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ABSTRACT

This thesis deals with the analysis and robust simulation of mathematical models
describing Zika virus disease. Some background information about the occurrences
of this disease and most recent literature indicating some research gaps is presented.
Governing models are very complex and their analytical solutions are hard to obtain.
This necessitates the use of robust numerical methods. Several models from literature
are presented in this work. Omne particular model|is further studied in details for
the purpose of understanding key qualitative features of the solutions of these types
of models. These features are essential when we wish to develop a robust numerical
method. After studying these propertieson the dynamics of the solution for a particular
model, we developed a novel numerical method, known'as the non-standard finite
difference method (NSFDM). A detailed theoretical analysis of this method, which is
in line with necessary qualitative features of the solution of the governing model, is
also presented. Finally, extensive numerical results showing competitiveness of this
new method, as compared to other classical methods, are provided. In particular, we
have shown how classical methods fail when the discretization step-size is large whereas

NSFDM still gives excellent in such cases.
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Chapter 1

(General introduction

1.1 Introduction

Zika virus (also known as ZIKV) was first discovered from sentinel rhesus monkey
caged in the Zika forest near Entebbe Peninsula in Uganda in 1947, during a routine
surveillance for yellow fever conducted by the East African Virus Research Institute
[9, 75]. The word “Zika” comes from the Luganda language, which means overgrown
[77]. The single stranded ribonuclei¢ acid (RNA) virus fis ‘an arbovirus from the class
of flaviviridae that is mainly transmitted to humans by the bites of infected female
Aedes mosquitoes genus [5, 33]. These types of mosquitoes are also responsible for
the transmission of other viruses such as dengue fever, Chikungunya, yellow fever,
and Japanese encephalitis and are mainly found in tropical and subtropical regions
[25]. Zika virus transmission is endemic to tropical and subtropical regions due to
the prevalence of the mosquitoes in those regions, and the role of climate change due
to global warming is suspected to be one of the leading contributors to the rising of

mosquito-borne diseases [77].
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1.1.1 History of Zika virus disease

The Zika virus became widely known during the South American outbreak in 2015,
which started from the Easter Island in 2014 then moved to the Caribbean and to the
Central and South American countries, which was documented as the largest outbreak

of the virus since its discovery in 1947 [18|.

Thus far, the Zika virus has found its way almost across the whole world, invading
a total of 65 countries and territories since its discovery in Uganda [26]. In 1947, the
Zika virus was identified in mosquito Aedes africanus in the Zika forest and four years
later, it was discovered in humans for the-first time in Uganda and its neighboring
countries, Tanzania and Nigeria {75]-~Other-African counfries that reported isolated
cases of human infected by the virus are countries such as-Senegal, Ivory Coast, Gabon,

Egypt, Central African Republi¢ and Sierra Leone |25, 33|.

Outside of Africa, the virus was identified from A. Aegypti mosquitoes in Malaysia in
1966, and later in central Java, Indonesia and other Asian countries such as Cambodia,
India, Indonesia, Malaysia, Pakistan, Philippines, Singapore, Thailand, and Vietnam
reporting several cases of the infection [72, 74]. Not much was known about the virus
until the 2007 outbreak in Gabon, Yap Island and some of the Islands of Federated
States of Micronesia where approximately 8 000 cases of infection of the virus were
reported [33]. In October 2013, a ZIKV outbreak was documented in French Polyne-
sia, South Pacific (with an estimated 70% of the population affected), New Caledonia,
and the Cook Islands, followed by the outbreak in 2014 in Easter Island and Vanuatu,
Solomon Islands, Samoa, and Fiji in 2015 [25, 31, 81|. It is believed that the virus
entered South American and subsequently the whole American continent during the
2014 World Cup soccer games |[74]. The outbreak lasted for a period of two years from
2015 to 2016 spreading across the 14 Brazilian states with an estimate of 1 300 000

cases reported. The Pan American Health Organization predicted that roughly 550
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GLOBAL SPREAD OF THE ZIKA VIRUS

Figure 1.1.1 Zika virus spread map from Uganda to South America

million people were likely to be infected by the Zika virus in the Americas [26].

The Zika virus is believed to be one of the leading course of close to 6000 cases of
microcephaly (a condition where a haby’s head is much smaller than expected as a
result of an under-developed brain) in Brazil, 200 Guillain-Barré syndrome (sickness of
the nervous system in which aperson’s-own-immune systein damages the nerve cells,
causing muscle weakness, and sometimes,, paralysis) cases in Columbia and 118 GBS
(Guillain-Barré syndrome) cases in El Salvador in newborns between 2015 and 2016.
The Zika virus is believed to be one of the leading course of close to 6000 cases of mi-
crocephaly in Brazil, 200 GBS cases in Columbia and 118 GBS cases in El Salvador in
newborns between 2015 and 2016. It is worth noting that the virus is believed to have
two distinct lineage, the African lineage that was first detected in Uganda in 1947 and
the Asian lineage detected in Malaysia in 1966 which is believed to responsible for most
outbreak occurred outside Africa [36]. Due to the increase of the cases microcephaly
and other neurological diseases resulting from the infection by the virus the World
Health Organization (WHO) was prompted to declare a public health emergency of

international concern [5].
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1.1.2 Symptoms of Zika virus disease

Most people that are infected with Zika virus do not show symptoms, only about 20
percent of them have shown some mild symptoms lasting from two to seven days with
no cases of death reported that are associated with a direct infection of the virus in
the recent large outbreaks [25]. The symptoms includes fever, arthralgia, muscle and
joint pain, malaise, headache, edema of extremities, retro-orbital pain, conjunctival
hyperaemia and maculopapular rashes usually spreading downward from the face to
the limbs and frequently pruritic, vertigo, myalgia, and digestive disorder and it has
been associated with neurological and autoimmune complications and confirmed that
it causes Guillain-Barré syndrome (GBS).and.congenital infection which can course

microcephaly and maculopathy{8;-33,-50}:

A proper laboratory diagnostic test is essential to diagnose if a patient is infected
with Zika virus or not, see [56]. There are two methods used to diagnose the virus,
the direct method where the viral genome is detected using a method known as the
RT-PCR (where RT stands for reverse transcription and PCR for polymerase chain
reaction) in the body fluids and the indirect method where the Zika virus antibodies

are detected in the blood [21].

1.1.3 Transmission of Zika virus disease

The ZIKV is mainly transmitted to humans by Aedes mosquitoes, however the virus
can also be transmitted through other means as well, as studies has revealed. The RNA
of the virus has been found in the blood, semen, urine, saliva, amniotic fluid, breast
milk and cerebro-spinal fluid of infected individuals [26]. A case of a sexually trans-
mitted Zika virus was reported 2008 in Colorado, USA, of a male infecting a female
through a virginal sexual intercourse and in the Western Hemisphere ZIKV outbreak
in 2016 cases of sexual transmission were also confirmed [75]. In total 9 countries

have reported cases of sexual transition of the virus including Chile, France and New
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Zealand [67]. The fact that traces of the virus have been found in the semen even after
the virus had disappeared in the blood of an infected person, that indicates that the

virus can live longer in the semen |77|.

The recorded cases of sexual transmission were cases of the transmission from a male to
a sexual partner via vaginal or anal intercourse, and it is still unknown if the virus can
be transmitted from female to male [26]. Zika virus has gotten more attention for its
effects in babies that are born from mother who are infected with the virus during the
course of pregnancy resulting in the increase in the number of cases of microcephaly
and other neurological disorder in newborns. A pregnant woman can transmit the virus
to a fetus. It is still unknown though-as to-how the Zika vitus courses microcephaly, but

the presence of the virus from brain-tissues of the affected fetus has been identified [77].

The ability of the virus to live in non-human primates possess a great difficulty in
annihilating it completely among-a population {9} The potential danger of Zika virus
spreading to other regions that the virus did not existibefore as it was seen with other
viruses transported by the same [type [of maosquitoes is|greater, since the mosquitoes
that carries the virus can be found in most part of the world. Other factors that per-
petuate outbreaks of infectious diseases are huge human gathering like sports events,
religious activities and other forms of entertainment. People travelling to such activi-
ties become at risk of contracting and bringing the viruses at their home regions where
these vectors that transmit the viruses exist [18]. The study of the outbreaks of ZIKV

has shown that infections occur across all age group [25].

1.1.4 Preventions and Control of Zika virus disease

At the moment there is no vaccine, treatment and a quick way to diagnose virus from
infected people [25]. Prevention measures include preventing mosquito bite by the use

of protective clothing, bed-nets, mosquito-proofing of houses, insect repellents, insec-
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ticides etc. [77]. ZIKV can be also transmitted via sexual contact, it is necessary to
practice safe sex during an outbreak [3]. Avoiding mosquito bites during an outbreak
is also necessary to prevent any further spread of the virus |8|. During an outbreak,
pregnant women are advised against travelling to areas were the thread of the virus
exist, and sexual active women living in affected areas need to use contraceptives and
must take measures to avoid mosquito bites [45]. More information on the Zika virus

disease can be found in |22, 30, 32, 38, 65, 71, 76|.

In the next section, we present a brief literature review on the modelling of Zika virus

disease.

1.2 Literature Review

To study the transmission dynamics of Zika virus disease, deterministic mathematical
models have been presented in{20,25, 37,39, 57, 58, 61, 62} and some of the references
therein. Most of these models used [a'susceptible] exposed; infected, recovered (SEIR)
model framework for the human jpopulation aud susceptible, exposed, infected (SEI)
model framework for the vector (mosquito) population. However, in some instances,
models such as the ones described in [20] and [58] were an SI-SI type of model frame-
work was used with the recovered and the exposed compartment have been omitted.
The exposed compartment is left out due to the fact that the period between the in-

fection and the appearance of the first symptoms is short.

Optimal control strategies to reduce the spread of the virus with a minimal cost have
been investigated by some of the authors such in [20] and [58] as well. Here we give
a literature on the mathematical modelling of the Zika virus and on the discretization
of epidemic mathematical models using a robust method known as the nonstandard

finite difference (NSFD) method.
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The model presented in [20] for example uses an SI type of model for both the human
population and mosquito population to describe the dynamics of Zika virus disease. In
the model, only consider the susceptible and infected humans and mosquitoes. The ba-
sic reproduction number R of the system is derived using a well-known method called
the next generation matrix method developed in [73] and a sensitive analysis of the
model in terms of some of the important parameters affecting the basic reproduction
number is performed. The authors found that some parameters such as the natural
death rate of mosquitos and the contact rate between human and mosquitos affects the
basic reproduction number Ry when large. Control measures that were investigated to
prevent the spread of the Zika virus such as the use of clothes, mosquito nets, window
screens to prevent mosquito bites; inereasmg the-antoimmunity and use of insecticide
through source reduction to kill-the mesquitos were found to be very effective in re-

ducing the spread of Zika.

Another SI-SI type of a Zika virus modelis presented in {58} where the infected individ-
uals are further subdivided into two sub-classes, the infected individuals and isolated
individuals. These isolated individuals are infected!individuals that are diagnosed
and placed in isolation to avoid any further contact with the susceptible human and
mosquito population. Treatment is then given to the isolated individuals to treat only
the symptoms that they display because of the unavailability of treatment for Zika
disease as of yet. In the model, the transmission of Zika virus through sexual contact is
also considered. Furthermore, in their model, a distinction is made between individu-

als that are dying a natural death and individuals that are dying due to the Zika disease.

The qualitative features of the model are investigated and the local stability analy-
sis is performed. Their numerical results show that as the human-induced death rate
of mosquitoes is increased, the infected mosquito population reduces. It is also observed
that an increase in the mosquito biting rate produced an increased transmission rate.

Ry increases as the biting rate increases and decreases as the human-induced death on
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mosquito rate increases. It is then concluded that the increase in the recovery rate,
human-induced death on the mosquito population and isolation of infected individuals

decreases the spread of the virus.

The model described in [20] and the one described in [58] does not consider the re-
covered compartment for the human population. However, during the recent large
outbreaks such as the one in French Republic and in Brazil, cases of death due to the
Zika infection were not reported and even hospitalization of infected individuals was
rare [33, 54]. This implied that infected individuals do recover from the infection even
without seeking medical attention. The model presented in [10] is an SIR-SI type of a
model designed to study the dymamic transmission-of the Zika virus between human
and mosquitos. This model is used-to study-the dynamical transmission of Zika virus
with some optimal control strategies (prevention, treatment and insecticide). Unlike

the model presented in [20] and [38], infected individual do recovers from the infection.

The qualitative features of the model (positivity of solutions, the equilibrium points
and the basic reproduction number) were|investigated and the stability analysis of
the model at the equilibrium points was investigated first without the optimal control
strategies and then with the optimal control strategies. The basic reproduction number
of the model indicates that the spread of Zika virus is reduced by the increase of the
recovery rate and natural death of human and mosquito population. It is found that a
combination of all the control strategies (prevention, treatment and insecticide control)

yields the best result in combating the disease.

The model presented in [34] is an SEIR-SI deterministic compartmental model to de-
scribe the transmission dynamics of Zika virus disease between humans and mosuitos
in the Brazil, Cape Verde and Colombia population. In the model, the exposed human
compartment is added. These exposed humans are infected humans that are not yet

infectious. The qualitative features of the model are investigated and to simulate the
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model, data collected by the World Health Organisation (WHO) is used to study three

different cases, Colombia, Cape Verde Brazil as case 1, 2 and 3, respectively.

In addition to the model described in [34], the model in [39] described a Zika model
where the exposed vector compartment is added. The qualitative features of the model
and the local stability of the equilibrium points are investigated with the aid of the

Routh-Hurwitz criteria.

Another model presented in [16] offers a similar type of model framework to the one
presented in [39] where only the transmission of the virus by mosquito vectors is consid-
ered for the Zika virus outbreak.in-Rio-de-Janeiro.Data taken from the epidemiological
reports of the Ministry of Health-in Brazil was used to-affirm the representativeness of
the described model. It is discovered that due to the lack of information in the report
by the Ministry of Health, it made it difficult to choose the right set of parameters and
hence that in some instances the-model-did not-fit-the-data.~A model calibration using
a non-linear curve fitting procedure was used to analyse the necessary parameters in

the model to fit the data.

The qualitative features such as the positivity of the solution, the disease free equi-
librium point and the basic reproduction number and the local stability analysis of
the model at the disease free equilibrium point were investigated. An economical as-
sessment of the intervention strategies (such as the use of bed-nets, condoms, Indoor
Residual Spraying (IRS), symptoms treatments) was done using optimal control and
cost effectiveness analysis. Runge-Kutta method was used in the simulations to obtain
numerical results for the sub-combination of the control measures and cost effectiveness
analysis. It is then discovered that the control strategies that were more cost effective

were the use of bed-nets, treatment and IRS.

Another SEIR-SEI compartmental model framework for the human and mosquito pop-
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ulation, respectively, is presented in [42]. The model takes into account the develop-
mental stages in a typical life cycle of the mosquitos (egg, larva, pupa, and adult). In
the model, susceptible humans get infected by being bitten by infected adult female
mosquitos and susceptible mosquitos get infected by biting infected human. To fight
against the wide spread of Zika virus into the population, two intervention strategies
were investigated: the reduction of mosquito biting rate and the reduction of female
mosquito population using relevant methods. The basic reproduction number was used
to investigate the effect of the intervention on the spread of the Zika virus in the popula-
tion. It is found that intervention strategies used such as the reduction of the mosquito
biting rate, larvae carrying capacity and adult vector population, and the increase of

adult vector mortality rate can.reduice the scale-of the Zika virus infection.

Similar to the model presented in [42], an SEIR-SEI model framework in which the
human population is first divided into male and female subgroups like in the model
presented in [13] is described in-{3} to-study the transmission dynamics of Zika virus
disease via vector-borne and sexual (both heterosexual and homosexual) transmission
spread. Both the female and mald population dre partitioned into susceptible, exposed,
infected and recovered class and the mosquito population is partitioned into suscepti-
ble, exposed and infected class. In the model, male humans are infectious to both males
and females, and female humans are assumed to be infectious to males. In the analysis
of the model, the positivity analysis of the solution, basic reproduction number, disease
free and endemic equilibrium points and their local and global stability analysis was
investigated for the sub-models (i.e. mosquito transmission route only model, sexual
transmission route only model) and the full model and some numerical results were

given to support the analysis.

About 80% of people infected with Zika do not show any symptoms [25]. In the model
presented in [62] infected individuals are divided into asymptomatic and symptomatic.

An SEIR-SEI type of a model for the human and mosquito population, respectively.
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In the model, the exposed compartment cover the incubation phase where the individ-
uals are infected but not yet infectious and the infectious individuals (asymptomatic
infected and symptomatic) are assumed to have a different infection rate towards sus-
ceptible mosquitos. The infectious individual are assumed to be cable of passing the
virus to susceptible human via sexual contact and the susceptible mosquitos can get

the virus as well by biting these infected individuals.

As a control measure, two prevention measures recommended by World Health Organ-
isation (WHO) and Central Disease Control (CDC) were incorporated to their model,
namely: the Insecticide-Treated Mosquito Nets (ITN) and Indoor Residual Spraying
(IRS). The ITN will obviously.affeci-the -mosquito-biting rate, so this effect was in-
corporated into the model as a parameter measured as a percent (1 — ITN) against
the transmission rate from susceptible to exposed individuals, where IT'N = 1 implied
that the mosquitos will totally| fail to bite susceptible individuals and the virus will
only spread via sexual contact-and FFN-=-0-1mplied the nets have no effect at all
on preventing of the mosquitos from biting susceptible individuals. Indoor Residual
Spraying (IRS) is used to reducelthe population of the mosquitos. It is also assumed
that recovered individuals are partially immune to the disease and therefore in the
model, once individuals recover from the infection, they are assumed to be no longer
susceptible to the virus due to the lack of evidence of such cases where an individual

gets infected by the virus after recovery.

To analyse the model in [62], the basic reproduction number is derived using the next
generation matrix approach in the present of both the sexual transmission and vec-
tor transmission, in the presence of only the vector transmission without any sexual
transmission and in the presence of only the sexual transmission without any vector
transmission. The fourth order Runge-Kutta method for solving system of Ordinary
differential equations was used in their simulation. Computations were done in the

presence and absence of the control measures (I7T'N and IRS), with a large value of
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the sexual transmission rate, and for a complete intervention were the exposed and
infected mosquito population were totally eliminated from the population with only
the sexual transmission presents. In each case, a plot of the basic reproduction number
is offered. The results show that in the total absence of the interventions, the spread of
the virus is much faster and with a complete intervention (mosquitos totally eradicated
from the population), where virus is dependent on the sexual transmission only, the

spread is much slower.

The model presented in [37] is a similar type of model to the one presented in [62].
The model was used to study the dynamical transmission of Zika virus during French
Polynesia outbreak between the-year-2013 to-2014. Infected human are subdivided
into symptomatically and asymptematically-infected. In‘the model, unlike in the one
presented in [62], both symptomatically and asymptomatically infected humans are
assumed to transmit the Zika virus to mosquitos at the same rate. Due to the fact
that the average human life span-is-longer-than thatof the outbreak, both the human
birth and mortality rate are ignored in theirimodel. /Thebasic reproduction number

Ry is derived and a sensitive analyses on' thie parameters’of the model is performed.

A model to study the transmission dynamics of Zika virus disease in the population of
Colombia, El Salvador, and Suriname during the 2015-2016 outbreak is presented in
[66]. In the model, susceptible human become infected after being bitten by infected
mosquitos and susceptible mosquitos get infected by biting infected (both symptomatic
and asymptomatic) human, sexual transmission is ignored in the model. Exposed hu-
man are assumed to be not infectious to susceptible mosquitos. The human birth and
death rate is ignored as well in the model. The next generation matrix method is
used to calculate the basic reproduction number of the system. In the model, they
calculated the population at risk of getting the infection for each respective country
instead of assuming the whole population in each country was susceptible. This was

done by taking into consideration the presents of the Aedes mosquitos and the geog-
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raphy of the respective countries. The parameters of the model were then estimated
using the Bayesian computation and the data was taken from Pan American Health

Organization database.

In [51] a deterministic model to describe the dynamic of the Zika virus transmission and
to study the effectiveness of some optimal control strategy incorporated in the model
as an intervention measure against the spread of the Zika virus similar to the one in
[66] is presented. The following information was incorporated in the model: Birth rate
and natural and disease induced death rate, asymptotically infected human can trans-
mit the virus through sexual contact, treatment is given to symptomatically infected
human as a control measure and-some-human-tecovery-natural without treatment,
susceptible mosquitos become infeeted by biting symptomatically infected human, the
reduction of the mosquito population is caused by natural death and by indoor residual
spray (IRS) as a control measure, the contact rate between asymptomatic individuals
and susceptible individual is greater than the contact rate between symptomatic and
susceptible due to the fact that the symptomatic are aware of the disease and may use

protections, recovered human ‘gain tenporary immunity or no immunity at all.

Another deterministic model is presented in [61] to describe the dynamics of the trans-
mission of Zika virus. In the model, the sexual transmission of the virus from infected
individuals to susceptible individual was included. The qualitative features of the model
and the stability analysis of the equilibrium points were investigated. The sensitivity
analysis revealed that the most sensitive parameters was the rate at which exposed
mosquito move to infectious class, the rate at which mosquito infect human and the

rate at which infected human infect susceptible mosquito.

To investigate Zika transmission between adult and newly born babies a determin-
istic compartmental model were the human population is split into adults subgroup

and newly born babies subgroup is presented in [4]. The human populations (both
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adult and newly born babies) are partitioned into susceptible, exposed, asymptomatic
and symptomatic (born with and without microcephaly) infected and recovered class.
The dynamic features of model are considered in 3] for the full model. A global sen-
sitivity analysis is performed to assess the impact of uncertainty and the sensitivity
of the outcomes of the numerical simulations to variations in each parameter of the
model. The sensitive analysis led to the assessment of some control strategies to control
certain parameters and their effectiveness as targets. These control strategies include
mosquito-reduction strategies, personal protection strategy, combined mosquito con-
trol and personal protection strategy and delayed pregnancy. The combined strategy

is found to be the most effective strategy to reduce the transmission of Zika.

In the work done in [25], exposed individuals weve found to be infectious to both
human and mosquitos, but at a lower rate than symptomatically infected individu-
als. Convalescent individuals ¢an also transmit the virus to human through sexual
intercourse. Asymptomatically-infected individualsin their study were assumed to be
non-infectious to human and mosquitos due to the lack of evidence and individuals

after the convalescent stage are 1éft imimunised from the virus for life.

A model that incorporated all the information is presented, like the model presented
in [62], an SEIR type of model for human and SEI type of model for mosquitos to
study the dynamic transmission of the virus. In their model, they have an additional
compartment called the convalescent stage were symptomatically infected individual
are on the process of recovery from the infection. The infected population is subdi-
vided into four compartments: the exposed, symptomatically infected, convalescent
and asymptomatically infected compartment. The exposed individuals are assumed to
be infectious to susceptible humans via sexual contact due to viremia and virusemenia

occurring before the end of the incubation period.

The symptomatically infected were assumed to be infectious to both humans and
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mosquitos during the incubation phase lasting two days to a week. Individuals in
the convalescent stage were also found to be infectious to susceptible humans via sex-
ual contact, due to the persistence of the virus in the urine, and semen even after
it disappears from blood. The lack of evidence of the transmission of the virus from
asymptomatically infected to susceptible humans and mosquitos led to the assumption
that asymptomatically infected are not infectious. Since the epidemiological dynamics
duration is shorter than the demographical change of that of the human population,

birth and mortality rates are ignored in their model as well.

In the paper, data from the outbreak of the Zika virus in Brazil, Colombia and El
Salvador was used in the numerical-simulations.—The basic reproduction number was

used to study the effects of certain-parameters using the numeric data.

Another SEIR-SEI type of a deterministic model is described in [57] to study the
dynamic transmission of Zika wirus for two patches, namely Rio de Janeiro and Miami.
The model was used to investigate if the visitoers from /Miami to the Carnival in Febru-
ary 2016 and the Olympics in"August of 2016 in Rio de Janeiro would be able contract
the virus and bring it back to Miami and course an outbreak. To study the impact
of the visitors to both events, a group of 100 people is taken from the population of
Miami for both event and added to the population of Rio de Janeiro and allowed to
interact with the human and mosquito population and a subpatch was used to monitor
these visitors. The basic reproduction number R, was then calculated for the model
and a plot showing a counter-cyclical condition in both hemispheres shows that R, is

greater in February and in August for patch 1 and patch 2, respectively.

A sensitive analysis was then performed on the change in the biting rate and the
number of visitors to the events. The sensitive analysis was only performed for the
parameters of patch 2 (Miami) and it was first discovered that if the parameters are

kept the same for both patches, there will be an outbreak in Miami which will see an
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approximate of three forth of the population getting infected. However, if the number
of people visiting is reduced by 10%, the size of the outbreak will reduce to 35% of the
population getting infected and increased 10 times will results in more than 90% of
the population of Miami infected. The model is also discovered to be more sensitive to
the change in the rate of bites by mosquito than in the number of bites per human. In
the qualitative features of the model, only the basic reproduction number of the model

was calculated.

We have already discussed some of the models developed by several authors above
to describe the dynamics of Zika virus disease. However, not much work has been done
by these authors on the discretization-of these models-intheir work. The importance of
the discretization of continuous models lies on the-fact that during an epidemic, data is
recorded in a discrete time interval (daily, monthly or yearly) and therefore, discrete-
time epidemic models gives a more practi¢al scenario than the continuous one in [29].
Continuous models have been-diseretized in{19}, {44}, [55} and [28] using a method
clled as the nonstandard finite difference (NSFD) method known for its robustness. A
comparison between the numerical ‘method and other well-known numerical method

such as the Euler method and Range Kutta method.

In [19] for example, an NSFD scheme is constructed to solve an SIR epidemic model
with vaccination. For the discrete model, the positivity of the solution and the global
stability at the equilibrium points was investigated. In the numerical simulation, a
comparison between the behaviour of the NSE'D scheme and the Range-Kutta of order
4 (RK4) at the equilibrium points was carried out for different step-sizes and it is ob-
served that the NSFD methods converges and preserves the positivity of the solution
even for a greater step-size while the RK4 fails to converge and gives negative solution

for a large step-size.

Another NSFD methods is constructed in [28] to solve a smoking model in Spain.
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In the paper, the qualitative features of the model such as the basic reproduction num-
ber and the equilibrium points is studied. After constructing the NSFD methods for
the model, then the convergence of the numerical scheme to the equilibrium points is
investigated by computing a table showing the spectral radii of the jacobian matrix of
the system at the equilibrium points and compare the results with those obtained from

the Euler scheme.

The results shows that the Euler scheme will diverges as the step-size increases to
7 and beyond, whereas the NSFD scheme will converge for a larger step-size. The nu-
merical results also shows that the Euler and the standard fourth order Runge-Kutta
generates heavy oscillations with-negative values-when the step-size is 7 and diverges
for a step-size of 10. It is then coneluded that the-NSED preserves numerical stability,

its solution remain positive and is dynamic consistency for even a larger step-size.

In [44] an NSFD method is used to solve numerically-a-mathematical model for a
Cholera epidemic dynamics. In the paper,.aimathematical'model already develop to
study transmission dynamics 'of the Cholera virus in'Zimbabwe during the period of
2008 to 2009 is modified. Then the basic reproduction number and the local and global

stability of the disease free equilibrium point was investigated.

Numerical simulations of the numerical method was carried out first with different
step-sizes and initial conditions, and then a comparisons between the NSFD methods,
Euler method and Runge-Kutta method of order 4 was done by first comparing the
spectral radii of the Jacobian matrix of the system at the disease free equilibrium for
different step-sizes ¢ and then by plotting the results for each method with different
initial conditions. The numerical results shows that when the step-size ¢ increases both
Euler and RK4 methods diverge whereas the NSFD method converges. It is then con-
cluded that the NSFD methods produces better results.
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In [55] a work similar to the work in [44] is done. In the paper an NSFD method
is constructed to solve a HIV transmission dynamics model. The qualitative features
of the continuous model, such as basic reproduction number, disease free equilibrium
point and the endemic equilibrium point were first investigated. In the construction of
the NSFD methods two cases were presented, the first one the denominator function
used is the normal step-size function (NSFD-I) and the second case a non-classical

denominator function different from the step-size function (NSFD-II).

The fixed points of the NSF'D scheme are obtained and a note that the equilibrium
points of the continuous system and then perfumed a numerical stability analysis of
the fixed points are the same..It is-also further shown.that the NSFD-II methods
gives better results for a larger step-size by offering-tables and plots comparing it
with the NSFD-I method and other well-known methods such as the ODE45 and the
Runge-Kutta method of order 4 which diverge when the step-size increases. It is then
concluded that the NSFD methods gives better results-which are consistent with the
continuous system, converges to the right equilibrium points even with large step-size

and preserves the positivity of the selution.

Different models have been developed to gain insight into the transmission dynam-
ics of Zika virus disease, as some of them are already mentioned above. Qualitative
analysis of some of these models was investigated and some numerical computations
have been performed to gain deep understanding on the effect of certain parameter in
the model. These models are of the form of systems of non-linear differential equations.
The use of differential equations in epidemic modelling gives rise to the need to study
the models using numerical method as we have already seen from some author’s work

above.

In the next section we present models already developed by some authors to describe

the dynamic of Zika virus.
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1.3 Some recent Zika virus disease models

In this section we present different Zika virus models.

1.3.1 SI-SI model describing the dynamics of Zika virus disease

The Zika model described by Oluyo and Adeyemi in [58] subdivides the human popu-
lation N, (t) into susceptible Sy(t), infected I, (t) and isolated Q(t), such that, Nj(t) =
Sk(t)+1n(t) +Q(t), and the mosquito population N,,(t) is into two subclasses, namely;
the susceptible S,,(¢) and the infectious I,,, such that, N,,(t) = S, (¢t) + I,,(t). The

model equations are as follows,

ds, )

d_th = b1(1 = 01) “rpaSxr="(brilrgtarady) S+ (I + Q),

dl

d_th = (bridm + 7o03)Sh H OB Y — (fy a1 + ) 1n — ply,

d

d_Cf = ply — (1 + 01+ 1)@, (1.3.1)
dSm,

e B2 — (U2 + @2)Sni b73LnSm;

dl,,

T br3IpSm — (M + 03 ) 1} J

with the initial conditions: Sy (ty) = Sho, In(to) = Ino, Q(to) = Qo, Sim(to) = Smo and
I (to) = Lino-

In the model, humans are recruited into the susceptible class S, through birth or immi-
gration at a rate of 5; and out through an natural death rate of i;. To join the infected
class Iy, susceptible human receive a bite from an infected mosquito at a biting rate of
b with the probability that a bite results in transmission of disease to human 7 or by
becoming infected through sexual contact with the infected individuals at a rate of 7.
The infected individuals that are diagnosed are then place in isolation at a rate of p to
prevent further contact with the rest of the human and mosquito population and given

treatment to treat the symptoms displayed since no Zika disease treatment is available.
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The Tsolated individuals are assumed to be no longer infecting any susceptible humans
or mosquitos due to the isolation. Isolated individuals () and infected individuals I},
are still susceptible to the virus at the rate v. Both Infected individuals and isolated
individuals moves out of the infected class I, and isolated class @, respectively through
a natural and disease induced death rate of p; and oy, respectively. Mosquitoes are
recruited into the susceptible class S, at a birth rate of 5, and out of both the sus-
ceptible S, and infected class I,,, at a natural and diseases induced rate of uy and o9,
respectively. Susceptible mosquitoes leave the susceptible class S,, to join the infected
class I, by bitting infected humans at a rate of b with the probability that a bite

results in transmission of the virus to a susceptible mosquito 73.

1.3.2 SIR-SI model desecribing the dynamics of Zika virus dis-

ease with the impact of infective immigrants

The model presented by Ayana and Koya in{6] focuses-on:the impact of symptomatic
and asymptomatic infective immigrants during the spread of Zika virus. In their model,
the human population is divides in to the susceptible individuals S}, the symptomatic
and asymptomatic infected individuals [; and Is, respectively, and the recovered indi-
viduals Ry, and the mosquito population is divided into two host compartment, the

susceptible and infected mosquitoes. The model equations are as follows;

s )
d—th = AhNh - bd)]v(Sh/Nh) - MhSh7

dI

d_tl =b€ ¢L,(Sp/Np) +pili — (pn + o)1,

dl,

— = (1= €)@Lo(Sh/Nu) + palz — (un + 0) 2,
(1.3.2)

dR

d_th =o(l1 + I2) — pn Ry,

ds,

Tl AN, — b011(S,/Np) — byIs(S,/Np) — pio Sy,
dl,

dt = be[l(SU/Nh) + b/VIQ(Sv/Nh) - /LvIva )
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where N, = S, + I1 + I + Ry, N, = S, + I, and the initial conditions S,(0) = Shpo,
L,(0) = I, 15(0) = I, Ru(0) = Rpo, Su(0) = Syo and 1,(0) = Io. From the model,
humans are recruited to the susceptible at a rate A;, and leave the susceptible com-
partment S, through a natural death u, or by being infected by the virus through a
bite by an infected mosquito at a biting rate of b with the bite resulting to an infection
at a rate of ¢ to join either the symptomatic infected or the asymptomatic infected at
a rate of € or (1— €), respectively. Furthermore, individuals joins the symptomatic
and asymptomatic infected compartment I; and I, respectively, by immigrating in to
the population while infected with the virus at a rate of P, and P, respectively, and
exit the infected (symptomatic and asymptomatic) compartment through a natural
death or by recovering from the.infection-at a rate o-tojoint the recovered individuals
compartment R,. Recovered individuals-leaves the recovered compartment Rj only

through natural death.

For the vector population, mosquitoes-are recruited to the susceptible compartment
S, at a rate A, and exit through a natural death rate p; or by being infected from
biting either a symptomatic or asymptomatic infected individual at a biting rate b with
the bite resulting in the mosquito being infected at a rate of 6 for symptomatic and
for asymptomatic to join the infected compartment I,. Mosquito leaves the infected

compartment [, through a natural death rate.

1.3.3 SEIR-SEI model describing the dynamics of Zika virus

disease

The model under investigation is the model presented by Oleson et al. in [57] to de-
scribe the transmission of Zika virus between mosquitos to humans which constitute
of 7 host compartments. The model describes the transmission of Zika virus in Rio
de Janeiro and in Miami: patch 1 and 2, where patch 1 represents the population

dynamics for Rio de Janeiro and patch 2 represent the population dynamics for Miami.
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The human population (N};) has four different compartmental classes, the susceptible
(S%), exposed (EY), infectious (%) and recovered group (RY;) and the vector popula-
tion has three different compartmental classes, the susceptible (S?), exposed (E!) and

the infectious (I).

In the model, humans enter the susceptible class through birth at the birth rate of
v, and exit the class either by natural death at a rate of u%; or by joining the exposed
human class E% through acquiring the Zika virus via a mosquito bite at a rate of b,
where the density-dependent average number of bites on a human by mosquitoes per
unit time is given as b (N{,/N7;) and probability that a mosquito is infectious Jff—l; and
its bite will successfully transmit-the virus to-a-susceptible human at a probability
rate of 8. Exposed humans leave-the exposed class Ej; either by natural death or by
becoming infected to join the Infected humans class I, at a rate of ay and leaves the
infected humans class b or recovery ati the recovery rate of 3% to join the recovered class
R:,. Recovered human are then immune to the virus and can only exit the recovered

class through death from natural causes. ‘Similarly, maosquitos enter the susceptible

Infected Susceptible Exposed Infected
Vector Vector Vector Vector
/ ,l.' 4 /| I(’ —_— i T —> 7 fl\,
o | 5\ /’ AN Y, AY / [ IR
\ ’
A /
Ay ¥
Susceptible Exposed Infected Recovered
Human Human Human Human

Figure 1.3.1 Transmission of Zika virus from an infected vector (mosquito) to a sus-
ceptible human and back to a susceptible vector. Dotted arrows indicate bites while
solid arrows indicate a transfer between different compartments [57].

class S%; through birth at the birth rate of /¢ and exit the susceptible class by natural
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death at a death rate of u! or by becoming infected through bitting an infected human
at a biting rate of b’ with b’ (N{,/N%) being the density-dependent average number

Iy

A that a human is
H

of bites per mosquito on humans per unit time and a probability
infectious and that the mosquito will successfully contract the virus with probability
rate of 3’ to join the exposed class E’. Exposed mosquitos leave the exposed mosquitos
class either by natural death or by becoming infected to join the Infected mosquitos
class I' at a rate of v, and leave the infected mosquitos class through a natural death.

The model equations are as follows:

dt H*"H H v H N; v~ H H~H>»
2= bH(Nv/NH)—quSH —apgly — pyEy,
dt N
d i i i i i i Ti
a ap By = valy = el
d_tH = Yuly Hiu Ry, (1.3.3)
dS’lZ) 7 ) 7 ) () 6)5' ) 7 L Q1
dt = V’UNQ/; T bv<N7//*VH)];r;I[HS1) T V7;'Sq/)7
dE’lZ) % NTT T /81 [ ) T Tt @ ¥8
dt = bv(‘\fu/]\’H)N;{ ]HSU b a’IYEﬂ o /j“hEv?
I} i i i7i
dt - ava - luvlm )

where Nj, = Sy + Ej; + Iy + Ry and N = S! + E. + I.

Two notes must be made from Oleson [57]: The first one is that, in order to reflect
the quality between the total number of bites by mosquitoes on humans and the total
number of bites on humans by mosquitoes, the bite rates by (N'/N%) and b% (N!/N%)

must satisfy the constancy constraint:
by Ni = b N, (1.3.4)

see [57| for more details. The second note is that, since the mosquito population does

not remain constant throughout the year, a time-dependent cyclical death rates was
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created by Oleson for both patches that shows a maximum death rate of the mosquitoes
in winter for each region. For y} ... and pl, .. for i = 1,2, the time-dependent cyclical

death rates is given as

1 27t
1 1 1 . 1 1
. _ zmt , 1.3.5
Mv( ) 9 |:(:uv,mm :uv,max) sin (365) + Hy maz + Nv,mm:| ) ( )
for patch 1 and as
1 . 2m(t — 183
:uqz)(t) = 5 |:(M121,mm - quzj,max) SZH(%) + :uz%,maaz + luqz),min:| ) (136)

for patch 2, with an average birth rate /-taken to be the midpoint between the

7
U,max

maximum and minimum death-rates-f and-p o respectively, to make sure the
mosquito population remain stable in-a long run. See [57] for details.
The following table present] the parameter description and the estimated values

with the initial population estimation for both patches taken from [57].

1.3.4 SEIR-SEI model describing the dynamics of Zika virus
disease with the influence of sexual transmission and pre-

ventive measures

The model described by Padmanabhan et al. [62| divides the human population N,
into five subclasses, namely: The susceptible (S},), exposed (E}), asymptomatically
infected (I, s), symptomatically infected (I5,) and recovered (R}), and the mosquito

population NN, into susceptible (S,,), exposed (E,,) and infected (I,,).
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Table 1.3.1 Description of the model parameters and their values for SEIR-SEI model

taken from [57]

Parameter Description Values

Human population

vy Human birth rate 1/19,210

0y Human death rate 1/45,625

1/ag Human incubation period 5.9

1/vu Human infectious period 5.9

B Vector (Mosquito) to Human 0.42
transmission probability

b Max bites per human 19

Vector(Mosquito) population

Uy Vector (Mosquito) birth rate 1/7.8

e Vector  (Mosquito) — minimum 1/9.3

| death-rate

e Vector—(Mosquito)—maximum 1/6.5
death'rate

1/, Vector (Mosquito) incubation pe- 10.5
riod

B Human to Vector | (Mosquito) 0.42
transmission=probability

pmas Max bites by Vector (Mosquito) 0.5

Initial values

Patch 1: Rio de Janeiro (i = 1)

S Susceptible human 12,902,000

EL Exposed human 129,020

I} Infected human 0

RL Recovered human 0

Sl Susceptible mosquitos 9,000,000

E! Exposed mosquitos 0

I! Infectious mosquitos 0

Patch 2: Miami (i = 2)

S% Susceptible human 5,817,000

E% Exposed human 0

Iz Infected human 0

R% Recovered human 0

S2 Susceptible mosquitos 60,000,000

E? Exposed mosquitos 0

I? Infectious mosquitos 0
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The model equation are as follows:

Sp = —bmn(1 = ITN)Sy Iy, — by (Ina + In.s)Sh,

Ep = byn(1 = ITN)Sp Ly, + by (Ina + Ins)Sh — vnE,
jh,s = (1 - Q)VhEh — Ynsdh,s,

Ina = qunEn — Yhalha,

Ry = YnsIhs + Ynalha

‘ > (1.3.7)
S = 1 Now = 1S — by (1 = ITN) S, (I s + In.a)
— (h-ITN +j-IRS)S,,,

B = —UmEp — i By Aot FN) S, (I + I o)

—(h-ITN + j - TRS)Ey};

Im = UmEp — o I ORE TTHY X THSTHH,

with N, = Sp + Ep + I o + gt Rpland N, = S Bl 1.

In the model, the individuals leave the susceptible class by becoming exposed to
the infection through sexual contact with asymptomatic [, , or symptomatic Ij s in-
fected individuals at a rate of b, or by being bitten by Infectious mosquitos I, at a
rate of b,,,. However, the contact rate between susceptible and infectious mosquitos is
reduced by the use of Insecticide-Treated Mosquito Nets (IT'N). Exposed individuals
become asymptomatic I, , infected or symptomatic I, ; infected at a rate of (1—¢) and
g,respectively, and they recover at a rate of 7, , and 7, s, respectively. For the mosquito
population, the mosquitoes leaves the susceptible S,,, exposed E,, and infected class
I, at a death rate of u,,, by the use of Insecticide-Treated Mosquito Nets (IT'N),
by the use of Indoor Residual Spraying (/RS) at a rate of h and j, respectively, or
by bitting the infectious humans at a rate of b, to join the exposed class E,,. The

exposed mosquitoes become infected at a rate of v,.

In the next section we give the outline of the thesis.



CHAPTER 1. GENERAL INTRODUCTION 27

1.4 Qutline of the thesis

The outline of the research is as follows. In Chapter 2, we present the qualitative analy-
sis of the Zika model (1.3.3) presented by Oleson in [57], the basic reproduction number
and the equilibrium points and both the local and global analysis of the equilibrium
points and a summary of the results. In Chapter 3, we construct and analyse a robust
nonstandard finite difference numerical method to simulate the model, we start by the
general philosophy of the method, then the derivation and analysis of proposed numer-
ical method. In Chapter 4, we give comparative numerical results and discussions on

them. Finally, some scope for further research is presented in Chapter 5.



Chapter 2

Qualitative analysis of the SEIR-SEI
model describing the dynamics of Zika

virus disease

In this chapter we will determine basic reproduction number Ry and the disease free
equilibrium point (Ep) and endemic equilibrium (E,) of the system and their local and

Global stability analysis.

In the next section, we deal with the positivity of the solution.

2.1 Positivity of the solution

It is biological reasonable that in any epidemic model, when starting with nonnega-
tive initial conditions, say S% (0), F%(0), I4(0), Ry (0),.5:(0), E:(0), I'(0) for our model
(1.3.3), the solutions Sk (t), i (t), It (t), Ry (t), S(t), EX(t), I'(t) remains to be non-
negative for all ¢ € [0; 00). The following lemma states the condition in which the solu-
tion Si(t), B4 (t), T4 (t), Riy(t), Si(t), Ei(t), Il (t) will remain nonnegative when starting

with nonnegative initial conditions.

28
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Lemma 2.1.1 The solution (S%(t), B4 (t), I (t), Ry (t), Si(t), Ei(t), IL(t)) of the model
(1.8.8) will remains nonnegative when starting with the initial conditions

(55(0), E5(0), 15(0), Ry, (0), S5(0), E;(0), £,(0)) for all t > 0.

Proof. Let X' = (S};(t), E};(t), I};(t), Ry (t), Si(t), Ei(t), I (t))" and

FXT) = (AXD), f2(X0), f5(X7), fa(XT), f5(X7), f6(X7), f2(X7)). Model (1.3.3) can

then be express in the following way;

X (0,
where
i -y i NN BT i i Qi
fi(X?) ( VN = bH(Nv/NH)Flzllst — WSk
fo(X7) bH(Nv/NH)N_%]vSH =0y By — uy by
f3(X7) 'y By — i Ly
fX) =1 x| = VoL - g Iy
X N, = DN Ny 3 11— S}
fo(X) b1 (N2 [Ny ) 2 1,81 = 0 B — i
f2(X7) b=ty
We note the following
dSy(t) i ATi )
515( si,=0 = Vg >0,
dEYy (t i i Qi
Z< ) Bi=0 = k11,5 >0,
Al (t i i
%) =0 = agEy >0,
dR%, (t o
dSi(t .
C})t( ) S%:O = V:)N,LZ) > 07
dEL(t o
(;l}t( ) Ei=0 = kylpS, >0,
dIi(t -
% [17.'}:0 = CY;E,Z > 0
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It then follows by Lemma 2.1 of [43] that the set
Di — {(S},,E}{,I}{, LSBT e RN < S N < ”—} (2.1.2)
12920 4

is invariant set.

Lemma 2.1.2 The solution set {S%(t), B4 (t), [5(t), Ry (t), Si(t), Ei(t), IL(t)} fort >

0 is contained and bounded in the closed set (2.1.2).

Proof. Differentiating
Ny (t) = Siy(t) £ Eqrlth==Ly (1) + Riy (1)

and
N (8) = |8 () i ERE) HE @)

we obtain the following

dNGU DYV Ednidy L Ty of dRg
dt 'dt+dt+dt+dt

and

dNi dSi dE. I
dt  dt dt dt’

respectivily. Hence, from (1.3.3),we obtain

dN} i A i ATi
d_tH =vyNy — NHNH(t)

and
dN? L o
Y = ' NY — ! NU(t).
dt V'U v M'U 'U()

The differential equation (2.1.3) can be solved as follows;

1 .
— — dN’t_/dt,
/%%—%%@ )

(2.1.3)

(2.1.4)
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Il Ny — pi Ny (1]

- =1+c,
Ky
Nalt) = I/Z - ,7’67““7
H H

where

A = vy Ny — py Ny (0).
We have the solution

Nij(t) = L (1 — eHit) — Ny (0)e it

1204

Similarly, the differential equation (2.1:4) - has thesolution

B\
v,

Ni(t) ==ttt Ly AF(OYT 0
Ity
Since
dN; T T
dtH < vyNy — MUNU(t)
and

ha o i
SN = N (0)

it follows that as t — 0, Ni(t) < % and N'(t) < ”Lﬂ From the two results above,
H

v

lemma (2.1.1) and (2.1.2), we have the following result.

Theorem 2.1.3 The feasible region (2.1.2) is positive invariant with respect to the

system (1.3.3) with non-negative initial conditions.

The next section we determine the equilibrium point of the dynamic system.

2.2 Equilibrium points

A dynamic system usually has two equilibrium points, namely: the disease free equi-

librium point and the endemic equilibrium point. These equilibrium points can be
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obtained by setting the model equation of the system to zero. Hence, to calculate the
equilibrium points of our dynamic system, we set the right-hand sides of the model

equations of model (1.3.3) to zero |3]. We obtain

v Ny — ki1, Sy — 1y Sy = 0,
ki, Sy — (ay + ) By = 0,
Ay By — (Vg + i) Iy =0,

Verly — g Ry = 0, ' (2:2.1)
VN, — kIS, — 1,8, = 0,

koI5 S, — (o £ =0,

I nt e
a?;Ew . /’l"vl'z) = O’

where
|| | |
E Hb AN /My 3
1 U( 1// H) NZ'
and i
i i (NN ﬂ‘l’
Kk = 0. (Ny /Ny ) —-.
H

The dynamic system has two equilibrium points, the disease free equilibrium point Ej;

and the endemic equilibrium point E. ;.

2.2.1 Disease Free Equilibrium

The Disease Free equilibrium point (DFE) Ey;, is defined to be the equilibrium state
solution where there is total zero infection in the human population. To obtain the

DFE of the system (1.3.3), we set I, = 0, then equation 3,4,6 and 7 of (2.2.1) gives

FEi =0, Ry =0, E' =0and I' =0, respectively. Equation 1 and 5 gives S = :}f N
. H
and S = :—“Né However, since Nj, = S + FYy + I + Ry and N: = S! + E! + I,

at the DFE point, Ni, = S% and N = S?. This implies that at the DFE % =1 and
H
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:7 = 1. Therefore, the DFE point is given as

Eoi = (Sy, Ely, Iy, Ry, SE, ELTE) = (N, 0,0,0, N2, 0,0).

v U

2.2.2 Endemic Equilibrium

The Endemic Equilibrium point (EE) of a system is a positive steady state solution
where the disease persists in the population. It can be obtained by solving the equations
of (2.2.1) simultaneously. Due to the complexity of the calculation of the endemic
equilibrium point of our system (1.3.3), with the aid of MATLAB, we abtain the

endemic equilibrium point to be

B X4 XL TXL *1 X1, x X1
Ee,i*(SHyEH;IH;RH'/Sv7Ev7lv>f

where
gri = Wil a0 )Ty ‘
Ny oy, b, B Qly
i _ " lVvMinT i)
1 Njajbi By (o + wy)Qy
1y = —NinteMiy = Fiy)
Nbi, By (a4 1) Qi
Ry = N My = Py) (2.2.2)
NVLBy i (o + 1) (Vi + 1) @y
gri _ N + ) Oy + 1) T3
! by By @, ’
i —Ve(Mjy — Py)
C by By (el + pl)Qy
i V(M — Py
O by B (ol + p)Q) )
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with

Ti} — Nijalyyigvi + Nialpigvi + Nipyigigvi + Nig ()i + Nialybi Biviy,
= Nuay iy, + Ny py (1) + Nyl by By v,

My = (Ny) 2@y oy Yttty + (Nl () i, + (N ) @y i (17,)?

+ (N2l ()2 (1)” 4 (Nig) 2y (1) e, + (N2 (i) g,

+ (N v ()2 (1) + (N3 (1) ()%,

Py = (N,)* o, by, By oy

Q, = Ny@gyuVy + Ny pvy + Ny vipgvy + Ny (i) v, + Noay b, Bivy,

T; = Njobwhps + Nipsy (1) + Noowba Bk

Ve

In the next section, we derive the basicreproduction number for the dynamic system

using the next genaration method.

2.3 Calculation of the basic reproduction number R,

The basic reproduction number is defined [to"be thelayerage of secondary infections
generated by a single infectious individual during their entire infectious life in a com-
pletely susceptible population [73]. If Ry < 1, then each infected individual will infect
less than one new individuals during their entire infectious life and the disease will die
out, and on the other hand, Ry > 1, then each infected individual will infect more than
one individual during their infectious life and the epidemic invades the population. In

other words, Ry measures the potential of the possible outbreak.

To calculate the basic reproduction number for our system (1.3.3), we employ a well
known method called the Next Generation matrix Method presented in [73]. We first
find the reduced model of the dynamic system (1.3.3) by considering only the infected

host compartments, namely: the exposed and infected host compartments for both
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human and mosquitos population. The reduced model is as follows;

\

dE' o NON LD L i i i i
dtH = by (N}{> FgﬂHSH —apby — py by,
A1y i i i i i T
d_lt{ = ayby —vply — wply,
JE NiN i (2.3.1)
dt v (N;{) N}{ v Oév v luv v
dIt . o
U o E — TR
dt a’l) v /’[/’U v )
The reduced model (2.3.1) can be written in matrix form as
dxy(t
Egt( ) =-Fepll—yrwil). (2.3.2)

where k£ = 1,2...,m with m representing the aumber of infected host compartments
and z = (21, 29,3, ..., Try)? . The matrix £is called the infection matrix and its (k, j)
entry represents the number of new infection-at stage 'j-caused by contact with infected
individuals in stage ¢, and the matrix V. is called the transition matrix and its (k,j)
entry represents the rate individuals in stage k& move to stage i [73]. For our reduced

model (2.3.1), we set:

[ i (ML) Ligi gi | [ i o
by (N;{) ~ BuSu OBy + py By
. 0 4 —ay B+ AL T
Fo=| N | andVi= HEH TV (2.3.3)
bv <N£I> Nz ’US’U Oéva + :quv
0 —a, B + I,
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The partial derivatives of F and V, with respect to E%, I%,, E' and I’ are partitioned

as follow;
o [8]—",@}
8%—
~ Z O\ 5t T
0 0 0 0
= N (2.3.4)
o b () a0 o
| 0 0 0 0 |
and
v [
_aZBj
oy |+ phy 0 0 0
—al U+ 0 0
. Al _TH ik 1) , (2.3.5)
0 0 a, + ., 0
0 0 Lpdine o

for 1 < k,j < m . Evaluating F* and V* at the disease free equilibrium point Ey; =
(N%,0,0,0, Ni 0,0), we obtain

-
a.fj
0 0 0 b,p3,
0 0 0 0

— Z. (2.3.6)
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and
| O
oy + ply 0 0 0
0 0 ol 4+l 0
0 0 —ay
The inverse of V? is
_ : .
iy 0 0 0
e T 1 0 0
(Vi)—l _ (Vg Y ) Y TRy (2.3.8)
0 0 al i;t?. 0
ol 1
B 0 0 wh(elhtpt)

The basic reproduction number Ry ; is then given by the dominant eigenvalue (also

called the spectral radius p(F (V1)) of the matrix F(V)7 below,

al bl By by By |
0 0 u@(af—&-;ﬁ,) IL%H
JI 0 0 0 0 2.3.9
V)~ = A b BLND? b8y (Ny)? 0 0 (239
Ol ) @) (V) ) (N )2
0 0 0 0
Hence
Ro; = \/RHV,i<t)RVH,i(t)7 (2:3.10)
where
o , S 1
Ryvi = ——2—0by (N, /N}) B — A
aly + iy Ty +

and
Rypg, = —=—b (N'/N};) B} —.
VH, a%_i_u?u v( v/ H)ﬁHMZ

v



CHAPTER 2. QUALITATIVE ANALYSIS OF THE SEIR-SEI MODEL
DESCRIBING THE DYNAMICS OF ZIKA VIRUS DISEASE 38

It must be noted that Ry ;(f) represents the number of new mosquito infections that
are caused by the one exposed human and Ry ,(t) representing the number of sec-

ondary infections in humans that are caused by one of the infected mosquitoes [57].

In the next section, we look at the local stability of the steady state solution of the

dynamic system.

2.4 Local stability analysis of the model

In this section we study the local stability of the dynamic system (1.3.3) at the disease

free equilibrium FEj; and the endemic equilibrium-point. [ ;.

2.4.1 Local stability of the Disease Free Equilibrium

Theorem 2.4.1 The disease free equilibrium point £y, of (1.3.3) is locally asymptot-

ically stable if Ry; <1 and unstable otherwise.

Proof. To prove this result we compute the jacobian matrix of the dynamic system

(1.3.3).
Let
dSi - o o \
fi = T = vy Ny — kaiS} = g St
fa= dtH = bH(Nv/NH)Fh;IvSH —ay by — py by,
i dlpi i i Ti
J3= d_It{ =ayby —yulg — pyly,
i dR] i T i pi
dSi o o o
fi= St = VN~ kol S} — v S1,
f6: dt :bv(Nv/NH)Nz [HSU_&va_:uhEm
H
i dlé i i i i
f? - dt - ava - uv[v' )
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The Jacobian matrix of the system J is as follows:
off  off aff  off  aff  off  of
st OEYy oIy ORYy 0S, OE, OI}
ofy ofy 9fs  Ofy Ofs Ofs Of
08y, OEY 0IYy ORY 0S, OE, 9I}
ofy ofy ofy  Ofy Ofy Ofy Of
st OEy 9y OR, 0S, OE, OI}
i _ ofp off ofy off oIy ofi 9k
J sy, 9EY oIy ORy, 0Sy OE, OI} (24.2)
ofy off off off off off off
st OEy oIy ORy, 0S, OE, OI}
ofg  of ofg Ofg Ofs Ofs 9Of
08y, OEY oIy ORY, 0S; OE, I}
ofy  oft off oft ofy off of}
| 98y, 0Ey oI, ORy 89Sy, OE, OI}
—kEIE — py 0 0 0 0 0 —kiSL
KiT! —(aty + ply) 0 0 0 0 kiSt,
0 aly —(vi 1) 0 0 0 0
= 0 0 1% — 0 0 o |.(2.4.3)
0 0 —kisi 0 —hIE — 0 0
0 0 kS 0 Rifi— (ol +pl) 0
0 0 0 0 0 al —ud

Evaluating the jacobian matrix (2:4.7) of the dynamic system at disease free equilibrium

Ey,; we obtain;

— iy 0 0 0 0 0 —kiNY
0 —(ay +ply) 0 0 0 0 ki N
0 ol (¥4 +uy) 0 0 0 0
JEo; = | 0 0 vy —pk 0 0 0 (2.4.4)
0 0 —kiN§ 0 —pd 0 0
0 0 kiNg 0 0 —(ad +pul) 0
L 0 0 0 0 0 al —ud
The eigenvalues of the jacobian matrix Jg,, are \' = —ul; and the roots of the char-

acteristic equation

A AN+ BA2 4+ CN + D =0,

(2.4.5)
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where

A=a+b+c+d,
B = ab+ ac+ ad + bc + bd + cd,
C = abc + abd + acd + bed,
D = abed — o'yl k1'k2' N N,

with a = o + ply, b = 74 + pty, ¢ = o + pf, and d = pf. Finding the roots of
the polynomial (2.4.5) is too complex. We use the Routh-Hurwitz stability criterion
to show that the eigenvalues have a native real part by showing that the roots of the
polynomial lies on the left half plane-of the imagimary.axes. To show this we only need
to show that A > 0, AB — C' 30, (AB=C)C — A*D >0 and D > 0. Since all the

parameters are nonnegative, it follows that. A > 0 and we also have

AB—-C = (a+ b+ ctdifabstac+'ad=+be=bd + cd)
— (abc + abdj+ ued #3bad)
= a*b+ d’c a’d+2aba+ Rabd + Racdpt ab® + b*d + b*d +

2bcd + ac® + be® + d + ad® + bd* + cd® > 0.
Whenever Ry; < 1. It follows that

D = abed — alya kiki Ny N
a0 ki k3 Nj Ny

= abed(1l —
abed( abed

)
(afy + wi) (v + 1) (0l + )t (N )
= abcd(l — Roﬂ') > 0.
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We are now left to show that (AB — C)C — A?2D > 0. Applying some basic algebra we

obtain:

(AB—-C)C — A’D

(a®b + a*c + a*d + 2abc + 2abd + 2acd + ab* + b*d +

b?d + 2bcd 4 ac® + bc? + Ad + ad? + bd* + cd®)(abe +

abd + acd + bed) — (a + b+ ¢+ d)*(abed(1 — R,))

a*b*c + a®bc® + a*bPc + ab’c® + a®bc® + ab’c + a*bed? +
ab’cd® 4+ abc*d® + 2a*v*c® + a®b*d + a’ded + a*bd* +
a’b*d + ab’cd + ab’d* + a’bc*d + ab®c® + abc®d® + a*bd® +
ab’d* + 2a2b*edF20°V d* 4 a’bed + aPc®d + aPed® +
a*V’ cdE ab*@dpacd’d> e’ e d + abc*d + acd® + a’cd® +
abed® Hactd® + 2a°be’d + 2a”bed? + 2a*cPd? + a*bPed +
a’bctd - atbed® i abied + b | bed® + abcd +

VA F o d> F abed® F bPed” + b’d® + 2ab*cPd +

2ab’cd” + 2abc*d” + 20°Ad* ¥ (a®bed + abPed +

abc®d + abcd® + 2a”b*cd + 2a*bc*d + 2a*bed® +

2ab’c*d + 2ab’cd® + 2abc*d®) Ry > 0.

This completes our proof. The disease free equilibrium point Ej; is locally asymp-

tomatically stable if Ry,; < 1.

2.4.2 Local stability of the Endemic Equilibrium

Next want to establish the local stability of the endemic equilibrium point E.;. We

first take note that E,; can be expressed in terms of the basic reproduction number

R(],i as:

_ *,0 *,0 TH,0 *,0 *,0 x0Tk,
E..= Sy, Ey I, Ry, Sy EY I,

v YT
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where
e _ (NP0l + )T *
" NiaybiiQy
; N i viUi
By = 2 (R} — 1),
H Nsa%bwz,(awu}{)%( i = 1)
I = N iU o 1)
TN By + ) (v + ) QT
R — Ng’jiu%'y}ﬂ/iU}'{ (R2, — 1), ¢ (2.4.6)
B Nab Bty (o + py) (Vg + 1) Qs 00
i — Nl + ) (g + 1) T3
! al by By QY 7
ot by By (bt} Qs ’
‘ Ni 2 Tt
];,z — x (Z Hi) /jiHVv Z_H Z(R(Q)L il 1)7
HﬁH/’I/’U(a’U + /J”U)Q’U
with
i i iy e e Ay iND | 4 i i
Un = ayog Yty + Qg - o s+ Cappty (1) + Y i ity +

Yk (H)” + @ ln)” by, () () -
This lead to the following result.

Theorem 2.4.2 For Ry; > 1, there exist a unique endemic equilibrium point E.; for

the dynamic system (1.5.3) that is locally asymptomatically stable.

Proof. To prove that the endemic equilibrium point is local asymptomatically stable
we adopt the same approach as in [3]. We show that the jacobian matrix (2.4.7)
evaluated at the endemic equilibrium point E,; is sign stable. The jacobian matrix
(2.4.7) at E.; gives

Jg,, =

e,
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[ kirp - i, 0 0 0 0 0 —kiSy ]
KL —(ay, + piy) 0 0 0 0 kiSy"
0 oy (Vg +pf) 0 0 0 0
0 0 Vi — iy 0 0 o |. (2.4.7)
0 0 —KLS3! 0 —KLIY' —ub 0 0
0 0 kLSy 0 kI3 —(ad 4 pi) 0
i 0 0 0 0 0 ol —pd, i

We have the following sign pattern: Jy 1 = —kiIX — ply <0, Joo = —(aly + ply) <0,
Tz = —(Yi+ply) <0, Jug=—py <0, Js5 = —kiI}i —pi < 0, Jog = —(al +pui) <0,
Jog = —phy < 0, JigJoy = 0, JigJsys = 0, JigJss = 0, JisJs1 = 0, JigJsr = 0,
Jigdr1 =0, Jazdzo =0, JoadJso =0, JosJs52 =0, JogJs2 =0, JazJr2 =0, J54J43 =
0, Jssd53 = 0, JseJs3 = 0, J3rJrs =Oihstss = 0, Jiglos = 0, JygJsa = 0,
Jazdra =0, J56J65 = 0, J5 7075 ="0,Jg7J75=-"0—Hence the jacobian matrix is sign
stable and therefore the equilibrium point #; is locally asymptotically stable. In the
next section, we look at the global stability of the steady state solution of the dynamic

system.

2.5 Global stability analysis of the model

In this section we look at the global stability of the disease free equilibrium point and

the endemic equilibrium point of the dynamic system.

2.5.1 Global stability of the Disease Free Equilibrium

Theorem 2.5.1 The Disease Free Equilibrium Ey; of the model (1.3.3) is globally

asymptotically stable whenever Ry, < 1.

Proof. Following the work in [11], we construct the following Lyapunov function.

L=AEy+ Ayl + A3E! + Ayl (2.5.1)
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where A} = pi, Ay = kKiNY, As =~ + pb; and Ay = kSN,

The derivative of L with respect to time ¢, we obtain the following;

dL
dt

+

Since Si; < Ni; and S! < N, 4L-<Gwhenever N o<y (afy + piy) and

dEY,  dli,  dE}  dIl
S Ap o Ay Ay

AR Sy = (0 + pi) By] + Aalay Ely — (Vi + i) Ty ) +

A

Aslka Ty Sy = (o, + ) By + Aalol By — oy 1)
[Azay — Aoy + pig)| By + [Asky S, — By + pig) y +
[Asey = As(ay, + @)1 By + [A1ki Sy — Ay ]I,

(ks Ny — g (g + w1 By + (Vi + 1) R3Sy — KNy (Vg + 1) Ly

[FINoh — (Vi + i) (o=t Beetfus k1 St — ki NI
[k Nioly — pt (o RIS E S Gy (S, — NI

[k Ngan, — (Vi + ) (e + p)VEL F k(8 — Nyl

KNGl < (v +pty) (ol + ! )5 Tfollows that singe-all the parameters are nonnegative,

or

Hence

which implies

Furthermore

I' = 0. Therefore the largest compact invariant set {(S%, F%, I, R, St B T

dL
dt

Aol KNG NG < (e + ply) (Vi + pig) (o, + pd )l

oy ki kSN N <1
(o + ) (Ve + i) (0 4+ pl ), =

R}, <1,

Rl < 1.

4 — 0 whenever Si; = N} ,Ej; =0, I}, =0, R}, =0, Si = N,

= 07
)eD:
= 0} is the singleton Ej;. Hence by LaSalle’s invariant principle , Ey; is globally
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asymptotically stable [41]. This completes the proof

2.5.2 Global stability of the Endemic Equilibrium

Theorem 2.5.2 The dynamic system (1.3.3) has an endemic equilibrium point E.;
that is global asymptotically stable whenever Ry,; > 1.

Proof. Using the same approach as in [35], we define a Lyapunov function as follows:

V = B (S}I — S5 = Si'n <SH>> + B, (EH — B} — Ejf'ln (—H))
S Ey

i *,0 *,1 I ' i 2 S,
o (i () (- s ()
e Sy’
. . S — : - s
—+ Cl (Ele) — E:’Z — E:’zln (S*Ui>> = CQ (Iql; = [Z:J - I:’lln (I*vz)> 5

where By, By, C; and C5 are constant to be determine later. Differentiating V' with
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respect to time, ¢, we obtain

dV SE\ dSt EX"\ dE: 50\ dIt
— = B/ |1-=2&4 H B [1-=H4 H B, [1-=£ H
dt 1( S;,) a 1( EH> a P I ) dt

S ds B\ dE I3\ dI
" 01(1_ S') dt +01(1_ E) i +C"’(1_ ﬁ) dt

v v

E*,i ) ) )
+ B|1- )(k’I’SZ (g + i) Ely)

By
[;I’Z ) 7 7
+ By|1- i (0 By — (Vi + 1) Thr)
H
+ (1 -3 ) (Vo i mrs®i)

+ O (1— )(kﬂﬁ 50— (o) ) B

+ O (1 — [I ) (B! — i d))

; i S*J T Q% ] i i Qrx,t
= By N (1 — SH> + BiRILS — By Sy + Biply Sy
H

— BikIS; B, — By(oy + ) By + Bi(oly + piy) By T+ Byl By

i I i i\ i i PN
— B204HEHI—I;[—B2(7H+/~LH)IH+B2(7H+MH)]H’
H

*,1

IS o
,;i ) + Clkéflzgs*z ClquU + C’l/uLvS:Z

+ Cll/,f)N:) (1 —

v

E“ . . . , ) )
— OikylyS, 7 — Culel + 1) By + il + ) B
) I*,z‘ N
-+ CQQZ)EZ CgO&vEZ) [ — CQILL,U v —|— 02/%[1; z' (252)

At the endemic equilibrium point E,; we note that vi Ni, = ki[5S + 1S4,
VING = KL S5+ S, (o + iy Bl = KIS (o + i) Exi = KIS,

v

(Vi + i) I3 = iy E5 and pd I* = o EX'. Hence, the equation (2.5.2) can be written
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dv o gt S St gi o
— = BKIFST (1 -2 )+ By Sy (2 - ZE — )+ Bk ILSY
dt 1ty H( S}{>+ 1ILLI’II{( Si{ S;{’Z +111)H
) ZE;}Z *,1 *,iE}.‘I i Tx,0 QL 7 )
H H
. o N o
= Bo(vy + i)y — By By - + Baaiy B
H
i TR Qi SZ’i i Qi S:’i Sai i Qi
+ Olk21H7 Sv’ (1 — Sf} ) + C’l,quv’ (2 — Sf) — S:’l) + Olk?[HSU’
koIl S Cyky I SE I 4 Oy KL S
L, By
+ CgOé:}E:) — CQ,ULLli — CQOCZE; ]Ui == CQO(:)E;’L.
. _ 1 _ i = 1 _ o+
Choosmg Bl = m7 B2 = W, Cl == W and 02 = W We can

rewrite ‘2—‘; as follows:

W (o st (o i - )
At~ kI G N a Iy I SC 5

r set oy B ine RESND U ARSEES  TLS RS
Sy Sy Ejly, ENII L'S;Ey,  IjSyE:

Since the arithmetic mean is greater than or equal to the geometric mean of the quanti-

ties, @ < 0. Also it can be further noted that 2* = 0 whenever S}, = Sy By = E},

I, =14, Ry = Ry, St = S, Bl = B I! = I**. Then, it follows that the equilib-
rium point F,; is the only positively invariant set {(S%, B, Iy, Ry, SE, EIY) € D

v U

4¥ = 0} of the system (1.3.3) and hence by the asymptotic stability theorem, E.; is
globally asymptotically stable [41]. In the next chapter we construct a nonstandard

finite difference method consistent with the dynamic system.



Chapter 3

Construction and analysis of a

numerical method te simulate the
SEIR-SEI model describing the

dynamics of Zika virus'disease

In this chapter we deal with the construction of a robust numerical method known as
the nonstandard finite difference method for the dynamic system and the analysis of

the numerical method.

In the next section, we give a general philosophy of the nonstandard finite difference

method.

3.1 What are these nonstandard finite difference meth-
ods?

In the study of epidemic, mathematical models play a very significant role. These

mathematical models are used to gain an in-depth knowledge about the dynamics of

48
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infectious disease spreading within a population and they can be used to draw some im-
portant conclusions. However, often times these mathematical models uses autonomous
systems of nonlinear ordinary differential equations which can be very complicated or
even impossible to solve for an exact solutions. This factor about solving such systems

has resulted in the discretization of these systems using well-known numerical methods.

While an exact solution to the system of nonlinear ordinary differential equations might
not be obtainable, with the use of numerical methods, a finite discrete system of the
model can be constructed and solved using numerical techniques to find an approximate
solutions. It is very important therefore that this numerical methods mimic certain be-
havioural features of the original-contintious model.-However, most of these numerical
methods such as the Euler and Runge-Kutta-method often fail to preserve some of the
qualitative properties of the solution corresponding to the original continuous system

such as positivity and the local stability of equilibrium points [28].

To avoid numerical instabilities and inconsistencies generated by standard finite dif-
ference methods such as Euler method and Runge-KKutta method, a class of robust
numerical methods, known as the Non-Standard Finite Difference Method (NSFDM),
which are dynamically consistent with the original differential systems was developed
in [47].

The NSFD methods have already being applied to some epidemic models in the
following papers: [1, 2, 7, 14, 15, 17, 19, 23, 27, 29, 44, 55, 60, 69, 70, 78, 79, 84, 85|.
These NSFDMs have become very popular and powerful tool to solve systems of non-
linear equations due to the fact that unlike Euler and Runge-Kutta, NSFDM do not
generate oscillations, chaos, and false steady states [55]. These methods are thoroughly
reviewed in the two survey articles [63, 64] where the author has presented different

constructions of these methods provided by numerous researchers in the field.

In the next section, we construct a robust Nonstandard Finite Difference method for
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the dynamic system.

3.2 Derivation of a robust nonstandard finite differ-
ence method to solve the Zika virus disease model

We construct a non-standard finite difference (NSFD) scheme consistent with the con-
tinuous dynamical system of (1.3.3) for the Zika virus to approximate numerically the
model equations of the system. The time domain [a, b] is subdivide in to M number of
small sub-intervals of width ¢ = ¢, — ¢, where n = 0,1, ..., M called the step-size such
that each continuous time variable Z1s replaced by a-diserete time ¢, = nf. To find an
approximate solution S7*, " It Ry LGmst it (pmiiy 54 i T4 Ry SE R T

at time t = t,,, we construct the discrete model in the following manner:

m+1, m,i myi M0 )
SH B SH _ i]\/ﬂn-,’i b7 Nv [v i Sm+1,i i Sm-‘rl,i
- 5~ VelNg =g ot P MaSy
¢<£> 17\[[[' Ny™
m+1,2 m,i ATMld m,i
EH — EH _ bz Af/u : ]’1) . 4))ri Sm+1,i i Oél Em+1,i o Em+1,i
QS(E) - YH ]Vm.,i ]Vm,i PHPH H =T, Huth ’
H v
m—+1,1 m,i
[H _[H i Em+17i iIm-‘rLi i [m-i-l,i
o(0) =Qplyg  —YHlH — Hplg
m—+1,7 m,i
Ry~ — Ry oL i pmeL (3.2.1)
m+1,4 _ Qm, m,i m,i
Sv Sv _ Vi Nm,i o bz NU ]m ism—l—l,i - ism—i-l,i
qs(g) - Yovt v v Nm7i Nm,z’ v~v :U’v v ’
H H
m+1,4 _ pmg m,i m,i
Ev Ev _ Nv Im i gm+1,2 i m+1 i pm+1,4
v v, - 23S — o' B )
¢(£) Nm,z Nm,z vMo v v v v )
H H
m+1,0 _ gmy
Iv ]v _ Z'Eerl,i - i[m+1,i
f - av v :uv v )
o({) )

where Njv' = St + B + I + Ry, N™ = S™i 4 E™i 4 [ and ¢(() is a

v

real-valued denominator function satisfying

O(l) =L+ O(L?) foralll >0, (3.2.2)
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as noted in [48].

In the next section, we look at the analysis of the proposed numerical method.

3.3 Analysis of proposed numerical method

To help with the analysis we can simplify (3.2.1) to the following explicit form:

m41,i @y},]\fgvi 4 Sg,i
" ot Ty
e
* Lot Ol Qe =)
];{nﬂ,z | @{y%Ezth i {ZM
HoOvk k)
¢V}I[ZIL+M+RE’/£

o

m-+1,1
EH

m-+1,2
Ry, = — 7 > (3.3.1)
m+li CbViN;n’i =t S;n’i
" WESIHERN: G
Ertli ¢k?7i]g’isgn+l’i + B
’ L+ glaf +pi)
mtLi ¢O‘f;E;n+1’i + ]Zn’i

1+¢Mﬁ; ),

where k7" = by Bl (N /N) (1/N™) and k5™ = 08, (N /NG (1/NE).

The positivity of the solution can easily be seen from the explicit form (3.3.1) that start-
ing with non-negative initial conditions Sj*(0) > 0, Ej*(0) > 0, I;7*(0) > 0, R}*(0) >
0, 57(0) > 0, E™(0) > 0, I"™*(0) > 0 at t,, since all parameters are positive, that all
solutions of system (3.2.1) subject to initial condition remain non-negative for all n €

M.

Following the work in [55] we take two cases of the NSFD methods:
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Casel : We set ¢(¢) = .
Case2 : We define

Zufq_l
H=""2 3.
o (() o (3.3.2)

Case 1 is called the NSFD-I and case 2 is called NSFD-II.
The fixed point of the discrete scheme can be obtained by first setting,
3

m+14 m,i myi  pm,i m,% m,i m,i  Tm,i
SH _f1<SH 7EH 7IH >RH ?S 7Ev 7[1; )

v

EZ—H’i _ f2(S;In,i’ E}?},i’ IE,Z" Rz7i> S;)’L7i, EZW, [Zn,i)’
]}7[14-1,1' _ f3(527, Ez77 127 RZ77 S(T)n?q Elﬂ’”q]]m’l),
Rz—l—l,i _ f4(S?IL,i, EE,i) ]Z{L’i, RnHl,i’ S;nL, E'Zn’ia I;rL,i)’ (333)
S;n+17i _ fS(SZL’i; Ej‘z,i7 ]—g,i7 Rzz/ S’lr)n,,i./ Em,,i, I;n,i)’

v

m—+1,0 __ m,i mLt | Tmie 40 myi mi Tmyi
Ev _f()(SH 7E]'—[ 7IH 7RH 7Sv 7Ev '/Iv )7

m+14 __ m,i my ! lrm,i myil | i my Tm,i
Iv _f7<SH 7EH 7]H 7RH,7Sv va v[u )')

We can then write (3.3.1) as:

X . . X . ) L 7 Nm-,i Sm,i )
fl(SZLﬂvE}{nﬂv]Z;’Z’RTHnﬂvSgl’z?Egl’z?IfTﬂ) - ¢VH mHz :z—z = i\’
1+ o(ky" I + piy)
m,i m,i  TM,i m,i ] ] ] ¢k;n’ijm’isz+l7i + Egﬂ
fQS ’7E ’71 7>R 775T717E17)n’lv[:w): - ) 7
( H H H H 1+¢(O‘H+MH)
m,i m,  Tm,i m,i i 3 ] QSOZ%IEg—HJ +IE7Z
Sy By Iy Ry, Sy BV L) = ; ;
a #otH H L+ (v + iy)

Y

Y

, , . , , , ‘ gb’y}IIZLH’i + Rz’i
Sp BRI Ry, S B 1) = — (3:3.4)
f4( H H H H v v v ) 1_._¢'qu
QUL N 4 St

f5(SI7311’i7Ezyiajghi:RTHn’i’Sln’i?E;n’a[;n’i) = mi pm,i i\’
L+ o(ky" Iy + 1)

QkY I SmL 4 pd
1+ (el + i)

m,i m,i pm,i  pm,i i i ; ¢aiEm+1,i +[m,z
S JETL R ’ST,17EZ;L,17I;7”L,2 _ v L v

m,i m,i  Tm,t m,i  Qm,i m,i  Tm,t
f6(SH 7EH 7]H )RH 7‘91; 7Ev 7Iv )

)
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The fixed points of discrete model are all the point satisfying the following condition,
Sg,i _ f1(SE’i, EZ,Z" ]Zb,z', RZ’i, ng,i7 E;n,i7 I;n,i)’ )
By = RSy B Iy Ry, S0 BN 1),
T = FaSi B T R S 2 1),
Rz,i _ f4(5;7[1,i7 EEJ" Iz,z" Ran,i’ Smi g ma), (3.3.5)
Syt = Fo(SE By T Ry S B L),

myi m,i m,i  m,i m,i m,i m,t  Tm,i
Ev _fG(SH 7EH 7[H 7RH 7511 7Ev 7Iv )7

m,i __ myi pmyi pmyi pmyt Qmyi myi o Tmyi
[v —f7<Sn 7EU v[n 7RH :Sv ‘/Ev ‘/[v )

* )

In other words, to calculate the fixed points we canset the right-hand side of the model
equations of (3.2.1) to zero. Irom this it can be easily verified that the fixed point of
the discrete system are the same as the equilibrium points of the continuous system.

Hence, the model (3.3.1) has the disease-free-equilibrivm-point given by

Ey = (Ng*,0,0,0, N** 0,0).

and the endemic equilibrium point given by

m o M*, 0 mx,i M, Mx,0 QIm,i mx, i Tmx,i
Ee,i_(SH7>EH’7]H ’7RH77SU ’7Ev 77]1; 7)?
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et _ (NP + ) T )
H - Myt G 14 Qi )Mt ’
NU &Hbvﬁv H
) Nm,z‘ 3 i Z'Um,i
EE*JZ mz( H ) MHV’U H mz(Rg,z_]')?
Ny iy bl, By (ady + 1) Qy
) Nm,i 3 4 iUm,i
i — (H )HHVv‘ H mi(Rg,i_l)’
NbL By (e + 1) (Vg + 1) Q@
y Nm,i 3 i i Z'Um,i

Nibi Bi iy (ol + i) (Vg + 1) Q"
i _ Vi (@ + ) Oy + i) T
! bl B Qo ’
i = Nt VA
o by By (a1t Y™
A N'rmi 2 17 7Um,z ;
Lr}n*,z — ( H ) VeV o (Réﬂ | 1)

bl Bt (ad - 1) Qv )

with

Ui = algaiiity + oy (1)} A Ol bbby, 0 i ()T Ve i+
Verke (14,)° + o ()1, + (i )* (1),
Qu' = Ny alyvgvy + Nip 'l pigvy + Nig 'Yt vy + Ny (i) vy + N oy, Byvy,

Ty = Np ey + Ny () + Ny a0y By,
3.3.1 Stability analysis of the fixed points

Theorem 3.3.1 The system (3.2.1) is unconditionally locally asymptotically stable at
the disease free equilibrium, E(;n’i = (Nz’i, 0,0,0, N™ 0,0) for the real-valued function
é(0) =L+ O(?) if Ry <1, and unstable otherwise.
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Proof. The jacobian matric J™ of the discrete system (3.2.1) is given as;

Jy 0 0 0 0 0 Jn
JyJy, 0000 00 0 J3
JELJE, Jy 00 00 00 Jgy
JU= Iy Jn Jy Jy 00 00 J | (3.3.7)
0 0 Jry 0 Jry 0 0
0 0 Joy 0 Joy Joy 0
00 gy 0 T T T
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1 m 1
J{’fl = Jyy =

L + kYT Ly | -
ORI GVl N+ STy g _ Sk (v NG+ Sp)
- 4,7

m

N

(L} + ok 1) LY LY (L} + oI
O L O oy (K1 (v Niy + Sr”)
M LG(Ly + Gk L4LL L (L + Ok} 1)?
m 1 . QY (v N 4 S
Joy = I = — 5 ( )’

- - (L + ok T )2
m Ok (ovaNy" + Sy”) m 1

.

Joq = i i i ) - < i m,i ym,i’
T LY (L ok L) Lyt ok
SR I (Gl Ni* + Siy) e s AU 57)
Ly(Li + ok L2 e k)
i GPalk G Iy (GVLN + S
M LALY(L ok T) Tt oRt Tt
m _ Py | bk 15
J3’2: e’ J65: ; ; My pin,iy 7
Lol ST TRy Ty )
1 1
i3 = o IVER
B g
g = P*aly k™ (v Ny + Si) Zm B BN Gt B
’ 73

LLY(LL + 0k 1) LiLA (LG + ok T )
Gy (K1) 1 (v N + Si") - gdad (k)20 (gvf N+ S

LyLy(Ly + oky"™ 1) LyLy(L + ok Ip')*
[P 402 " 1 e m PPl ky Iy
417 ririTi i myi ym,iy ’ = — - ; NE
LyLsLy(Ly + ok 1"™") o L{LE(LE + oky™ I}7")
J4,2 - Li LJ?L?7 J;n6 = gb‘a’”‘ ,
2t3by ’ LyLr
PV 1
Jm = n = JT)’L = —
4,3 L%J,LZ 7,7 LZ7

At the disease free equilibrium, Ef; = (N7,0,0,0, N 0,0), the Jacobian matrix
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[ L _ORING (g 1)
i 0 0 0 O 0 —
1 Sk N (prgr ' +1)
0 iL 0 0 O 0 17573
da’, 1 d2al kT N (pri +1)
O mr i 000 T
m P2al,y vy 1 FPay kT N (prg+1)
JEZ,“” 0 LLLLLE LiLY I 0 0 LELLLLLYE
Pky " Ny (¢vf+1) 1
kg Ny (pvi+1) 1
0 0 - 17573 0 O 7 0
G2l kDI NGV (QuE41) pa
0 0 2zt 0O O — =
L LELLLE LiLE LL i

Finding the eigenvalues of the Jacobian-matrix-is‘to-cumbersome. However, we can find
the eigenvalues numerically using the set of parameters presented in table 1.3.1 and
the initial condition of patch 1 with 6} = 0.38. The basi¢ reproduction number Ry ; =
0.57855 and the disease free equilibrinim point is Ey ; = (13031020, 0, 0, 0, 9000000, 0, 0).

The eigenvalues are as follows;

| 0.999978082431974 + 0.000000000000000¢
0.999978082431974 + 0.0000000000000002
0.884417314275595 + 0.0000000000000007
0.740471581762740 + 0.0000000000000007
0.844622231515447 + 0.114367304538911¢
0.844622231515447 — 0.114367304538911:
i 0.980520626808754 + 0.0000000000000007

The modulus of largest eigenvalue is 0.999978082431974 which is less than one. The

disease free equilibrium point is stable.

Theorem 3.3.2 The endemic equilibrium of the system (3.2.1), E™

ez’

18 uncondition-

ally locally asymptotically stable if Ry,; > 1.

Proof. We can find the eigenvalues numerically using the set of parameters presented in

table 1.3.1 and the initial conditions of patch 2. The corresponding basic reproduction
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number is Rpo = 2.0802 and endemic equilibrium point is

By = (1344471.44,578.29,578.22, 4471372.05, 29995208.94, 2771.4, 2019.66). Evaluat-

ing the jacobian matrix (3.3.7) at the endemic equilibrium point E7 with ¢(f) = £ =

0.5 we obtain

| 0.99981
0.00014
0.00002

Jgm = | 0.00000

0.00000

0.00000

I 0.00000

With the following sets of eigenvalues

0.00000
0.85516
0.12385
0.02097
0.00000
0.00000
0.00000

| 0.999978100623357 + 0.000000000000000¢ ]
0.726275511712589 + 0.000000000000000¢
0.842167836818293 4 0.1315729001085352
0.842167836818293 — 0.1315729001085352
0.999916330807311 + 0.002542406511835¢
0.999916330807311 — 0.0025424065118352

0.884502168340660 + 0.0000000000000007

0.00000
0.00000
0.85516
0.14482
—1.91264
176419
0.14349

0.00000
0.00000
0.00000
0.99998
0.00000
0.00000
0.00000

0.00000
0.00000
0.00000
0.00000
0.88448
0.00002
0.00000

0.00000
0.00000
0.00000
0.00000
0.00000
0.81583
0.06867

—0.02424 |
0.02073
0.00300
0.00051 |
0.00000
0.00000
0.88450

The modulus of largest eigenvalue is 0.999978100623357 which is less than one. The

endemic equilibrium point is stable. Readers may note that the Euler’s method for the
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model (1.3.3) reads

SIZL+17Z‘_SIZ’LJ i m,i m,i rm,i QML i omyi )
- vpNyg™ — k"1 Sy — 1Sy
m-+1,3 m,i
BB syt il B iy B
];;In+17i_1;1n7i 7 m,i i rm,i i ym,i
f:()éI{‘E'[{7 _’YH‘[H’ _ILLHIH’7
Rg-i-l,z _ Rzﬂ _ ’}/i i /~Li R , (338)
/ HH H*YH »
Syttt — Sy i AT myi pmyi gm.i i gmyi
f:Vva7_k27IH7SU7_:quv77

Em+1,i _ Em,i . . ) ) ) ) .
v v 1T Iyt Qs Lm0 m,t
-7 = ko L g e, JTA D

m—+1,4 _ tmy
Iv Iv

_ JiEndd W B
*()41;Ev’ lu’v[v )

14 & J
where N = S+ Bt 4+ 170" RIAT, NIt = 1§70 4 B4 ™% and (€ is the step-size.

The explicit form takes the following form;

S = S+ M Ny = RISy S,

Bt = Bt (IS ol B = iy ),

L™ = I+ Uy By — v Ly — L),

Ry = R 4 ol I — R, (339)

Sm+1,i _ Sm,i + / Vi Nm,i . km,ijm,ism,i . ism,i ,
v v v ' 2 H v 2T

v

m+1,4 _ myi myirmt am,i 4 pmyt 4 pmye
E; =B+ (k" 1t S) ar B e BT

I = [ ol B = 1),

v

In the next chapter we perform some numerical simulations of the NSFD methods

and compare with the numerical results obtained by the Euler method.



Chapter 4

Simulation results and discussions

In this chapter, we present extensive numerical simulation results to demonstrate the
effectiveness of proposed numerical method and to see whether it gives the results that
correspond to our theoretical results. 'We also present some comparisons with the re-
sults obtained by some classical- methods such-as Fuler-and RK4. We present tables
showing the spectral radii of the jacobian matrices at the equilibrium points of the sys-
tem for different step-sizes / to study: the convergence of the numerical methods (Euler
method, method NSFD-I and NSFD-II) to the fixed points of the system. It is however
very important to first note the impact of a cyclical death rate discussed in Section
(1.3.3) on the basic reproduction number Ry, and on the convergence of the numerical
method to the fixed points of the system. The cyclical death rates implies that the
basic reproduction number Ry ; will not remain the same throughout of the year, it will
be higher in summer and lower in winter due to the change of the vector population
density. Figure 4 of [57| shows that the mosquito population is higher between Jan-
uary and June and lower between July and December for patch 1 while for patch 2 is
vice versa. From these observations, it can then be noted the numerical methods will
fail to converge to any fixed point on the system due to the fact that the susceptible
vector population will go up and down between the seasons. Using the NSFD-IT with
the parameters in Table 1.3.1, Figure 4.0.1 shows that the basic reproduction number

Ry will not remain constant throughout the year but change with the change in the

60
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population of the vectors for patch 1 and 2, and these results are consistence with the

findings in [57|. As highlighted in [57], the fact that the natural death rate for the
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Figure 4.0.1 The basic reproduction number R, obtained by method NSFD-IT for
patch 1 and 2 with a cyclical death rate p! and ¢ = 1.

mosquito population is cyclical, it makes it very difficult to proceed with the analysis
of the behaviour of the numerical methods at the equilibrium points. In order to carry
out this work, we take the assumption of a constant vector population for both patches
throughout the year by taking both the natural birth rate p! and death rate v’ to be

the average between ! . and u' .

In order to study the convergence of the numerical methods to the disease free equi-
librium points Ey;, we use the reduced value b) = 0.38 which is chosen in such a way

that it captures the presence of the two mosquito species (Aedes aegypti and Aedes
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albopictus) that are responsible for the transmission of Zika virus. This reduced b/
is the average between the average Aedes aegypti and Aedes albopictus, see [57]. For
the vector population, it can be seen from figure 4 of [57| that the vector population
ranges between 9 000 000 to 130 000 000 for patch 1 and between 6 000 000 to 60 000
000 for patch 2. When the vector population is kept at minimum, that is 9 000 000
for patch 1 and 6 000 000 for patch 2, the basic reproduction number with b = 0.38
is calculated to be Ry, = 0.57855 and Ry = 0.70703 which is less than 1. With these
change of parameters, we expect the numerical methods to converge to the Disease free

equilibrium points.

To study the convergence of ournumerical- methods to-the endemic equilibrium points,
we take a constant vector population of 60 000 000 for patch 1 and 30 000 000 for
patch 2, chosen in such a way that a reasonable mosquito presence in both region is
kept in order to allow a balance interaction between the humans and vectors. In this
case, with 0! = 0.5 from the table; the basic reproduction number is Rg; = 1.9655
and Ry = 2.0802 which is greater than 1. The basic reproduction numbers for both

patches will remain the same throughout the year because of the noncyclic death rate.

In order to investigate the convergence of the numerical methods, we compute Table
4.0.1, 4.0.2, 4.0.3 and 4.0.4 below showing the spectral radii obtained from evaluating
the jacobian matrices of the system 3.2.1 and 3.3.9 numerically at the fixed points for

different step-sizes ¢ for both patches.

With S,o = 9000000 for patchl and S, = 6000000 for patch 2 which is the aver-
age susceptible mosquito population, the numerical disease free equilibrium points are
Ey1 = (13031020, 0,0, 0,9000000,0,0) and Ey. = (5817000, 0,0, 0,6000000,0,0). It
can be seen from Table 4.0.1 and 4.0.2 that the Euler method will only converge to

the equilibrium points for a smaller step-size, but with a large step-size, for example

¢ = 10 its expected to diverge. However, the NSFD methods (NSFD-I and NSFD-II)
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will converge even for a large step-size of £ = 100.  To study the convergence of

Table 4.0.1 Spectral radii of the Jacobian matrix evaluated at Ey; obtained by Euler,
method NSFD-I and NSEFD-IIs for different step-sizes ¢ for patch 1 with b} = 0.38 and
N, = 9000000.

Ey Euler NSFED-I NSFED-IT
14 p(h) Comment | p(h) | Comment p(h) Comment
0.001 | 0.99999 | Converge | 0.99999 | Converge | 0.99999 | Converge
0.01 | 0.99999 | Converge | 0.99999 | Converge | 0.99999 | Converge
0.5 | 0.99999 | Converge | 0.99999 | Converge | 0.99999 | Converge
1 0.99998 | Converge | 0.99997 | Converge | 0.99997 | Converge

5t 0.99989 | Converge | 0.99989 | Converge | 0.99989 | Converge
10 2.23516 | Diverge | 0.99978 | Converge | 0.99978 | Converge
25 7.08790 | Diverge | 0.99945-.Converge | 0.99945 | Converge
100 | 31.35161 | Diverge—{0:99781 | Conveige-(.. 0.99781 | Converge

Table 4.0.2  Spectral radii of the Jacobian matrix evaluated at Ey, obtained by Euler,
method NSFD-T and NSFD-IIs for different step-sizes ¢ for patch 2 with 52 = 0.38 and
N, = 6000000.

Eyo Euler NSFD-T NSED-IT
1 p(h) Comment 1 1p(h )y ¢ Comment p(h) Comment
0.001 | 0.99999 | Converge | 0.99999 | Converge | 0.99999 | Converge
0.01 | 0.99999 | Converge' [0.99999 | Converge | 0.99999 | Converge
0.5 0.99998 | Converge | 0.99999 | Converge | 0.99999 | Converge
1 0.99997 | Converge | 0.99997 | Converge | 0.99997 | Converge

5t 0.99989 | Converge | 0.99989 | Converge | 0.99989 | Converge
10 2.43240 | Diverge | 0.99978 | Converge | 0.99978 | Converge
25 7.58099 | Diverge | 0.99945 | Converge | 0.99945 | Converge
100 | 33.32400 | Diverge | 0.99781 | Converge | 0.99781 | Converge

our numerical method to the endemic equilibrium E,; for both patches, we use the
parameters of Table 1.3.1 with the fixed vector population. The numerical endemic
equilibrium points are

E., = (3373477.19, 1248.70, 1248.54, 9655045.57, 59990763.70, 5342.75, 3893.54) and
E., = (1344471.44,578.29, 578.22, 4471372.05, 29995208.94, 2771.4,2019.66) for patch
1 and 2 respectively. Table 4.0.3 and 4.0.4 shows the Euler method will fail to converge
to the endemic equilibrium points E. ; for even a small step-size of ¢ = 0.001 while the

method NSFD-I and NSFD-II converge even for a larger step-size. Figures 4.0.2 and
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Table 4.0.3 Spectral radii of the Jacobian matrix evaluated at E, ; obtained by Euler,
method NSFD-I and NSFD-IIs for different step-sizes ¢ for patch 1 with b} = 0.5 and
N, = 60000000.

E.q Euler NSFEFD-I NSFED-II
14 p(h) Comment | p(h) | Comment p(h) Comment
0.001 | 1.00002 | Diverge | 0.99999 | Converge | 0.99999 | Converge
0.01 | 1.00029 | Diverge | 0.99999 | Converge | 0.99999 | Converge
0.5 1.01700 | Diverge | 0.99998 | Converge | 0.99998 | Converge
1 1.03799 | Diverge | 0.99997 | Converge | 0.99997 | Converge
5 1.31971 | Diverge | 0.99989 | Converge | 0.99989 | Converge
10 3.22254 | Diverge | 0.99978 | Converge | 0.99978 | Converge
25 9.55635 | Diverge | 0.99945 | Converge | 0.99945 | Converge
100 | 41.22540 | Diverge | 0.99781 | Converge | 0.9781 | Converge

Table 4.0.4 Spectral radii of the-Jacobian matrix-evaluated at E, 5 obtained by Euler,
method NSFD-I and NSFD-IIs for different step-sizes ¢ for patch 2 with b2 = 0.5 and
N, = 30000000.

E. Euler NSFDHI NSED-IT
1 p(h) Comment | |p(h)| ||Comment p(h) Comment
0.001 | 1.00003 | Diverge - 0.99999 | Converge | 0.99999 | Converge
0.01 | 1.00034 | Diverge | 0.99999 | Converge | 0.99999 | Converge
0.5 1.01938 | Diverges [10.99998 ¢ Converge 1, 0.99998 | Converge
1 1.04298 | Diverge | 0.99997 | Converge | 0.99997 | Converge
5) 1.34923 Diverge .|"0.99989%| Converge | 10.99989 | Converge
10 3.26911 | Diverge | 0.99978 | Converge | 0.99978 | Converge
25 9.67278 | Diverge | 0.99945 | Converge | 0.99945 | Converge
100 | 41.69113 | Diverge | 0.99781 | Converge | 0.99781 | Converge

4.0.3 show that the Euler method and method NSEFD-I and NSE'D-II will successfully

converge to the disease free equilibrium Ej; for patch 1 when the step-size is ¢ = 0.5.

When the step-size is increased to ¢ = 6, Figure 4.0.4 and 4.0.5 shows that the Euler

method generate oscillation with negative values while method NSFD-I and NSFD-II

converges successfully without generating any oscillation with negative values for the

same step-size.

Figures 4.0.6 and 4.0.6 show that the Euler method and method NSFD-I and NSFD-

IT will successfully converge to the disease free equilibrium Ej, for patch 2 when the

step-size is ¢ = 0.5. When the step-size is increased to ¢ = 8, Figure 4.0.8 and 4.0.8

shows that the Euler method generate heavy oscillation with negative values and fails
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to converge to £y o while method NSFD-I and NSFD-II converges successfully without
generating any oscillation with negative values for the same step-size.

Figures 4.0.10 and 4.0.11 show that the Fuler method and method NSFD-I and
NSEFD-II will successfully converge to the endemic equilibrium point £, ; for patch 1
when the step-size is £ = 0.5. When the step-size is increased to ¢ = 5.55, Figure
4.0.12 and 4.0.13 shows that the Fuler method generate negative values while method
NSFD-I and NSFD-II converges successfully without generating any oscillation with
negative values for the same step-size.

Figures 4.0.14 and 4.0.15 show that the Euler method and method NSFD-I and
NSEFD-II will successtfully converge to-the endemic.equilibrium point E, o for patch 2
when the step-size is £ = 0.5. When the step-sizeis increased to ¢ = 5.8, Figure 4.0.16
and 4.0.17 shows that the Euler method generate heavy oscillation with negative values
and fail to converge to E, o while method NSFID-I and NSEF'D-II converges successfully
without generating any oscillation-with-negative values-for the same step-size.

Figures 4.0.18 and 4.0.19 show that the method NSFD-I and NSFD-IIs converges
to the disease free equilibrium points £y, and Ey, even for a step-size of ¢ = 50.
Furthermore, both numerical method produces similar results.

Figures 4.0.21 and 4.0.21 show that the method NSFD-I and NSFD-IIs converges
to endemic equilibrium points E, ; and E. 5 even for a big step-size of £ = 1000.

Figures 4.0.22, 4.0.23, 4.0.24 and 4.0.25 are obtained using the parameters of Table
1.3.1 with the cyclical death rates 1.3.5 and 1.3.6 for £ = 0.5 and ¢ = 6. When the
parameters are not changed, Oleson observed that there is an outbreak in patch 1 that
will infect almost the entire population and visitors to the Carnival will get infected
and the virus with them home in Miami (patch 2) where they will course an outbreak
that will infect more that 75 % of the population. It can be seen that from 4.0.22 that
all the numerical method produces results identical to the ones obtained by Oleson for
patch 1. Figure 4.0.23 shows that the NSFD-I and NSFD-II produces better result than
the Euler method. For ¢ = 6, Figure 4.0.24 and 4.0.25 shows that the Euler method

produces oscillations and negative solutions while the NSFDs solution remain positive.
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When the 02 is reduced from 0.5 to 0.38, Oleson observes that there will be no outbreak
of the Zika virus in patch 2. Consistent with the results of Oleson, Figure 4.0.26 shows
that according to the NSFD-I and NSFD-II less than 500 people will be infected by
the virus before it dies out, whereas the Euler method produces heavy oscillation and
negative solutions.

In the next chapter, we indicate some scope for further research.
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Figure 4.0.2 Profiles of solutions generated by Euler method (a) and by method
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and ¢ = 0.5.
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Figure 4.0.8 Profiles of solutions generated by Euler method (a) and by method
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Figure 4.0.9 Profiles of solutions generated by Euler method (a) and by method
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Figure 4.0.10 Profiles of solutions generated by Euler method (a) and by method
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Figure 4.0.11 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSED-IT (b) for the vector population of patch 1 with Ry; = 1.9655 and

= 0.5.
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Figure 4.0.12 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSFD-II (b) for the human population of patch 1 with Ry; = 1.9655 and
¢ =5.55.
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Figure 4.0.13 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSED-IT (b) for the vector population of patch 1 with Ry; = 1.9655 and

¢ =5.55.
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Figure 4.0.14 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSFD-II (b) for the human population of patch 2 with Ry; = 2.0802 and
¢ =0.5.
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Figure 4.0.15 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSEFD-IT (b) for the vector population of patch 2 with Ry; = 2.0802 and
¢ =0.5.
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Figure 4.0.16 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSFD-II (b) for the human population of patch 2 with Ry; = 2.0802 and
=5.8.
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Figure 4.0.17 Profiles of solutions generated by Euler method (a) and by method
NSFD-I and NSED-IT (b) for the vector population of patch 2 with Ry; = 2.0802 and
¢ =528.
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Figure 4.0.20 Profiles of solutions generated by method NSFD-I and NSFD-II for the
human and vector populations of patch 1 with Ry, = 1.9655 and ¢ = 1000.
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Figure 4.0.21 Profiles of solutions generated by method NSFD-I and NSFD-II for the
human and vector populations of patch 2 with Ry = 2.0802 and ¢ = 1000.
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Figure 4.0.22 Profiles of solutions generated by Euler, method NSFD-I and NSFD-IIs
for the human and vector populations of patch 1 with b, = 0.5 and ¢ = 0.5.
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Profiles of solutions generated by Euler, method NSFD-I and NSFD-IIs

for the human and vector populations of patch 2 with b, = 0.5 and ¢ = 0.5.
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Profiles of solutions generated by Euler, method NSFD-I and NSFD-IIs

for the human and vector populations of patch 2 with b, = 0.5 and ¢ = 6.
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Chapter 5

Concluding remarks and scope for

further research

In the thesis we dealt with the construction, analysis and simulation of a robust nu-
merical method called the nonstandard finite difference method to solve a Zika virus
disease model. We have expeérimented with-two different NSFDMs to explore their
features. Further details on these is:beyond the scope;ofithis work.

In the first chapter, we gave a brief introduction on Zika virus disease, its history,
symptoms, transmission, prevention and control. We then proceeded by giving liter-
ature review on the studies already done on the Zika virus modelling and provided a
list of Zika models developed by several authors.

In Chapter 2, we studied the qualitative features of the model developed in [57].
These qualitative features included the positivity of the solution, equilibrium points
of the model, the basic reproduction number Ry; and both the local and global sta-
bility of the equilibrium points. In the local stability of the disease free equilibrium
point £y ;, we found that when analysing the eigenvalues of the Jacobean matrix at the
disease free point Ey;, with the aid of the Routh Hurwitz principle, the equilibrium
point is locally asymptotically stable whenever Ry; < 1. In the local stability of the

endemic equilibrium point E**, we found that the endemic equilibrium point exist and
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is unique whenever Ry; > 1 and by studying the sign patterns of the Jacobean matrix
at the endemic equilibrium E*?, we concluded that it is locally asymptotically stable.
In global stability of the equilibrium points, we constructed a Lyapunov function to
study the global stability of both the equilibrium point and concluded that the disease
free equilibrium point will be globally asymptotically stable whenever Ry; < 1 and the

endemic equilibrium point is globally asymptotically stable whenever Ry; > 1.

In Chapter 3, we constructed a numerical method for a typical Zika virus model.
This method is referred to as the nonstandard finite difference (NSFD) method. We
started by looking at the general philosephy-of the-NSF'D methods. We then proceeded
by designing the numerical method-for the model-and presented both the implicit and
explicit form of the discrete model. We then found that in the explicit form of the
discrete model, the positivity of the solution is [reflected. Following the work in [55], we
presented two cases for the step-size function. In-case-1, the NSFD-I we set ¢(¢) = ¢
and case 2, the NSFD-II we set.¢(() = % We then established the fixed points of
the discrete model and found that the discrete model has the same fixed points as the
continuous model. Due to the complexity of finding the eigenvalues of the Jacobean
matrix analytically for the discrete model, we then calculated the eigenvalues of the
Jacobean matrix at the fixed point numerically by using the perimeters provided by
in [57] which are in Table 1.3.1 with ¢(¢) = ¢ = 0.5. It was then established that for
Ry, = 0.76125 the modulus of the largest eigenvalue is less than a unit and therefore
the disease free equilibrium point Ej" ! is stable and for Ry = 2.9419 the modulus
of the largest eigenvalue is less than a unit and therefore the endemic equilibrium E
point is stable. Lastly, as a conventional method, we constructed the Euler method for

the model and we also provided its explicit form.

In Chapter 4, we first provide Figure 4.0.1 containing the plot for the basic repro-
duction number Ry; and Ry» obtained using the NSE'D-I for both patches showing

the effect of the cyclical mosquito death rate p! on the basic reproduction number.
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In order to study the convergence of the numerical methods to the fixed points of the
system, we assumed a constant vector population by equating the vector death rate y
and birth rate v’ and took it to be the average between the maximum vector death rate
mazx,i
v

and the minimum vector death rate "¢ . We then provided spectral redii in

v

1
Table 4.0.1, 4.0.2, 4.0.3 and 4.0.4 showing the spectral radii obtained for the Jacobian

matrices evaluated at the disease free and endemic equilibrium points for both patch
1 and 2 using different step-sizes. It is noted from these tables that the Euler method
will only converge for a conveniently small step-size, but as the step-size become larger
it will fail to converge. This is shown by the spectral radii becoming larger than 1 as
the step-size is increased. For the NSED imethods (NSFD-I and NSEFD-II), the table
shows that the spectral radii will,always remain less than 1 even for a larger step-size
and therefore the numerical method will converge even for a larger step-size. We then
provided figures to support the results shown /in the tables by offering plots obtained
using the NSFD-I; NSFD-1I and Euler-methods.-We also-noted that not only will the
Euler method fail to converge for.a larger step-size but it also fails to preserve the pos-
itivity property of the solution while the NSE'D methods does. We then conclude the
chapter by offering plots obtained from the numerical methods with a cyclical death
rate pl for £ = 0.025, £ = 1 and ¢ = 6 which shows that the methods NSFD-I and
NSFD-II provide reliable results as ¢ increases.

As far as the scope for further research is concerned, T wish to mention that

e In this thesis we could only concentrate on the construction of a robust numerical
method. The focus was on the effect of the step-size on the performance of the
numerical methods. However, to make such methods more robust, we also wish
to investigate the effect of the change of parameters and initial conditions to the

model.

e We also wish to explore higher order versions of NSFDMs and to compare the
results with other contemporary higher order methods. This requires a substan-

tial amount of time and should I have a chance to pursue my PhD studies, this
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will be one of my plans.

I8 NIN NIN NI NIN BRI

UNIVERSITY of the
WESTERN CAPE

http://etd.uwc.ac.za/
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