € R we define the sublevel set

Xo=f (o0, al) :={xe X| f(x) < al.
Additionally, we can define the induced topological space (X,, Tx,) with
Tx, ={UNXa UeT}.
Then, the sublevel set filtration of the pair (X, f) is given as follows:

Sub(f): (R,<) — Top
a— (Xa; TXa)
a<b— (X4 Tx,) — Xp, Tx,)

We note that for every (X, ¢) € CL and partially ordered set P there is a function Sub : homge (X, P) —
Ob(CLP) mapping a set map f : X — P to a P-filtered closure space Sub(f).

Now, we are going to build a [0, 00)-filtered closure space and [0, c0)-filtered simplicial complex
from a metric space.

Definition 4.3.7. Let (X,d) be a metric space. We obtain a [0,00)-filtered closure spaces (X, c. 4),
which is a functor ([0,00), <) — CL characterized by the family of closure spaces {(X, ¢, 4)}ee[0,00) tO-
gether with all continuous inclusion maps (X, ¢ 4) — (X, ¢e/,4) whenever e <¢€’.

Remark 4.3.8. There is a functor Met — Fjg ;) CL which assigns to each metric space (X, d) the [0, 00)-
filtered closure space (X, c. 4), and each morphism f : (X, dx) — (Y, dy) in Met to the morphism of
[0, 00)-filtered closure space [ : (X, €. q,) — (Y, Ca,ay)-

Proposition 4.3.9. There is a functor Met — F|o o) Simp.

Proof. Consider the functor C : CL — Simp. Using the lemma A.0.14, there exists a function C :
F(0,00)CL — F[g,0)Simp. By the remark 4.3.8, we have the functor Met — Fg o)CL. Therefore, the
functor Met — Fg ) Simp is defined by the composition of those functor; the mapping on objects
and morphisms is then defined as follows:

- for every (X, dx) € Met

(X, dx) — (X, Cogy) — (X, C(Caay)),
- for every morphism f: (X, dx) — (Y, dy) in Met

(X) dX) - (Yr dY) '% (Xv Cl,dx) - (Yv Co,dy)

l

(X, C(ceay)) — (Y, C(cug,))-
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Example 4.3.10. Here is an illustration of a filtration build from a point cloud with a samples of
points. We take five different values of € and apply the Cech complex construction for each value.

S I

Figure 4.5: Filtration obtained by using a Cech complex C(c,,4) at a different scales of .

4.4 Persistence Modules

We have formalized the notions of a filtration. In this section, we will give a fundamental concepts
of how we can study the algebraic structure of such a filtration. We will see for example, how the
homology group may vary across a filtration.

Let R be acommutative ring with multiplicative identity element. We recall that RMod is the category
of all small left modules over the ring R and all module homomorphisms.

Definition 4.4.1. [Cha+16] Given a partially ordered set P. A persistence module V over P is a functor
from P to RMod that sends each object p € P to the left R module V(p) € RMod and each morphism
p < q in P to the module homomorphism V (p) — V(q).

A persistence module over P is then an object of the functor category RMod? . If there is no confusion
we will write simply V), instead of V (p) for every p € P.

Definition 4.4.2. [Cha+16] Let U,V € RMod®. A homomorphism ¢ : U — V between two persistence
modules is a natural transformation U = V.

One could notice that if R is the ring of integers Z then the category of persistence modules is the
functor category Ab®. The ring R also can be replaced by any field [, in this case persistence modules
are objects of the functor category Vec?, and we will say persistence vector spaces over P.

Additionally, in topological data analysis situations, we often use the persistence module to be
the objects of one the following categories Vec®=), Vec™=) and Vec!”.

A persistence module V : (N, <) — RMod can be depicted as the following diagram:

V(=1 V(=2) V(2=3) |
7 7

VO ‘/2 > e

141

Example 4.4.3. We can apply any corresponding homology functor to the filtration in Example 4.3.5
and 4.3.6 to obtain a persistence module. For instance, given a closure space (X, c) € CL, we ob-
tain the P-filtered closure space {(Xj,cp)}pep. After that, we apply the singular homology functor
Hy(—;Z) : CL — Ab in Section 3.4 to obtain the family of Z-modules {H (X}, ¢y)}pep, together with
all group homomorphisms of the form H, (X}, ¢,) — Hu(Xy4, ¢4) induced by (X, cp) — (X4, ¢4) for all
p < q. This last describes a persistence module P — Ab.

Proposition 4.4.4. There exists a functor Met — Ab(%:°°)=)

Proof. Lete = 0 and n € N. Consider the homology functor H,(—;Z) : CL — Ab. From the remark
4.3.8, we have a functor Met — Fjg ,)CL. By the lemma A.0.14, there exists a functor Fjp o, CL —
F[9,00)Ab. The functor Met — F[g .)Ab is then defined by the composition of those functors, i.e.

- for every metric space (X, dy),

(X: dX) —_ (X; C',dx) —_ Hn(X) Co,dX)
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- for every morphism f: (X, dx) — (Y,dy),

(X$ dX) - (Y) dY) 'H (X) C’;dX) - (Yy Cc,dy)

l

Hy(X, ¢oq,) = Hp(Y, Cu g,).

O

We note that this functor is not unique. For instance, by using the simplicial homology functor
H,(-,Z7): Simp — Ab we can obtain another functor Met — Ab!?°.

4.4.5 Persistent Homology

Given a filtration F € F <)CL. Let n € N. Consider the homology functor H, (-, Z) : CL — Ab. We ob-
tain a persistence module H, F : (R, <) — Ab by composing those two functors. It can be represented
as the following diagram:

- — HyF(a1) — Hpl(ap) — HpF(a3) — HpF(as) — -

whenever the sequence --- < a; < ap < as < --- exist.

It is worthwhile to mention that the diagram above is connected by the group homomorphism in-
duced by a sequence of inclusion maps from the filtration. Therefore, some n-homology classes that
appear at H,F(a;) are still present along H, F(a;) but some of them will disappear. The persistent
homology helps us to recognize that appearance and disappearance.

Definition 4.4.6. Given a filtration F € Fg <)CL. A (b-a)-persistent nth homology group of F(a) de-
noted by Hg’b F is the image of the morphism H, F(a < b). The nth persistent Betti number ﬁZ’b is
given by the rank of H*"F.

For every a, p € R and n € N, the cycle group and boundary group of the closure space F(a) will
be denoted by Z; := Z;(F(a)) and By, := B}, (F(a)) respectively. We also denote by ng’b the group ho-

n

momorphism H,F(a < b) : H,F(a) — H,F(b).

The following theorem gives another view and more significant meaning to the definition of per-
sistent homology.

Theorem 4.4.7. [EH10] Given a filtration F € Fp <)CL. For each a € R and n € N. There is an isomor-
phism
H*F=27%(Z%nBY).

Proof. Consider the map
nt. z41B¢ — zP/BY
x+B%— x+B.

Let x + B% € Z%/B% such that n%"(x + B%) = 0. That implies x € B2. Therefore kern®? = Z%n B2, We
also note that B € Z%n BY. It follows by the First Isomorphism Theorem that we have

imn®? = (z4BH1(Z¢nBY) = 221z n BY).
0

Remark 4.4.8. It is extremely important to know that the (b-a)-persistent nth homology group con-
tains the n-homology class of F(a) that still exists at F(b). It allows us to capture the evolution of the
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n-homology classes along the filtration. In addition, one may interpret the Betti number ﬁZ’b as the
number of n-dimensional classes born at, or before F(a) and dies after F(b). Particularly, we have
%b =0forevery b=0.

Definition 4.4.9. [EH10] Let F € Fg <)CL be a filtration. Given a morphism a < bin (R,<) and n e N.

i. We say that a class x € H,F(a) is born at F(a) if x ¢ H,‘;_I'“F. In this case, we will say that x is
born at time (or scale) a

ii. If x is born at F(a), we say that x dies entering F(b) ifn»?~1(x) ¢ H "P"1Fbut n®?(x) e H* VP F.
We also say that x dies at time b.

iii. If a class x is born at F(a) and dies entering F(b), we define by pers(x) = b — a the persistence of
x. If x is born at F(a) but never dies, then we say that x has persistence to infinity. We will write
those pairing of birth and death of x as a pair (a, b) and (a,0).

iv. The number of n-homology classes that are born at F(a) and die entering F(b) is given by
Mz,b = (ﬁz,b—l il ?l,b) - (ﬁz—l,b—l - Z—l,b).

4.4.10 Visualization

We will briefly review two fundamental visualizations of persistent homology. Recall that a multiset
isapair M = (A, u) where a Ais aset and p: A — Nis a multiplicity function that indicates how many
times each element of A occurs in M. The cardinality of M is then given by |[M| = Y 4c 4 p(a). We
denote by R:=RU {oo} [Cha+16].

Definition 4.4.11. Let F: (R, <) — CL be a (R, <)-filtered closure space. Consider HF : (R, <) — Ab its
corresponding persistence module. A persistence diagram dgm HF is a multiset consisting of all pairs
(a, b) € R? such that there exists a n-homology classe x € H,F(a) that is born at time a and dies at
time b across the filtration with multiplicity ,uZ’b.

Ifwe denote by dgm,, HF the set of all pairs (a, b) consisting of birth and death of all z-dimensional
holes along the filtration F, then dgmHF is the union of all dgm , HF.

Taking the filtration given in Example 4.3.10, we can see its persistence diagram as follows.

A
- L W ___ W _J 2
’I
’I
5 /
e
s
s
s
-
#
’I
4 ’
’
#
s
s
£ /
@
g31 - 4
3 ’
s
s
-
/
s
s,
,I
21 #
s
s
s
- -—— @
e
I * Hp
11 7 Hi1
s
T T
1 2 3 4 5
Birth

Figure 4.6: Persistence diagram of the filtration in 4.3.5; dgmyHF = {(1,2), (1,2), (1,2), (1,3), (1,00)}
and dgm, HF = {(4,5)}. This diagram is obtained by using the python libraries dyonisus and persim.

Here in Figure 4.6, every 0-dimensional hole and 1-dimensional hole are represented by the blue
and orange dots respectively.
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There exist three 0-dimensional holes generated by x;, x3 and x4 which are born at time 1 and die
early at time 2 because of merging with xy to form a single component generated by xy; ,u(l)’2 =3.
There is also one 0-dimensional hole generated by x; that is born at time 0 but die at time 3, since
it is combined with the component generated by x( at time 3 to form a single component xy. So
,u(l)'3 = 1. In addition, there exists exactly one 1-dimensional hole which is born at time 4 and die at
time 5, i.e. ,u‘f'5 =1.

The other representation of persistence is called barcode diagram bar HF, it is exactly the same
multiset dgm HF. In the barcode diagram we represent the pair of appearance (a, b) as a line segment
[a, b, which is often called a bar. The pair of the form (a,o0) is represented as an infinite bar [a, col.
In the representation of the persistence barcode diagram we will emphasize the multiplicity.

= Hy
Hy

Figure 4.7: Persistence barcode diagram of the filtration in Example 4.3.10; bargHF =
{11, 2[, [1,2[, [1,2[, [1,3[, [1,00[} and bar; HF = {[4,5[}.

It is worth mentioning that in practice, we will deal mostly with finite point cloud data. In this
case, we obtain a finite simplicial complex, we then need to work with simplicial homology as in Ex-
ample 3.3.10. The advantage of simplicial homology is that one can use some tools from linear alge-
bra like echelon form and smith normal form to compute it. Further treatement of these approaches
can be seen in [Mun84].

Furthermore, several variants of the algorithm and efficient implementation has been developed
to compute a persistent homology, that can be practically useful for a visualization and exploration
of the data. We refer the reader to [EH10] and [ZC04].

Lastly, one should notice that the modification of a filtration may change the persistence module
and the persistence diagram. That causes an instability of the features and we don’t have a guarantee
that our topological information is relevant. Therefore, we should be wondering about when is that
machinery stable. The following theory will provide an investigation of the stability of the persistent
homology.
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4.5 Interleaving and Stability

Given two persistence modules U, V € RMod®. We say that U and V are isomorphic if there exists a
morphism¢: U — Vand ¢ : V — U such that w¢ = idy and ¢y = idy.

V(po=p1) V(p1=p2)
° % Upl > Upz ) Up3 >
Op | | ¥ bpo | | V2 $ps | [Vrs
. % \ \ \
Vo V(po=p1)” Vi, V(pi=p2)” Vps ’

In topological data analysis this condition is too strong because the persistence modules are con-
structed from uncertain and noisy data, so it can be never reach isomorphism. We then define a
weaker condition by introducing a theory of interleaving. The theory of interleaving aims to measure
how far two persistence modules are isomorphic. The theory of interleaving was introduced first by
Chazal et al in [Cha+08]. Since then, numerous advances have been made for generalization of this
theory. In this section, we will present in detail some of the results given in [BS14] and [Cha+16].

Let € = 0. Define a functor T; : (R, <) — (R, <) by T (x) = x + € for all x € R and a natural transfor-
mation 1. : idr,<) = T¢ given by n. : x — x+e for all x € R. We note that T T = Ty and npnc = Npic
forall b, ceR.

We would like to mention that we will use very often Lemma A.0.13 along this section.
Let D be any category and let € = 0.

Definition 4.5.1. [BS14] Let F,G € D®=) An e-interleaving of F and G consists of natural transfor-
mations ¢ : F = GT, and ¢ : G = FT; such that

(W Ty = Fne and (@ Te)y = Gnoe.

7]26 (JC)

F(x) ——— > F(x+2¢) F(x+e€)
G(x+e) G(x) —) G(x+ 2¢)

If such e-interleaving exist, we say that F and G are e-interleaved.
We note that if € = 0 we have the original definition of isomorphism between F and G.

Definition 4.5.2. [Cha+16] The interleaving distance between F and G is defined by

d;(FG) = ir€1f{€ > 0| F and G are e-interleaved}.

If there is no e-interleaved between F and G for any value € = 0, then we set d;(F, G) = co

Lemma 4.5.3. [BS14] Let F,G € D®<)_IfF and G aree-interleaved then they are also €' -interleaved for
anye' =e.

Proof. Suppose that F and G are e-interleaved. There exists a natural transformation ¢ : F = G1T
and ¥ : G = FT, such that (¢ Te) = Fnop and (P Te)y = Gnze.

Let e’ = € and set € = ¢/ —e. We have 1); : idg >) = T;. Moreover, we know that 9T, : T, = T is a
natural transformation.
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Let x < y be a morphism in (R, <). Since nsT; : T, = T, is a natural transformation, there is
exactly one morphism x +¢ < y +¢’. Moreover, there is a unique morphism G(x+¢) — G(y +¢’). Thus
Gne T, : GT, = G1Ty is a natural transformation.

We define the natural transformation ([) = (GneTe)¢p : F = GTp by the component (/3 = (GNeTe) xPx

for all x e R.

br:F) — 2 s Grre) — s Glere)

Similarly, we define ¥ = (FngTe)w : G = FTp.

UG — s Frte) —119 s prygel

It remains for us to prove that ( Tp))¢ = Fnoe and (G To) 1 = Gnoer.
Let x € R. We consider the following diagram:

Fx) — W o py 2e) —eetele® o p ey o el TR 4 0eh)

Uze
(4.1)
u/x+€ ng’ (JC)

G(x+e) Bl > G(x+¢€')

By the hypothesis, F and G are e-interleaved so the triangle diagram above is commutative. Moreover,
since v is a natural transformation then the square diagram in (4.1) is commutative . It is clear that
FneTere = FneTe. A routine calculation implies that the composition of the horizontal diagram on
the top in (4.1) is equal to Froe (x) : F(x) — F(x + 2€'). That is also equal to (1 T.)$(x) because of the
commutativity of the diagram (4.1). Thus (§/ Tw) = F1per.

Analogously for the proof of (pTe) 1 = Gnzer. O

Theorem 4.5.4. [BS14] The map d; : Ob(D®=)) x Ob(D®=)) — [0,00) given by (E,G) — d;(E,G) isa
pseudo-metric.

Proof. Let F,G € D®9 such that F and G are isomorphic. So F and G are 0-interleaved. Then
di(FG)=0

Let EGe D®), By symmetry of the definition of e-interleaving, d;(F, G) = d;(G, F).

Let F,G, H € D®% such that F and G are €'-interleaved and G and H are €"-interleaved. Let
a=dj(F,G) and b =d;(G, H). Given € > 0. By the lemma 4.5.3, F and G are (a + ¢€)-interleaved, G and
H are (b +¢)-interleaved. There exist natural transformations ¢' : F = GTgyc and ¥’ : G = FTg.¢
such that

(w, Ta+e)(,b, = Fn2(a+e) and ((;b, Ta+e)w, = GN2(a+e)- (4.2)
And other natural transformations ¢ : G = HTy, and v : H = GT},. such that
W Tpre)p" = Gn2(b+e) and @ Ty = Hnap+e)- (4.3)

Note that
HTpieTare = HTgipr2e a0d FTp1e Tare = F Ty proe-

Consider the natural transformations
b= ((PH Ta+e)¢l :F = GTg+e = HTgiproe and ¢ = (1/// Tb+e)1//” :H= GTpre = FTasp+2e
defined as follows: for any object x € (R, <),

¢X+ ate

¢y F(x) —) G(x+a+e¢) —— H(x+a+b+2e)
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and
We H) —2 3 Gx+bte) —2 s Flxta+ b+ 26).

Using the identities (4.2) and (4.3) and the fact that ¢ and v are natural transformations, a routine
computation yields that (¢ Tgpr2e) P = FN2(a+b+2¢) ANA (P Tyrp2e) W = HN2(a4b+2¢)-

Therefore F and H are (a + b + 2¢)-interleaved for all € > 0. It follows by definition of interleaving
distance that d;(F, H) < a+b+2¢. Since € > 0is arbitrary then d;(F, H) < a+b=d;(F,G)+d;(G,H). O

We note that the identity d;(F, G) = 0 only implies that F and G are e-interleaved for every € > 0.
One can notice that D®=) is an enriched category over the monoidal category ((R, <), +), following
the definition introduced by Lawvere in [Law73].

Remark 4.5.5. It is important to know that there exists another distance called Bottleneck distance
which is defined in terms of persistence diagrams, this distance measures how far two persistence
diagrams differ from each other. Let dgm HF and dgm HG be persistence diagrams. Consider the set
of all bijections BB = {# : dgm HF — dgm HG]| m is a bijection}. The bottleneck distance is given by

dp(dgmHF,dgmHG) := inf sup lI(a, b) —7m(a, b)|lso
neB (q,b)edgmHF

where [|(x, ¥)lloo := max{|x|, | yl} for all (x, y) € R?.

It was shown in [Cha+16] that if HF and HG are persistence vector spaces over (R,<) and the
dimension of HF(a), HG(a) are finite for all a € R, then dg(dgmHF,dgmHG) = d;(HF, HG). This is
called isometry theorem, and it establishes an equivalence between the interleaving distance and the
bottleneck distance. The proof of the isometry theorem requires another theory, we then refer the
reader to [Cha+16] and [Les15] for further treatment of this subject.

We recall that for any real valued functions f, g on a set X, we define the sup norm by || f — glleo =
sup,cx | f(x)—g(x)|. Note thatif f and g are continuous and X is a compact set, then the supremum is
attained and the function f—gis bounded, i.e. there exists a real number M > 0 such that || f — gllco <
M.

Basically, we can interpret the stability theorem as follows: whenever we make a small change of
the filtration we will have a small change of persistence modules and of course the persistence dia-
gram. Fortunately, thanks to a valuable works of Cohen-Steiner, Edelsbrunner and Harer in [CEHO07],
they manage to prove the first stability theorem which can be formalized as follows: Let X be triangu-
lable space and f, g : X — R continuous maps which are "tame" (see [EH10]). Assume H is a singular
homology functor on a topological space with coefficient in a field. Then, the bottleneck distance
between two persistence diagrams dgm HSub(f) and dgm HSub(g) is bounded by || f — gllco, i.€.

dg(dgmHSub(f),dgmHSub(g)) < || f — gllco-

Several successful works appear to attempt a generalization of this theorem by removing some
conditions on the hypothesis. One of the general formalizations is given by Bubenik and Scott in
[BS14] as follows: Let f, g : X — R be set maps on the space (X, 7). If H is a functor from the category
of topological spaces then d;(HSub(f), HSub(g)) < ||f — glleo- In other words HSub : homge( (X, R) —
Ob(Top(R’S)) — Ob(Ab® %) is non-expansive map.

The following theorem will be useful to prove the stability of persistence modules obtained from
filtered closures spaces.

Theorem 4.5.6. [BS14] Let F,G e D®< and H:D — E. IfF and G are e-interleaved, then so are HF
and HG. Thus,
d;(HF, HG) <d;(F,G).
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Proof. Suppose that F and G are e-interleaved. There exist natural transformations ¢ : F = GT, and
¥ : G = FT, such that (¢ T¢)¢p = Fne and (¢pT)w = Gnoe. We consider the natural transformations
H¢ : HF = HGT; and Hy : HG = HFT, given by the following components: for every object
xe®, =)

(H)yx : HF(x) — HG(x +€) with (H¢) x(a) = H(¢y) (a)

and
(Hy)x: HG(x) — HF (x +¢) with (Hy)x(a) = H(yx)(a).

We then define the natural transformations Hy T, : HGT, = HF Ty and Hp T, : HF T, = HGT,. by
the components
(HyTo)x = (HY) 1,0 = HY1.(x)) : HG(Xx +€) — HF(x + 2¢€)

and
(HPpTe)x = (HP)1,(x) = H(PT.(2)) : HF (X +€) — HG(x + 2¢).

We have to prove that (Hy Te) H = (HF)1n2e and (H¢T,) Hy = (HG)1 2.
Let x be an object of (R, <). Using the functoriality of H and the fact that F and G are e-interleaved,
we have

(HyTe) x(Hp)x = Hy T (x)) H(py) = H(WwTed) ) = H(Fn2: (X))

and
(HPpTe) x(HY) x = H(pTe (X)) H(yx) = H{(PTey) x) = H(G12e (X))

We thus have (Hy T;)(H¢) = (HF)n2 and (HPT,)HY = (HG)n2.. Therefore HF and HG are e-
interleaved. O

Finally, we are going to prove the stability of persistence modules obtained from filtered closure
spaces, which is an extension of what Bubenik and Scott achieved in [BS14], later on formalized again
by Bubenik with Mili¢evi¢ in [BM22].

Theorem 4.5.7. [BM22] Let f, g : X — R be set maps on the closure space (X, c). Ife = ||f — glloo, then
Sub(f),Sub(g) are e-interleaved. Moreover, if H is a functor from CL (particularly homology functor
from CL) then d;(HSub(f), HSub(g)) < || f — &llco-

Proof. Suppose thate =||f — glleo- Let a€ (R, ).

On the one hand, let x € Sub(f),;. Then —oco < f(x) < a. By hypothesis, we have —e < f(x) -
g(x) e forall x € X. We then obtain —co < g(x) —€ < f(x) < a. So —oo < g(x) < a+e. That means
x € Sub(g) g+¢. Thus Sub(f), < Sub(g) g+e-

One the other hand, let x € Sub(g) 4. Similarly, we have x € Sub(f) z+x. Then Sub(g), < Sub(f) g+e.
Therefore, there exists a natural transformations

¢ :Sub(f) = Sub(g) T, and ¥ : Sub(g) = Sub(f) T
where the components are given by the inclusion map
$a:Sub(f)a — Sub(g) g+ and ¥, : Sub(g)a — Sub(f) a+e

respectively.

Now, we need to show that (¢ T;)¢ = Fnoe and (¢ T)y = Gnoe.
Let x € Sub(g) 4+e. We have —oco < g(x) < a+e¢€. Then —oco < f(x) —€ < g(x) < a+ € by hypothesis. So
f(x) = a+2¢and x € Sub(f) 442¢. Thus

Sub(f)q = Sub(f)g+e S Sub(f)a+2e-
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It follows that the following diagram is commutative

FT]Ze (Cl)

Sub(f)q > Sub(f) Toe

Sub(g)T.

Therefore (¢ 1) 44 = Fnoc(a) for all a € R. This yields (¢ T¢)¢p = Fnse. Analogously for the proof of
(o Te)y = Gnoe. Hence Sub(f) and Sub(g) are e-interleaved.
Furthermore, if H : CL — Cis a functor from the category CL to any category C then by Theorem 4.5.6,
we have

dr(HSub(f), HSub(g)) < d;(Sub(f),Sub(g)) < IIf — &llco-

In other words HSub : homge( (X, P) — Ob(C®<)) is a non- expansive map. O
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Appendix A

Review of Category Theory

We recall some elementary background of category theory. We only state what we need, so this chap-
ter is never longer enough for those who want to learn category theory. We are not giving any proof
here. However, one can read more about category theory in [Mac98], [Riel6] and [AHS90].

Definition A.0.1. [AHS90] A category C consists of
1. aclass of objects, those members are called objects of C,

2. aclass of morphisms, those members are called morphisms; if f : X — Y is a morphism in C we
call X and Y domain and codomain of f respectively,

3. for each object X, amorphism idy : X — X, called the identity on X,

4. a composition law associating with each morphism f: X — Y and g: Y — Z a morphism gf:
X — Z, called composite of f and g,

subject to the following conditions:

5. a composition is associative; i.e., for morphisms f: A— B, g: B— C and h: C — D, the equation

h(gf)=(hg)f,
6. forevery f: X — Y,wehaveidy f = fand fidx = f.

The class of objects of C is usually denoted by Ob(C), while the class of morphisms is denoted by
Mor(C). For simplicity, we will write X € C to say that X is an object of Cand f: X — Y in C to say
that f: X — Y is a morphism in C. For any pair of objects X, Y in C, we write

C(X,Y)=hom¢(X,Y):={f| f: X — Y is amorphism in C}.

Definition A.0.2. [Mac98] A category C is said small if Ob(C) is a set. We say that the category C
is a locally small or with small hom-set if for each pair of objects X and Y, hom¢(X, Y) is a set. In
addition, a category C is said discrete if every morphism is an identity.

Example A.0.3. Here are some examples of the usual categories:

- Set: Whose objects are all small sets and morphisms are all functions between them.

- Grp: Whose objects are all small groups and morphisms are all group homomorphisms.

- Rng: Whose objects are all small rings and morphisms are all ring homomorphisms.

- RMod: Whose objects are all small left R-modules over a unital ring R and R-module homo-
morphisms.

- ModR: Whose objects are all small right R-modules over a unital ring R and R-module homo-
morphisms.

- Veci: Whose objects are all K-vector spaces and morphisms are all linear maps between them.
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- Top: Whose objects are all topological spaces and morphisms are all continuous maps between
them.

-P = (B, =): Category defined by the partialy ordered set (P, <). An object is an element of P and
an unique morphism x — y if and only if the relation x < y exists.

Definition A.0.4. [AHS90] Let C be a category. We say that S is a subcategory of B if the following
conditions are satisfied:

1. Ob(S) < Ob(C),
2. for each objects X, Y € Ob(S), homg (X, Y) chom¢(X,Y),
3. for each object X €S, the identity idy : X — X in Cis the identity idx : X — X in S,

4. the composition law in S is the restriction of the composition law in C to the morphisms of S.

Definition A.0.5. [Mac98] Let C and D be categories. A functor F : C — D is a morphism from the
category C to D. It consists of two suitably related functions: The object function F, which assigns to
each object X € C an object FX € D and the morphism function F which assigns to each f: X — Y in
C amorphism F(f): FX — FY in D, in such a way that

F(idx) = idpx, and F(g f) = F(Q)F(f),
whenever the composite g f is defined in C. It is also called a covariant functor.

We also recall that a forgetful (or underlying) functor is a functor defined by forgetting or dropping
some structure. For instance (/ : Top — Set is a functor which sends every topological space to its
underlying set and every continuous function to its underlying set maps.

Proposition A.0.6. LetC and D be categories. LetU : C — Set and ' : D — Set be forgetful functors. If
the following conditions are satisfied:

- forall X € C, there exists FX € D such thatU (X) =U'(FX),

-forall f : X — Y inC, there exists a morphism F(f) : FX — FY inD such thatU(f) =U'(F(f)).

Then, there exists a functor F : C — D mapping each object X of C to the object FX of D, and every
morphism f: X — Y inC to the morphism F(f): FX — FY inD.

Remark A.0.7. a) For each category C, we associate the opposite category C°P. The objects of C°P
are the objects of C and the morphisms are morphisms of C in reversed direction, i.e. if f: X - YV
is a morphism in C, then f°P:Y — X is a morphism in C°?. The composite f°Pg°P = (g f)°F is
defined in C°” whenever the composite g f is defined in C.

b) A contravariant functor F : C — D is a functor that assigns to each object X € C an object FX € D
and to each morphism f: X — Y a morphism F(f): FY — FX (in the opposite direction), all in
such a way that

F(idx) =idpx,and F(fg) = F(g)F(f),

whenever the composite fg is defined in C.

Example A.0.8. 1. For each X € C, we have the covariant hom-functor
C(X,-) =hom(X,-):C — Set

sending each object Y to the set hom(X,Y), and each morphism k : A — B to the function
hom(X, k) :hom(X, A) — hom(X, B) defined by hom(X, k)(f) = kf for all f € hom(X, A).
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2. For each Y € C, we have the contravariant hom-functor
C(—,Y) =hom(-, Y):C° — Set

sending each object X € C to the set hom(X, Y), and each morphism % : A — B to the function
hom(h, Y) :hom(B,Y) — hom(A4, Y) defined by fh for all f € hom(B,Y).

Definition A.0.9. [Mac98] Let C and D be categories. We say that C is isomorphic to D written C= D
if and only if there exists a functor F: C — D and G : D — D such that GF = id¢ and FG = idp.

Definition A.0.10. [Mac98] Let F : C — D be a functor. Given a pair of objects X, Y € C, we consider
the function

Fxy:hom¢(X,Y) — homp(FX,FY).
f—Ff
We say that:
1. Fis fullif Fx,y is surjective for every pair of objects X,Y € C.
2. Fis faithful if Fx y is injective for every pair of objects X, Y € C.
3. Fis fully faithful if it is full and faithful.

Definition A.0.11. [Mac98] We say that S is a full subcategory of C when the inclusion functor § — C
is full.

Definition A.0.12. [Mac98] Given two functors F, G : C — D. A natural transformationt: F = Gis a
function which assigns to each object X of C a morphism 7x : FX — GX of D in such a way that for
every morphism f: X — Y in C we have 7y F(f) = G(f)7 x. When this last identity holds, we say that
Tx is natural in C. We denote by Nat(F, G) the set of natural transformations from F to G.

We say that 7 is a natural equivalence or natural isomorphism if every component 7 x is invertible
for all X € C. We then write F = G.

An equivalence between categories C and D is defined to be a pair of functors F: C — D and G:
D — C together with natural isomorphisms idc = GF and idp = FG.

Let C and D be categories. There is a category denoted by D€ whose objects are a functors from
C to D and whose morphisms are natural transformations between them.
The following lemma appeared in [Riel6] in the form of exercise.

LemmaA.0.13. [Riel6] Given a natural transformation T : H — K and functors F and L as

H
F >t L
D V7 E F
C — \})' —

There exists a natural transformation LTF : LHF — LKF defined by (LTF) x = Ltp(c) forall X € C. This
is called the whiskered composite of T with L and F.

Using Lemma A.0.13, we obtain the following lemma.

LemmaA.0.14. LetP be a category. Let F : C — D be a functor. There exists a functor F : C® — DP. The
object function maps each G € C? to the object F(G) = FG € D® where FG is a composition of F and G.
The morphism function assigns to eachn : G — H in C? to the morphism Fn: FG — FH inD? where
Fn is defined as in A.0.13.

Definition A.0.15. [Mac98] Let C be a locally small category. A representation of a functor F : C — Set
is a pair (X,v), with X € C and v : C(X,—) = F is a natural isomorphism. If such a representation
exists then F is said representable.
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Lemma A.0.16. [Mac98][Yoneda lemma] Let C be a category with small hom-sets. If F: C — Set is a
functor from C and C is an object in C, there is a bijection

y:Nat(C(C,-),F) = F(C),

which sends each natural transformation a : C(C,—) = F to ac(idc), the image of the identity idc :
Cc—_C.

Let C and J be categories; (usually J is small and often finite). The diagonal functor A : C — C
sends each object X to the constant functor AX : J — C which has the value X for all object of J and
value idy for all morphism ofJ.

Definition A.0.17. [Mac98] Let F:J — C be a functor. A cocone (X, 1) from the base F to the vertex X
is a pair of natural transformation 7 : F = AX, often written as 7 : F = X together with the object
X e C. i.e., for each morphism u:i — j in]J, the following diagram is commutative

Fi#)pj

N

Definition A.0.18. [Mac98] Let F :J — C. A colimit (or direct limit or inductive limit) of F consists of
an object li_n}jEI F; e Cand acocone u: F = li_n}jEI F; from the base F to the vertex li_n}je] F; which
is universal:

For any cocone 7 : F = X there exists a unique morphism f : li_n}jEI Fj — X in Cwith 7; = fu; for

every i€ J.
Fi F(u) -
li_r,nje]Ff

Ti

3f
o

X

Example A.0.19. 1. Let J be a discrete category and C any category. Consider the diagram functor
F:]J — Cthat sends each object j €] to the object X; € C. A coproduct [];e; X; of a family of objects
of C is given by the colimit of the functor F.

f
2. Let X 3 Y be a pair of parallel morphism in C. Consider the category with two elements
g

and two non identity morphism denoted by | |={ e ; e }.Let F:||— Cbeadiagram functor

f
givenby X ; Y . A coequalizer of f and g is the colimit of the functor F:||— C.
§

The analog definition of cone and limit (or inverse limit or projective limit) can be defined dually,
as well as product and equalizer.

Theorem A.0.20. [Mac98] Any functor F : C — Set from small category C to the category of sets can be
represented as a colimit of a diagram of representable functors homc(C, —) for some objects C € C.

F= li_r)nhomc(C, -)
CeC
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LemmaA.0.21. [Mac98] Let F :J— C be a diagram functor. Then, there exists a natural isomorphism

C(imF, C) = limC(F-, C).
jey jey

Definition A.0.22. A category C is complete if for each small diagram in C there exists a limit.
Theorem A.0.23. [AHS90] For each category C the following conditions are equivalent:
(i) Ciscomplete,
(i) C has products and equalizers,
(iii) C has products and finite intersections.
The dual of the above definition and theorem are also valid for cocomplete.
Theorem A.0.24. [AHS90] A small category is complete if and only if it is cocomplete.

Definition A.0.25. [Mac98] Let F:C — D and G : D — C be functors. We say that F is left adjoint for
G (or G is right adjoint for F) if for every pair of objects X € C and A € D there an isomorphism

¢=o¢x 1:DFX,A)=C(X,GA

F
which is natural in X and A. We write F 4 Gor C <ZT N D.
@

One can see another characterization of adjunction via unit and counit, see for instance [Mac98].

Proposition A.0.26. [Mac98] [Galois connection] Let F : (B, <) — (Q,<) and G: (Q, <) — (P, <) be order
preserving maps between preorders (P, <) and (Q,<). Then F is left adjoint to G, (F 4 G) if and only if
forallpe Pand q€Q,

p=<G(qg) < F(p)<q.

Furthermore, p < GF(p) and FG(q) < q holds for all p € P and q € Q.

Definition A.0.27. [ATIS90] Let C be a subcategory of D and let Y be an object of D.
(1) A coreflection (C-coreflection) for Y is a morphism c: X — Y from an object X € C to Y with the
following universal property:

for any morphism f: X’ — Y in D from some object X' € C to Y, there exists a unique morphism
f: X' — X in C such that the diagram
Xl
|

E | \\f4
4
X —vY
commutes.

(2) The subcategory C is called a coreflective subcategory of D provided that each object of D has a
coreflection.

Proposition A.0.28. [AHS90] IfC is a coreflective subcategory of D and for each objectY €D, cy : X —
Y is a coreflection for Y, then there exists a unique functor F : D — C (often called a coreflector for C)
such that
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(i) F(Y) = X foreach objectY €D,

(ii) for each morphism f:Y — Y' inD, the diagram

F(Y) —— V'

is commutative.

Theorem A.0.29. [AHS90] Let C be a coreflective subcategory of D. Then the functor F : D — C is right
adjoint to the inclusion functor C — D if and only if F is a coreflector for C.

Analogously, the definition and theorem in case of a reflector can be defined dually.
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