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Abstract

The main aim of this mini-thesis is to give a description of some of the basic methods and techniques
that have been developed to calculate the character tables of groups of extension type. We restrict
our attention to split extensions G of the normal subgroup N of G by the subgroup G with the
property that every irreducible character of N can be extended to an irreducible character of its
inertia group in G. This is particularly true when N is abelian. We are therefore interested in this
special case for which Bernd Fischer developed the theory of Fischer matrices based on the Clifford

Theory, to calculate the character tables for both split and non-split extensions.

Before the character table can be determined, the conjugacy classes of our group extensions are
calculated using the method of coset analysis.- As mentioned earlier we concentrate on examples of

split extensions G in which N is always abelian, that is, either cyclic or elementary abelian.

A brief outline of the classical theory of characters pertinent to this study, is followed by a detailed
discussion of the Clifford theory which provides the basis for the theory of Fischer matrices. Some
of the properties of these Fischer matrices which make their calculation much easier, are also given.
In our final chapter, we give four examples illustrating the use of both the classical theory as well

as the Fischer matrices to calculate the character tables of our examples which are all maximal

subgroups of their respective groups.
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Chapter 1

INTRODUCTION

The classification of finite simple groups is a landmark of tremendous importance in the develop-
ment of finite group theory. It states that each finite simple group is isomorphic to exactly one of

the following:

e A cyclic group of prime order,
e An alternating group A, of degree at least 5,
e A group of Lie type,

e One of twenty-six sporadic simple groups.

The form of this result, and in particular the existence of the twenty-six sporadic groups, raises many
questions. Subsequent work has focussed on attempts to understand these groups, their maximal
subgroups and automorphism groups. The study of maximal subgroups of the sporadic groups is

very important to reveal the structure of the sporadic groups themselves.
Since the classification of all finite simple groups, more recent work in group theory has involved

methods of calculating character tables of maximal subgroups of finite simple groups. The character

tables of all the maximal subgroups are not yet known. Most of these maximal subgroups are ex-
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tensions of elementary abelian groups, so methods have been developed for calculating the character
tables of extensions of elementary abelian groups. A knowledge of the character table of a group
provides considerable information about the group, and hence it is of importance in the physical
sciences as well as in pure mathematics. Character tables of finite groups can be constructed us-
ing various techniques. For example, the Schreier-Sims algorithm, Todd-Coxeter coset enumeration
method, the Burnside-Dixon algorithm and various other techniques. However Bernd Fischer pre-
sented a powerful and interesting technique for calculating the character tables of group extensions.
This technique, which is known as the technique of the Fischer-Clifford matrices, derives its funda-
mentals from the Clifford theory. If G = N.G is an appropriate extension of N by G, the method
involves the construction of a nonsingular matrix for each conjugacy class of G/N. In this mini-
thesis, we apply the Fischer-Clifford theory only to split extensions. This technique has also been
discussed and used by many other researchers, but applied only to split extensions or to the case when

every irreducible character of N can be extended toaiirreducible character of its intertia group in G.

However the same method cannot be used to ¢onstruct character tables of certain non-split group
extensions. For example, it cannot be applied to the non-split extensions of the forms 37 - 07(3) and
37 . (O7(3) : 2) which are maximal‘subgroups of Fischer’s largest sporadic simple group Fi,, and
its automorphism group F'iog, respectively. In an attempt to/generalize these methods to such type
of non-split group extensions, Ali [1] ¢onsidered the projective representations and characters and
showed how the technique of Fischer-Clifford matrices can be applied to any such type of non-split
extensions. However in order to apply this technique, the projective characters of the inertia factors
must be known and these can be difficult to determine for some groups. Ali [1] successfully applied
the technique of Fischer-Clifford matrices and determined the Fischer-Clifford matrices and hence

the character tables of the non-split extensions 37 - O;(3) and 37 - (O+(3) : 2).

In Chapter 2 we give some preliminary results on group extensions and group characters that will

be required in the subsequent chapters. In Section 2.1 we define group extensions and discuss some
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basic results. In Section 2.2 we discuss the conjugacy classes of group extensions. We briefly discuss
the technique of coset analysis for computing the conjugacy classes of group extensions G of N by G
where N is an abelian normal subgroup of G. This technique was developed and first used by Moori
in [16] , [17) and has since been widely used for computing the conjugacy classes of group extensions.
In Section 2.3 we give an example of how the technique of coset analysis is applied to calculate the

conjugacy classes of a group of extension type.

Chapter 3 deals with the basic results on representations and characters of finite groups such as
Maschke’s theorem and its general form, Schur’s lemma and Frobenius Reciprocity. Restriction and
induction of characters are discussed in great detail. Row and column orthogonality relations for
irreducible characters are given. The relation between irreducible characters and conjugacy classes

is also discussed.

Chapter 4 is devoted to the study of Qlifford theory for ordinary representations of a group G and its
related consequences which will be required to describe the Fischer-Clifford matrices. In Section 4.1
we study the relationship between characters of a group G and its normal subgroup N. We present
various sufficient conditions for the extendibility of an irreducible character 8 of N to its inertia
group H in G. In Section 4.2 we describe the. theory lof the Fischer-Clifford matrices. If G=N.G is
an appropriate group extension of N'by (7, the techuique invélves the construction of a non-singular
matrix for each conjugacy class of G /N = (. Then by using these matrices together with the fusion
maps and character tables of some subgroups of G which are inertia factors of the inertia groups
in G, we are able to construct the complete character table of G. In this mini-thesis we apply this
technique only to split group extensions. This technique has been discussed and used (mainly to
split extensions) in, among many others, Moori and Mpono [19], [20], [21], Mpono [22] and Whitley
[26]. This section deals with the properties of the Fischer-Clifford matrices which are helpful in their
computations. In particular we study a special case of Fischer-Clifford matrices of an extension G

= N.G with the property that every irreducible character of N can be extended to an irreducible
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character of its inertia group in G.

For notation on the conjugacy classes of elements, we follow the notation used in the ATLAS [3]. All
our groups and sets are finite unless otherwise specified. For the accuracy and time-efficiency of data,
extensive use was made of the program MAGMA(14], to compute conjugacy classes, centralizers of
the representatives of conjugacy classes, character tables and inertia factors of the subgroups N and

G of the split extension G.
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Chapter 2

THE CONJUGACY CLASSES OF
GROUP EXTENSIONS

In this chapter some basic theory on.group extensions-is first-given in section 2.1 and then a method
for finding the conjugacy classes of group extensions is described in section 2.2. In section 2.3 we
look at an example due to Whitley[26] to llustrate how the theory developed in section 2.2 is used to
calculate the conjugacy classes of the group| 2% : GL3(2). For section 2.1, the books by Rotman[24]
and Gorenstein[8] were used as references while for section 2.2 we used the works of Whitley[26],

Moori[18], Moori and Mpono[15] and Salleh[25].

2.1 Definitions and Basic Results

Definition 2.1.1 If N and G are groups, an extension of N by G is a group G that satisfies the
following properties

https://etd.uwc.ac.za/



2. G/N = G.

We say that G is a split extension of N by G if G contains subgroups N and G; with
G1 = G such that

Q)

1. N «

2. NGi= G

3. NNG, = {15}

In this case G is also called a semi-direet product-of N-by -G, and we identify G, with G.

Note 1 If G is a semi-direct product of N by @, then every § € G can be uniquely expressed
in the form § = ng, where n € N and ¢ € G. Multiplication in G satisfies (n19:)(n2g2) = nind gigo,

where n? denotes gng~!.

Definition 2.1.2 The automorphism group of a group G, denoted by Aut(G ), is the set of all auto-

morphisms of G under the binary operation of composition.

If G is a split extension of N by G , then there is a homomorphism § : G — Aut(N) given by
fy(n) = gng™' = n9(n € N, g € G), where we denote 6(g) by 6,. Thus G acts on N, and we say that
the extension G realizes 6.

Conversely, given any groups N and G, and 6 : G — Aut(N), we can define a semi-direct product
of N by G that realizes @ as follows. Let G be the set of ordered pairs (n,g)(n € N,g € G) with
multiplication (n1, g1)(n2, g2) = (n16,,(n2), g192). Then G is a semi-direct product of N by G.

7
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Hence a split extension of N by G is completely described by the map 6 : G — Aut(V), that is, it
is described by the way G acts on N.

We use the ATLAS [3] notation and let N.G denote an arbitrary extension of N by G. A split
extension is denoted by N : G or N : ¢ G, where 6 : G — Aut(N) determines the extension. A
non-split extension is denoted by N - G.

If G is a split extension of N by G, then G = NG = |J,.; Ng, so G may be regarded as a right

g€G
transversal for N in G (that is, a complete set of right coset representatives of N in G). Now sup-
pose G is any extension of N by G, not necessarily split. Since G/N = G, there is an epimorphism
X :G — G withkernel N. For g € G, define a lifting of g to be an element g € G such that A(g) = g.
Then choosing a lifting of each element of G, we get the set {g : g € G} which is a transversal for N

in G.

We now show that for a non-split extension G of N-by-G, where N is abelian, G acts on N. This

result can be obtained from Rotman|24].

Lemma 2.1.3 Let G be an extension of an abelian group N by G , then there is a homomorphism
0 : G — Aut(N) such that 0,(n) = gng Yn € N), and 6 is independent of the choice of liftings
{g:9€G}.

Proof: For a € G, denote conjugation by a by 7,. Since N is normal in G,,|n is an automorphism
of N and the function p : G — Aut(N) defined by p(a) = ,|n is a homomorphism.

If a € N, then p(a) = ly, since N is abelian. Therefore there is a homomorphism p* : G/N —
Aut(N) defined by p*(Na) = p(a).

Now G & G/N and for any lifting {g: g € G}, the map ¢ : G — G/N defined by ¢(g) = Ng is an
isomorphism. If {A : h € G} is another choice of liftings , then Gh ' € N so that Ng = NF.
Therefore the isomorphism ¢ is independent of the choice of liftings. Now let 8 : G — Aut(N) be
the composite u* o ¢. If g € G and g € G is a lifting of g , then 8(g) = u*(é(g)) = p*(Ng) = p(9) €
Aut(N), so for n € N, 8,(n) = u(g)(n) = gng~! = n?, as required. [
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Note 2 Let G be an extension of an abelian group N by G. For each g € G we choose a lifting
g € G, and for convenience we take T = 1. We identify G with G/N under the isomorphism g — Ng.
Now {g: g € G} is a right transversal for N in G, so every element A € G has a unique expression

of the form h = ng (n € N,g € G), and we have the following relations.
1. gn = n9g, wheren € N and g € G.

2. gh = f(g, h)gh for some f(g,h) € N, where g, h € G.

2.2 The Conjugacy Classes of Group Extensions

Let G = N.G, where N is abelian. Then for each conjugacy class [g] in G with representative g € G,

we analyse the coset Ng, where g is a lifting of g in G and G = |J,., Ng. To each class representative

9€G
g € G with lifting g € G, we define

C; = {z € G z(Ng) = (Ng)z}.

Then Cj being the set stabilizer of Ng in G under the action by conjugation of G on Ng, is a sub-
group of G. The following lemmas and their proofs due to Whitley[26] and Moori and Mpono(15]

will be required in the next section;.

Lemma 2.2.1 N «a Cj.
Proof: For any n € N

n(Ng)n~' = Ngn™' = Ngn~'g"'g = Ny,

the last step following from the fact that (n™')9 € N since N «G.
Hence N € Cy. From N < C;<Gand N <« G, weobtain N < C;. O
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Lemma 2.2.2 Cg/N = Cg/n(Ng).
Proof: Consider Nk € G/N. Then

Nk € Cg/y(Ng) < NK(Ng)(Nk)™' = Ng
<> NkNgNk™' = Ng
< NENgk™' = Ng
< NkNngk'=Ng VYneN
< Nkngk™'=Ng VneN
< kngk*€Ng YVneN
= ke(;
< Nk e (%/N.

Thus we obtain that C3/N = Cgz/y(Ng)-—H

From the two preceding lemmas, we have that Cg = N.Cg,n(IVg). For a lifting g € G of g € G, we
can identify Cg,/ny(Ng) with Cg(g) and write Cg = N.Cg(g) in general. If G = N : G then we can
identify C5 with C; = {z € G: z(Ng) = (Ng)z} and in this case we obtain the following corollary.

Corollary 2.2.3 Let G = N : G. Then C, = N : Cs(g).

Proof: We have already shown in the Lemma 2.2.1 that N < C,. Now we show that Cg(g9) < C,
and that N N Cg(g) = {1¢}. Let z € Cg(g). Then we obtain (Ng)® = z(Ng)z~! = zNgz™! =
Nzgz=' = Ng. Thus z € C, and hence Cg(g) < C,. Since NNCg(g) < NNG = {lg}, then
we have that N N Cg(g9) = {lg}. This completes the proof. O

The conjugacy classes of G will be determined from the action by conjugation of Cj, for each conju-

gacy class [g]¢ of G, on the elements of Ng or in the case of a split extension on the elements of Ng.

10
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Since Cy = N : Cg(g), we act first N and then act {h: h € Cg(g)} on the elements of Ng. Where
as usual k denotes the lifting of h in C¢(g). The outline of this action is given in two steps by Moori
and Mpono [15] as follows:

STEP 1: The action of N on Ng:

Let Cn(g) be the stabilizer of § in N. Then for any n € N we have

z € Cn(ng) r(ng)z™' =ng

xn:v_lxgjx_l =ng

=
<~
& n(zgz~') =ng, since N is abelian
= acg:r_l =g

-~

L CN(E)

Thus Cn(9) fixes every element of Ng. Now let |Cy(g)| = k. Then under the action of N, Ng splits
into k orbits @1, Qo, ..., Qk, where

|Q:}V = N ICn(g))
= l_]g—', fori € {1,...,k}.

STEP 2: The action of {h:he€ Cc(g)} on Ng

Since the elements of Ng are now in the orbits @, ..., Qx from step 1 above, we need only to act
{ﬁ :h € Cc(g)} on the k orbits. Suppose that under this action f; of the orbits @, ..., Qx fuse
together to form one orbit A;, then the f}s obtained this way must satisfy

z]'fj:k

11
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and we have
| & = £ x B
Thus for x = djg € A,;, we obtain that

[zl | = |Ad x |lgle]

and thus we obtain that

|Cato)f== i

Thus to calculate the conjugacy classes of G =V.G, we need to find the values of k and the fis for
each class representative g € G. We note that the values of k£ can be determined from the action of
G on N(given in lemma 2.1.3). If G = N : G (a split extension) however, we analyse the coset Ng
instead of Ng since in the split case G < G. Under the action of N on Ng, we always assume that
g € Q. Since Cg(g) fixes g, Q1 does not fuse with any other @;. Hence we will always have that
fi =1. Hence

ko= ij
=1 + mea

12
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where the sum is taken over all m such that g ¢ Q,,.

We now apply the method described in the Step 1 and Step 2 in the next section.

2.3 The Conjugacy Classes of 23 : GL3(2)

In this section we give the conjugacy classes of the group G = N : G where N is an elementary
abelian group of order 8 and G = G L3(2), as calculated by Whitley[26], where G acts naturally on
N.

We regard N as the vector space V3(2) of dimension three over a field of two elements. Let N be

generated by {e;,ez,e3} withe? =1 for 1 <i < 3, so

N = {1,61,62,63,616276163,62637616263}

To determine the conjugacy classes of G we analyse the cosets Ng where g is a representative of a

class of G. (Note that the extension is split, so G = | J_.s Ng). Now

gcC

(Cafells Egele,

where f; of the k blocks of the coset Ng have fused to give a'class of G containing z.We need the
conjugacy classes of G, so we exhibit them here (obtained from ATLAS {3]).

class (1A) | (2A) | (3A) | (4A) | (7A) | (7B)
centralizer | 168 8 3 4 7 7

Table 1.3.1: The conjugacy table of GL3(2).
The representatives thus must come from the classes mentioned in the table above:

13
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0g=1G:

For g the identity of G, g fixes all elements of N, so k = 8. Since G is transitive on N — {1}
under the action of C(g) = G , we have two orbits with f; =1 and f; = 7, so this coset gives

two classes of G-

z =1, class(1), |Cg(z)| =8 x 168 = 1344

xr = e, CIBSS(21), |Ca—(,’1,‘)| = w = 192

°gc(24):
We take
100
g=1| 0,011
010

with |Cg(g)| = 8. The action of g on N is represented by the cycle structure

(1)(e1)(ere2e3)(eaes)(es e3)(eres ere3), so k = 4.

The four orbits of N on Ng are {g, esesg}, {e1g, erezeag},{e2g, esg} and {eie2g, eiesg}.

Now we act

111 111
Cc(g)=< 010 |, 110>
0 01 101
on these orbits.
14
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For eg € Ng,h € Cg(g), (eg)® = e"g" = e"g so we obtain the following orbits:
{9762839}%(9) = {g,es€39}, {619,6162639}00(9) = {e19, e1e2e3g} , {eag, eag}cc(g)

- {6297 €39, €1€24, €1€3g}

Therefore we get three classes of G:

fi=1, z =g, class(2;), |Cq(z)|=4x8=32;

fa=1, x =eg, class(23), |Cg(z)| = 32;

f3 =2, T =eag, class(4,), |Cg(z)|= % = 16.

e g€ (34):
We take
010
g0 ) X1
1% 00

with |Cg(g)| = 3. The action of g on N is represented by (1)(ejezes)(e1 ez e3)(eres e1e3 ezes),
so k = 2 which means we must have two blocks. These cannot fuse together under Cg(g), since
g9¢@ = {g}. Therefore we have two classes of G, with f; =1 and f, = 1:

z =g, class(3,), |Cg(z)]=2x%x3=6;

T = e1g, class(61), |Cg(z)| =6.

o g€ (4A):

15
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We get two classes of G once more:

z = g, class(4s), |Cg(z)| =38;

T =e€g, 01388(43)7 |06(x)| =8.

o g€ (TA):

For the class (7A), we have k = 1, so each coset has just one class in G. We thus get the class

(7,) of G, with centralizer of order 7.

e g (7B):

This case works the same as for the previous class and we obtain class (73) of G, with centralizer

of order 7.
class of G (1A) (2A) (3A) (4A) (7TA) | (7B)
classof G | (1) (21) | (22) (23) (41)] (31) (61) | (42) (43) | (T1) | (T2)
centralizer || 1344 192 32 32 16 6 6 8 & 7 7

Table 1.3.2: The conjugacy table of 23 : GL3(2).

16
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Chapter 3

REPRESENTATIONS AND
CHARACTERS

Two ways of approaching representation-and character theory.are through the use of modules on the
one hand ( for instance, the approach used by James-and-Liebeck [10] ), and through the classical
approach used by Feit[5] for example, on the other hand. Our discussion is along the classical ap-

proach and for this purpose we follow the class notes of Moori[18].

We give some basic results on the representations and characters of finite groups in this chapter. In
the first section, theorems and lemmas will almost always be stated without proofs. Section 3.2 deals
with the relationship between characters of groups and the and characters of their subgroups, while
in section 3.3 we shall look at the role of normal subgroups in the calculation of characters of a group.
In the last two sections mentioned, only the proofs of the main results ( that is those results dealing
more directly with the techniques of finding the characters of a group) are given. These proofs are

mainly taken from Moori’s notes [18].

17
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3.1 Basic Concepts

Definition 3.1.1 Let G be a group. Let f : G — GL,(F) be a homomorphism. Then we say that f

is a matrixz representation of G of degree n (or dimension n), over the field F.

If Ker(f) = {1¢}, then we say that f is a faithful representation of G. In this situation G =
Image(f), so that G is isomorphic to a subgroup of GL,(F).

Definition 3.1.2 Let f : G — GL,(F) be a representation of G over the field F. The function
x : G — F defined by x(g) = trace(f(g)) is called the character of f.

Definition 3.1.3 If ¢ : G — F s a function-from_a group G to a field F' which is constant on
conjugacy classes of G, that is ¢(g) = ¢(zgz=1),Yz € G, then ¢ is a class function.

Lemma 3.1.4 A character is a class function.

Proof: See [18, Lemma i.4 ]

Definition 3.1.5 Two representations p,¢ : G — GL,(F) are said to be equivalent if there exists

ann x n matrix P over I such that

P~ p(g)P = ¢(g), VgeG.

Theorem 3.1.6 FEquivalent representations have the same character.

18
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Proof: See [18,Theorem i.5]

Before defining the concepts of reducibility and irreducibility of representations and characters, we
need to say what is meant by a reducible and an irreducible set of matrices. If S is a set of matrices,

then S is reducible if 3m, k € N,and 3 P € GL,(F) such that V A € S we have

B 0
¢ D

PlAP =

where B is an m x m matrix, D is a k X k matrix, C is a k X m matrix and 0 is the zero matrix. If
no such P exists, we say that S is irreducible. Furthermore if C =0V A € S, we say that S is fully
reducible and if 4 P € GL,(F) such that

B ———wa
V11 52 WD

P AP = , YAES,

5

where each B; is irreducible, we say S is completely reducible.

Definition 3.1.7 Let f : G — GL,(F) be a representation of G over F and let S = {f(g) : g € G}.
We say that f is reducible, fully reducible, or completely reducible if S is reducible, fully reducible,

or completely reducible, respectively.

Definition 3.1.8 If x, is a character afforded by a representation p of G, then we say that X, is an

irreducible character of G if p is an irreducible representation.

19
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Definition 3.1.9 Let p: G — GL,(F) and ¢ : G — GL,,(F) be two representations of G over F.
Define p+ ¢ : G — GLpyrn(F) by

(p+9)g) = P@)ncn Onxm =p(g) ® lg), Vgeq.

Omxn ¢(g)m><m
Then p -+ ¢ is a representation of G over F, of degree n + m.

If x1 and 2 are the characters of p and ¢ respectively and x is the character of p + ¢, then for all
g € G we have x(g) = x1(9) + x2(9)-

Theorem 3.1.10 (Maschke’s theorem) Let G be a finite group. Let f be a representation of G over
a field F whose characteristic is either equal to zero or is a prime that does not divide |G|. If f is

reducible, then f is fully reducible.

Proof: See [18,Theorem i.6]

Theorem 3.1.11 ( The general form of Maschke’s theorem)
Let G be a finite group and F be a field whose characteristic is either equal to zero or is a prime that

does not divide |G|. Then every representation of G over F is completely reducible.

Proof: See [5,(1.1) |

Theorem 3.1.12 (Schur’s lemma) Let p : G — GL,(F) and ¢ : G — GLy(F) be two representa-
tions of a group G over a field F. Assume there exists an m X n matriz P such that Pp(g) = ¢(g)P
for all g € G. Then either P = Opxn, or P is non-singular so that p(g) = P~'¢(g)P (that is, p and

¢ are equivalent representations).
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Proof: See [5,(1.2)]

Definition 3.1.13 Let G be a finite group and assume that the characteristic of the field F does
not divide |G|. If p and ¢ are two functions from G into F, we define an innerproduct {,) by the

following rule:

(p,0) = &1 YgecPl9)d(g™) ,

where I_él stands for |G|™! in F.

Theorem 3.1.14 The inner product {,) is bilinear:

(i) (p1 + p2,8) = {p1,8) + (p2,9)
(’LZ) <p7 ¢l + ¢2> = (p, ¢1> + (p7¢2>

(iii) ( ap,¢ ) = alp,9) = {p,a¢), | Via €F

and symmetric:

(p,®) = (&, p)
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Proof:

(i)

1 -
ot pnd) = o 2 (1 +12) (9)0(57)
1 -1
= 2 (pl(g)+p2(g))¢(g )
= ﬁ (pl(g)qﬁ(g_l)+p1(g)¢(g_1)),F being an additive abelian group

Q

€

l =
Q

= Z p1(g)p(g™h) + Z p2(g)p(g™"

geG geG

|G|
= (p1,9) + (p2, &)

Q

(i) Similar to (i).
(i)
(apydy—= ﬁ Z(ap)(gw(g‘l)
FE G| Z (p@))ets™)
= amg Zp(gkb(g N

geG

= a{p,9)

and
1 -1
(ap,4) = @ Z(ap)(g>¢<g )
pommcd | Zap
geG

22

https://etd.uwc.ac.za/



1
el ZP(Q)‘W(g_l), F being a multiplicative abelian group

- 15 o) ()™
geG
- (paa¢>

To complete the proof, see [18,Theorem i.11]. [

Note 1 If p: G — GL,(C) is a representation of a group G, then we denote the (i, j) entry of p(g)
by pi;(g). Hence p;;(g) is a map from G into C.

For the rest of this chapter we shall mean finite groups when mentioning groups, unless explicit

exceptions are made and all representations will-be-over the field C of complex numbers.

Theorem 3.1.15 Let G be a finite group and let p and ¢ be two irreducible representations of G.

(i) If p and ¢ are inequivalent, then
<p1‘87 ¢z]> = 07 Vi,j7r7 and s.
- = 51'.9-6 ir
(”) (prsa¢ij) = Kg('pL)

Proof: See [18, Theorem ii.1 |

Theorem 3.1.16 Let G be a finite group and let p and ¢ be two irreducible representations of G,

with characters x, and x.
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(1) If p and ¢ are equivalent, then

(Xp» Xg) =
(ii) If p and ¢ are not equivalent, then
{(Xp:X9) =0

(113) (Xp> Xp) = 1

Proof: See [18,Theorem ii.2]

Theorem 3.1.17 Two representations of a group G are equivalent if and only if they have the same

characters.

Proof: See [18,Corollary ii.4]

Lemma 3.1.18 (i) If

k
X= Z Aixi

i =1

where x; are distinct irreducible characters of a group G and \; are nonnegative integers, then

x6x) = Z A

(it) If x is a character of G, then x is irreducible if and only if (x,x) = 1.
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Proof:

k k
ox) = O A, YA

i =1 i=1

= Z MY Al xi)

i =1 i =1

k
= Z A?(Xi y Xi )

i =1
k
_ 2
= E:)\i
i=1

(i1)By theorem 3.1.16(iii), we have that if y is irreducible, then (x,x) = 1.

For the converse, assume that (x , x ) =1, Let

k
Xe= Z AiXi

t = 1

where x; are distinct irreducible characters of G and }; are nonnegative integers, then by (i), we have

Yo M=(x,x) =1

i=1

& M =1,forsome i=1,2, ..,k
S Mh=1

Thus x = x; is irreducible. 0O
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Note 2 If C; is a conjugacy class of G, then

Ci'={g€GZg_1€Ci}

is also a conjugacy class of G and C; = Cy if and only if g ~ g~ for all g € C;.

Theorem 3.1.19 Let Irr(G) = {x1,Xx2,.--, Xx}- Then

(i) %] > gec Xil9)xi(g) = bi5,  (row orthogonality)

(i) 3% _ 1 Xs(9)Xs(95) = 8y |Calgy)] , (column orthogonality)

Proof: See [18, Theorem ii.17]

Theorem 3.1.20 The number of irreducible characters of a group G equals the number of conjugacy

classes of G.

Proof: See [18, Theorem ii.18]

Proposition 3.1.21 Let G = ( z ) be a cyclic group of order n. Let e*™t  be the n-th roots of
unity in C, k=0,1,2,....,n — 1. Define py : G — C* by

2k1r,L- ]m

pr(z™) = [e"

For k=0,1,2,...,n — 1, px defines the n distinct irreducible representations of G.
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Proof: We first show that pj is well defined:

Let z™=2™ where m=sn +t m=sn+1t, s,s€Zand ¢t ¢ =0,1,2,..

From which we get z!=z" = t=1¢.

If, [ ¢ ™ # [e™" ¢]™ then we have

2kn

[GT i ]m—-m’ ?é 1 = [elﬁl i ](s—s’)n + (t-t') 74 1
= [G%Tw i ](s—s’)n ?é 1
= pk(x(s—s’)n) #1
= (%) #1
S—aeil0 £ 1,

giving a contradiction. Hence p; is well defined.

Next we show that pi is a homomorphism:

pr(z™pk(™) = pi(zt)pr(a?)

= [

2km

— [eT i]t+t’

— pk($t+tl)
= Pk(fﬁt'l‘ﬂ)

= p(z™z™)

So px is a homomorphism and hence a representation.
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Pk is unique:

Let pp = pr with k,k" <n. Now Vg € (z), g =2" where r =0,1,2,...,n — 1. So we have

2km

pr(a) = pu(a”) = et =[]
s |
e IE (k=K _ 4

p(k_kl)(.’lfr) = 1, Vr= 0, 1,2, S 1.

R

k—k =0, so that K=k

Lastly we must show that py is irreducible:

We use lemma 3.1.18(ii).

‘ R

(Pr urpe=s ‘ Pela)pi(g™")

T
8
~

I

= 3l 3l 3l 3=
—
(9]

Hence py is irreducible.

This completes the proof of the proposition. [

Definition 3.1.22 Let P = (pij)mxm and @ = (gij)nxn be two matrices. Then the mn x mn matriz

P ® Q is defined by
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(qu p2@ ... .. plmQ\
p21Q p22Q p2mQ

PRQ:=([p;Q) =

\ 1@ Pr2Q o o Prm@Q
From this definition, we can show that

(PP Q)= (PP)0(QQ) (x):

(P ® Q )P @)= >—pi@PQ Jmn x mn

k=1

Tl ( Z pilp;iQQl )mn X mn
k=11

= (PP') ® (QQ)

Definition 3.1.23 Let T and U be representations of a group G, then the tensor product
is defined by:

(TeU)g): = T(g)U(g)

Theorem 3.1.24 Let T and U be representations of a group G, then

(i) T ® U is a representation of G.

(it) if x(r & v) is the character afforded by T ® U then

X(T o Uy = XTXU
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Proof: See [18,Theorem iii.1 ]

Definition 3.1.25 Let G = H x K be the direct product of two groups H and K and let T : H —
GL,(C) and U : K — GL,(C) be representations of H and K, respectively. Since every element
g € G, can be expressed uniquely in the form g = hk, for some h € H and some k € K, the direct
product T x U can be defined by

(TxU)g): = T(h)®U(k)

From the uniqueness of ¢ = hk and because representations 7" and U are well defined, it can be

shown that T" x U is well defined. Also for g = hk and ¢’ = W'k’ with h, h' € H and k, k¥’ € K, we have

(T'(h) @ U(R)T(R') ® U(K'))
= |T(R)T (k) @ U(k)U(K'), by (*)
= T(hk)®U(kK)

= A x U g9

I

(T x U)(g)(T x U)(g)

which means T' x U is a homomorphism and therefore a representation.

From definition 3.1.22, we can deduce that for two matrices P and (), that

Trace(P ® Q) = Trace(P).Trace(Q).

So we show the following
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X(rxv)lg) = Trace((T x U)(g))
= Trace(T(h) ® U(k))
= Trace(T(h)).Trace(U(k))

and the next theorem tells us that all the characters of a direct product are constructed in this way.

Theorem 3.1.26 Let G = H x K be the direct product of two groups H and K. Then the direct
product of any irreducible character of H and any irreducible character of K is an irreducible char-
acter of G. Moreover, every irreducible character of G can be constructed

n this way.

Proof: See [18,Theorem iii.2]

Definition 3.1.27 Let x be a character of a group G. For n € (NU {0}), we define x™ by

x*(q). = (x(g)".. Vg €G.

If G is a group and H is a subgroup of GG, then we can use the irreducible characters of G to find
at least some of the characters of H and vice versa. We deal with the methods of doing this in the

following section and use the notes of Moori[18] again.

3.2 Restriction and Induction of Characters

Definition 3.2.1 Let G be a group and H be a subgroup of G. If p: G — GL,(C) is a represen-
tation of G, then (p { H) : H — GL,(C) given by
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(pLH)R) = p(h), YheH,

is a representation of H. We say that p | H is the restriction of p to H. If x, is the character of p,
then x, | H s the character of p | H. We refer to x, | H as the restriction of x, to H.

Theorem 3.2.2 Let G be a group and H < G. If is a character of H, then there is

an irreducible character x of G such

Proof: See [18,Theorem iv.1.1 |.

Theorem 3.2.3 Let G be a group and H < G. If

X € Irr(G)|| and Irr(H) = {Y1,¥2, ..., ¥r},

then

xlH = Z(Sid)i, where.  6; € (NU {0}) and

i=1

ZJ? < [G: H] (%%)

Moreover, we have equality in (xx) if and only if x(¢9) =0, Vg€ (G\ H).

Proof: Since x | H is a character of H, 36, € (NU {0}) such that

XLH = ) &
i=1
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Now

and

Hence we get

From

we obtain that

OLHxLHy = (D0 Y dw),
i=1 i=1
= 2(512 <"/}ia¢i)H
=1
=1

(xLHx | Hy = fﬁzx(m.m.

hcH

25? = |%lg:x(h).x(h) so that
i=1

hcH

H D o= Doyt +)

heH

= (X Xe
- ‘—aZx(g)@
geG
1 — 1 TP
= —Y x(9)x(9) +—= x(9)-x(9)
|G|gez;1 Gl 96§H)
_ |H| ~ 1 v(q)
= Gt 2 X@9)x(g) by (xx)
| |i=1 | |ge(G\H)
_ %'253 +|—(1f| 3 o)l
i=1 g€(G\H)

| I : 2 1 2
—H§ o= 1- = > <1

i=1 9€(G\H)
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and therefore

i=1 T4l
Also
1 . .
G 2 X@F = 0 ifandonlyif
g€(G\H)
Ix(9)? = 0 Vge(G\H).
Hence
1 2 . )
el Y Ix(@F = 0 if andonlyif
9€(G\H)
x(gg = 0 Vge(G\H)

and we have the equality in (*). O

We have seen how the irreducible characters of G can be used to find characters of a subgroup H
and can now look at a technique of finding the characters of G from the irreducible characters of any

subgroup. We start with the following definition.

Definition 3.2.4 Let H be a subgroup of G. The right transversal of H in G is a set of representa-
tives for the right cosets of H in G.

The following theorem tells us how a representation of H can be extended to a representation of G.

Theorem 3.2.5 Let H be a subgroup of G and T be a representation of H of degree n.
Extend T to G by T°(g) =T(g) if g€ H and T°(9) = Opxn if g ¢ H . Let {z1,2,..., 2.}
be a right transversal of H in G. Define T T G by
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( T(z1927Y) T°(z1925") oo oo oo TO(z0927Y) \
TO(z2g27Y) TO(z2925") ... ..o ... T°(z29z;')
(T1G)9) : =
\To(xngxl_l) Tz,g9z5Y) ... ... ... Tzngz 1) }
- (To(xing—l)> =12, Voes.

Then T T G 1s a representation of G of degree nr.

Proof: See [18, theorem iv.2.1].

Definition 3.2.6 The representation T' 1'G defined in the previous theorem is said to be induced
from the representation T of H. Let ¢ be the character afforded by T. Then the character afforded
by T 1 G is called the induced character from ¢ and is denoted by ¢C. If we extend ¢ to G by

#°(9) = ¢(g) if g € H and ¢°(g9) = 07ifgi¢ H, then

#(9) = Trace((T'1G)(0))
= XT:Tmce((To(fEig%_l))

=1

,
= Y (zmigzih)
i=1
In order to construct a formula to find the induced character, the next two propositions are needed.
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Proposition 3.2.7 If H < G and ¢ is a character of H, then ¢C is independent of the choice of

transversal.

Proof: See [18, Proposition iv. 2.2 |.

Proposition 3.2.8 The values of the induced character are given by

quoxga: , 9g€G

zEG

Proof: See [18, Proposition iv.2.3 .

The following proposition provides us with a-formula to calculate the induced character and the

proof is provided by Moori [18, Proposition iv.2.4-].

Proposition 3.2.9 Let H < G, ¢ be a character of H and g € G. Let [g] denote the conjugacy

class containing g.

()IfHN[g] = 0, then ¢%(g) = 0,

(i) If HN[g] # O, then
¢($z

where 1, Ty, ..., T, are representatives of classes of H that fuse to [g]. (That is H N [g] breaks

up into m conjugacy classes of H with representations i, s, ..., Zm.)
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Proof: By Proposition 3.2.8, we have

G _ 1 0 -1
¢°(g) = mezga: ).

T€G
If HN[g) = 0, then zgz~' ¢ H for all z € G, so ¢°(xgz!) = 0 Vz € G and ¢%(g) = 0.

If HN[g] # 0, then as z runs over G, zgz~! covers [g] exactly |Cg(g)| times, so

¢°l9) = = x 1Cc(9)] Y ')

y€(g]

—TH [Catoal =D 6(y)
y€E(lglnH)

i
L ﬁﬂ X ;[H.Cﬂ(mi)]-¢(ﬂvi)

= 1Cal9)i 3 |(,(*i§?a:)z)l =

The restriction and induction of characters are related and can be expressed by means of a matrix

which we call the Frobenius Reciprocity table. To obtain this relationship, we shall take the route
through class functions. We shall use the proof given by Moori [18] for the main result( the Frobenius

Reciprocity theorem ) in establishing the relationship.

Definition 3.2.10 Let H be a subgroup of G and ¢ be a class function on H then the induced class
function ¢ on G is defined by

) = =Y g, geC

| |x€G
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where ¢° coincides with ¢ on H and is zero otherwise. Notice that

¢“lygy™") = %' > (zygy'z )
T€G
l_lbl > ¢ ((zy)g(zy)™)

z€G

REE

z€G

= ¢%y).

Thus ¢€ is also a class function on G.

Note 3 If H < G and ¢ is a class function on G,.then ¢ | H is a class function on H.

Theorem 3.2.11 (Frobenius Reciprocity)

Let H < G, ¢ be a class function on H and v a class fuction on G. Then

(S, Yd Hhti 5§87 06

Proof:

By definition

(6%, vy = ﬁ 3" 66 (9)-9(g)

geG
1 1 0 -1\ 77
P> (i > ¢(agr )9
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= |G| |H| Z Zq& (zgz 1. (% * *x)

geG z€G

Let y = zgz™!. Then as g runs over G, zgz~! runs through G. Also since v is a class function on

G, ¥v(y) = Y(zgxz™!) = 1¥(g). Thus by (* * *x) we have

(6% ¥ = |H| DI BLAOXIO)

yeG zeG

= |H‘ > (X F60)9w)

zeG yeG

= |G‘ |H| G| Z¢° (W) (y)

= Z¢

yeEH

= (¢>,¢1H)H Ll

Corollary 3.2.12 Let H < G. Assumethatdrr{G)-=Axayx2; ..., xr} and Irr(H) = {31, ¢2, ..., 905}
Suppose that

Xj l H = Z b'ij¢'i and
i=1
Ye = Zainj, then
j=1

a; = by, Vij

Proof: See [18,Corollary iv.3.2 |.

Remark 1 (Frobenius Reciprocity table)
Let H < G. Assume that Irr(G) = {x1,x2,..» xrtand Irr(H) = {¢1,%,...,¥s}, then by the

previous corollary we have
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;1 H = Zaijm and
i=1
T

Yg = Zainj, then
j=1

the matrix A = (aj;)s- is called the Frobenius Reciprocity table for G and H.

3.3 Normal Subgroups

In this section we shall look mainly at how the irreducible characters of a quotient group of a group

G can be used to find some of the characters of G itself .

In order to justify a definition for the concept ker(y)., where X is a character of G , we state lemma

3.3.1 and lemma 3.3.2 and prove the lemma 3.3-2 using the thesis of Whitley [26].

Lemma 3.3.1 Let x be a character of a group G afforded by the representation T. Then for g € G,

T(q) is similar to a diagonal matriz diag(e, 3, .., e,) where each e; is a complez root of unity. Then

x(9) =e1+ex+ ... +e, and x(g7') = x(g), where T denotes the complex conjugate of x.

Proof: See [9,Lemma 2.15].

Lemma 3.3.2 Let x be a character of a group G afforded by the representation T. Then g € ker(T)
if and only if x(g) = x(1).

Proof:
Let n = x(1), so n is the degree of T. If g € ker(T) then T(g) = I, = T(1), where I, is the

40

https://etd.uwc.ac.za/



n x n identity matrix, so x(g) = n = x(1). Conversely, assume x(g) = x(1) = n. By lemma 3.3.1,
x(g9) = e1 +e2+ ... + e, , where each e; is a complex root of unity. Therefore, e; + e, + ... + €, = n.
But |e;| = 1 for all 4, so we must have e; =1 Vi. Hence T'(g) is similar to diag(ei, e, ...,€n) = Iy,

so g € ker(T). O

Definition 3.3.3 Let x be a character of a group G. We define

ker(x) = {9€G:x(9) = x(1)}.

We note from lemma 3.3.2 that ker(x) is a normal subgroup of G. The next two theorems taken
from the Moori-notes[18] will tell us how the normal subgroups of G can be determined from its

character table and how we can tell whether G is simple or not.

Theorem 3.3.4 Let N be a normal subgroup of G- Then there exists irreducible characters x1, X2, ---, Xs

of G such that

N—= ﬁ ker(x;).
i=1

Proof: See [18, Theorem v.3].

Theorem 3.3.5 A group G is simple if and only if x(g) # x(1) for all nontrivial

irreducible characters of G and for all non-identity elements g of G.
Proof: See [18, Theorem v.4).

The following results form the basis for another tool in finding the characters of a group.
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Theorem 3.3.6 Let N be a normal subgroup of G.

(a) Let x be a character of G/N and x : G — C be defined by

x(g) = x(@N) forgeg,

Then x is a character of G and x has the same degree as X.

(b) Let x be a character of G, N < ker(x) and x : G/N — C be defined by

X(gN) = «x(g9) forg€ag,

Then x is a character of G/N.

(c) In both of the statements above, X is an irreducible character of G/N if and only if x is an

irreducible character of G.

Proof:

(a) Let T' be the representation of degree n that affords x and define T : G — GL,(C) by
T(g) = T(gN). Then for gi, 9. € G,

g =g = gN = gN

I

T(g1N) = T(g2N)

T(g:) = T(g2)-

J

So T is well-defined. Also

T(q192) = T(g192N)

= T(g1NgN)

= T(q1N)T(g2N)

= T(q1)T(g2)
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Hence T is a homomorphism and therefore a representation.

Now Trace(T(g)) = Trace(T(gN)) = %(gN) = x(g) for all g € G, so T affords . Moreover

I, = T(1) = T(N) = I,

and so the degree of x is the same as that of x.

(b) Let T be the representation that affords x and define 7' : G/N — GL,(C) by T(gN) = T(g).
Then for gy, 92 € G,

giN =N = g7'g: € N < ker(x) = ker(T)
= T(g; g2} =1,the_identity matrix
T(gy ) T(ga) = 1
T(g1) 5 T'(92)
TNy =T (go V)

L 1=

thus T is well-defined and

A A

T(giNgN) = T(gq192N)
= T(g192)
= T(9)T(g2)
= T(g:N)T(g:N)

Hence T a representation.
Trace(T(gN)) = Trace(T(g)) = x(g) = %(gN) for all g € G, so T affords x.
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t

XIv = D) _(xIn,0:)6:.

i=1

But (x|~,0:) = (x|n,0) since 6; and 6 are conjugate and so the proof is complete. [

Definition 4.1.2 Let N <G and 6 € Irr(N). Then I5(0) = {g € G : 09 =0} is the inertia group
of 6 in G.

Since Iz(6) is the stabilizer of § in the action of G on ITr(N), we have that I5(0) is a subgroup
of G and N C Iz(6). Also [G : Iz(0)] is the size of the orbit containing 6, so in the formula
xIv = e3_, 6, we have t = [G : I5(6)].

As a consequence of Clifford’s theorem, we have the following theorem.

Theorem 4.1.3 Let N < G, 0 & lrr(N) and —H = Ix(8). Then induction to G maps
the irreducible characters of H that contain 0 in their restriction to N fasthfully

onto the irreducible characters of G which contain 9 in their restiction to N.

Proof: See [26,Theorem 3.3.2]

Theorem 4.1.3 shows that to find the irreducible characters of G that contain 8 in their restriction
to N, it suffices to find the irreducible characters of H = Iz(#) that contain 8 in their restriction. If

6 can be extended to an irreducible character ¢ of H ( that is, ¢ € Irr(H) with 9|y = ), then the

relevant characters of H can be obtained by using the following theorem.

Theorem 4.1.4 (Gallaghar [6]) With N, G,0 and H as above, if @ extends to a character

Y € Irr(H) then as 8 ranges over all irreducible characters of H that contain N in their kernel,
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By ranges over all irreducible characters of H that contain 6 in their restriction.

Proof: By definition of H, 6 is the only H-conjugate of 8, so by Clifford’s theorem, 87|y = ff for

some integer f. Comparing degrees, 87 |y = [H : N8, so

67 67y = (6,6 |n)
= [H:N].

Now we claim that 67 = 3 5 B(1)B1, where 3 runs over all irreducible characters of H that contain
N in their kernel, or, equivalently, over all irreducible characters of H/N. Both 0¥ and > s BL)BY
are zero off N because for g ¢ N, 6% (g) = 0 since zgz™' ¢ N V z € G, and by the column orthogo-
nality for the character table of H /N since-g-does not-belong to N, we have

\ > BMBH(9) = M (BLB)w(g =0
B8

B

Also

0|y = [H:NIp = O_B1)BY)|n
B

because for g € N,

S BB = D (BL))¥(g)
B

B8
= [H: Nly(g)

— [H:NBlg).
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Therefore 67 = >3 B(1)B as claimed. Now

[H:N] = (97, 67)
= O_BMLBY, Y (1))
B v
= ) BBy, ).
Byy

The diagonal terms contribute at least 3 3(1)2 = [H : N] so the By are irreducible and distinct.
These B are all the irreducible constituents of 8%, so are all the irreducible characters of H that

contain @ in their restriction, since for ¢ € Irr(H), (¢|n,0) = (¢,67). O

Note 1 Now suppose G is an extension of N by G. If every irreducible character of N can be
extended to its inertia group in G, then by application of theorems 4.1.3 and 4.1.4 the characters of
G can be obtained as follows:

Let 61, 05, ..., 0; be representatives of the orbits of G on Inr(N). For each 4, let H; = Iz(6;) and let
W; € Irr(H;) with ¢;|y = 6;. Now each irreducible character of G contains some 6; in its restriction

to N by Clifford’s theorem, so by theorems 4.1.3 and 4.1.4 we have

t

Irr(G) = U{(ﬂ¢z‘)6 :B8 € Irr(H;), N C ker(ﬁ)}

i=1
Hence the characters of G fall into blocks, with each block corresponding to an inertia group.

We now quote some results which give sufficient conditions for the irreducible characters of N to be
extendible to their respective inertia groups, so that the above method can be used to calculate the

characters of G.
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The following resuit and proof was obtained from Curtis and Reiner ([4, page 353]).

Theorem 4.1.5 (Mackey’s theorem) Suppose that N is a normal subgroup of H such
that N is abelian and H is a semi-direct product of N and H for some H < H. If
9 € Irr(N) is invariant in H ( that is, " = 0,Y h € H ) then 0 can be extended to

a linear character of H.

Proof: Since H is a semi-direct product, any h € H can be written uniquely as h = nk,n € N,k € H.
Define x on H by x(nk) = 6(n). Since N is abelian, § has degree 1, hence is linear, and the fact that
§ = 6" for all h € H implies that 6(n) = §(hnh~!) for all h € H. Then if by = nik;, hy = noky,

we have

x(hihy) _=—xlnikinsks)
= Dyelnynsthorks)
=1 (ninkt)
=11 6(ni)0(nk")
= 0(n1)f(nz)

= 0(nn2) = x(ha)x(he)-
Therefore x is a linear character of H, and x|y = 6. O
Since in all our examples that we will consider, N is abelian and the extension is split, Mackey’s

theorem will apply. Mackey’s theorem is a corollary of a more general result by Karpilovsky [11]

which we state without proof.

Theorem 4.1.6 Let the group H contain a subgroup H of order n such that H = NH for N normal

in H and let x € Irr(N) be invariant in H. Then x extends to an irreducible character
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of H if the following conditions hold:

1. (m,n) =1 where m = x(1),
2. NN H < N' where N' is the derived subgroup of N.

Another extension theorem which can be found in (7] is the following:

Theorem 4.1.7 If N is a normal subgroup of H and 6 is an irreducible character of N that is

invariant in H, then 6 is extendable to an wrreducible character of H if

(H:N), &) = 1.

4.2 Properties of Fischer Matrices

In this section we give some properties of the Fischer matrices. We however need to look at some

background material first.

Let G be an extension of N by G, with the property that every irreducible character of N can be
extended to its inertia group. With the notation of the previous chapter we have that

[Irr(G) = U, {(B:)C : B € Irr(H;) with N C ker(8)}] Now we show how the character table
G can be constructed using this result. We construct a matrix for each conjugacy class of G (the
Fischer matrices). Then the character table of G can be constructed using these matrices and the
character tables of factor groups of the inertia groups. These constructions of Fischer matrices have

been discussed by Salleh [25], List [12] and List and Mahmoud [13].

As previously, let 6y, ..., 0, be representatives of the orbits of G on Irr(N), and let H; = Iz(6;) and
H; = H;/N. Let 1); be an extension of §; to H;. We take 6; = 1y, 50 H; = G and H; = G. We
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consider a conjugacy class [g] of G with representative g. Let X(g) = {z1,...z¢()} be representatives
of G-conjugacy classes of elements of the coset Ng. Take z; = g. Let R(g) be a set of pairs (i, y)
where ¢ € {1,...,¢} such that H; contains an element of [g], and y ranges over representatives of the
conjugacy classes of H; that fuse to [g]. Corresponding to this y € H;, let {y;, } be representatives of
conjugacy classes of H; that contain liftings of y.

If 8 € Irr(H;) with N C ker(8), then 8 has been lifted from some 3 € Irr(H;), with 3(y) = B(w,.)
for any lifting y;, of y. For convenience we write ((y) for B(y).

Now, using the formula for induced characters given in Proposition 3.2.9., we have

WP = 3 Z|'CG(”’J (6:8) ()

y:(i,y)€R(g) k H( )l

R |'§;j =l )3)

(3,y)ER(g)
Calz,
Soois (z, ) s
vi(iy)eR(9) Cml
By )’ we mean that we sum over those k for which y;, is conjugate to z; in G. Now we define the

Fischer matrix M (g) = (a{i’y)) with columns indexed by X{g) and rows indexed by R(g) by

|C5( x])'
= DG A
Then
@B)C(a) = > dl,B).
y:(4,y)ER(g)

The rows of M(g) can be divided into blocks, each block corresponding to an inertia group. Denote
the submatrix corresponding to H; by M;(g), and let C;(g) be the fragment of the character table of
H; consisting of the columns corresponding to classes that fuse to [g]. Then, by the above relation ,
the characters of G at the classes represented by X (g) obtained from inducing characters of H; are

given by the matrix product C;(g).M;(g).
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We now state a result of Brauer and prove a lemma which will be needed later.

Lemma 4.2.1 (Brauer) Let A be a group of automorphisms of a group K. Then A also acts on
Irr(K) and the number of orbits of A on Irr(K) is the same as that on the conjugacy classes of K.

Proof: See [8, 4.5.2]

Lemma 4.2.2 Let A be a group of automorphisms of a group K , so A acts on Irr(K) and on the
conjugacy classes of K with the same number of orbits on each by the previous lemma. Suppose we

have the following matriz describing these actions:

1= ll l2 s l] e lt
5 ( 11 .1 .1
S9 Qg1 Qop=.iloj ... Qg
S a1 Qg e Qg e Qe
St \ (0758 Qpg—ccc—Qp———"yt )

where a;; = 1 for j =1,...t, l; ’s are lengths of orbits A~on the conjugacy classes of K,
s; 's are lengths of orbits of A on Irr(K),
a;; 15 the sum of s, irreducible characters of K on the element x;, where z; is an element of the orbit
of length ;.
Then the following relation holds for i,i' € {1,...t}:
¢
Zaijmlj = | K804

Jj=1

Proof: Let s; denote the sum of s; irreducible characters of K, so si(x;) = a;;. Then

t t
<siyse >= KT Lsi(a)se(x;) = [KIT Y Layag
j=1 j=1
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But by orthogonality of irreducible characters, < s;, sy >= 05, s0

t
E lja,-ja,-,j = |K|s,6n: l
J=1

Now let M(g) = (a{i,y)) be the Fischer matrix for G = N.G at ¢ € G. We present M(g) with

corresponding ”weights” for columns and rows as follows:

|Ca(z1)] [Cq(2)| ... [CaZe)l
Cata) [ 1 Lo 1)
|CH2 (y) | a’%?,y) aé»y)
|Cr, ()] Uoyy Oy
ICH@(y)| a%i,y) a%i,y)
|CHt (y)| a‘%t,y) a’?t,y) co

The matrix M(g) is divided into blocks (separated by horizontal lines), each corresponding to an

inertia group. Note that a{lvg) =1forall j € {1,...,c(g)}. Fischer has shown that M(g) is square
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and nonsingular(see[13}). In the following propositions and note we give further properties of Fischer

matrices.

Proposition 4.2.3 (column orthogonality)

Y. CuW)lal, 0l = bir|Cala)l

(1,¥)ER(9)

Proof:The partial character table of G at classes zy, ..., Te(g) is

Ci(g)Mi(g)

Eig)M:(9)

where C;(g), M;(g) are as defined earlier.in this section.

By column orthoéonality of the character table of G, we have

Calaley = 3 Y ( S d Y. a{;,y,)ﬁi(w)

i=1 gielrr(H;) \y:(iy)ER(g) y':(4,y")ER(9)

t v A, 3 . S —_—
-y = (Zazi,maa,y)ﬂi(ywi(w+Zzaa,waa,m<y>@-<y'>)

=1 g;cIrr(H;) Yy Yy y'#y

¢ — - N —_— —_—
= Z Zagi,y)a{i,y) Z ﬂi(y)ﬁi(y)+Zza%i,y)a%i,y’) Z ﬂi(y)ﬁi(y'))

i=1 Y Bi€Irr(H;) v YAy Bi€lrr(H;)

¢ -
- 3 (Setwluiontn +0)

=1 Y
= Z a{i,y)a{i,y) ICHi (y) l .

(i,9)€R(g)
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Proposition 4.2.4 (List [12]) At the identity of G, the matriz M(1) is the matriz with rows equal
to orbit sums of the action of G on Irr(N) with duplicate columns discarded.

For this matriz we have a(z y = =[G : H;], and an orthogonality relation for rows:

t
Z a{i,l)aii',lﬂcﬁ(xj)l_l = 0;|Cr, (1) = b | Hi| ™
j=1
Proof:: The (i,1), 5" entry of M(1) is

Ca(a))]
“n = Z Crtu )

where we sum over representatives of conjugacy classes of H; that fuse to [r;] in G. Therefore
a{m) = z/)?(xj) By theorem 4.1.3 ¢? is an irreducible character of G, and < v,b? v, 0 >=<
Yiln,0; >= 1. Therefore, by Clifford’s Theorem (Theorem 4.1.1), ¢i6 |¥ = >_, Xa» Wwhere we sum over
all xo € Irr(N) in the orbit containing 6;. Now @, € N, and a{m) =Y, Xa(z;). The orthogonality
relation follows by Lemma 4.2.2. [

Note 1 If N is an elementary abelian group {(which is the ease for our calculations), then List{12]

has also shown the following for M(g); where g # 1:

If G is a split extension of N by G, then M(g) is the matrix of orbit sums of C; (as defined in section
2.2) acting on the rows of the character table for a certain factor group of N with duplicate columns

discarded.

If the extension is not split, M(g) is the matrix of orbit sums of C, acting on the rows of the character
table with duplicate columns discarded and with each row multiplied by a p — th root of unity where
|N| = p" for some n. It may be that the root of unity for each row is 1.

For these matrices (/N elementary abelian, any extension) a%i’y) = |cc': ((-‘;)' and we have an orthogo-

nality relation for rows (as a consequence of Lemma 4.2.2.):
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c(g)

N mdds @ty = S| Ca@IC ) N = 8wk g V]
J=1

where m; = [Cy : Cg(z;)).
(In the notation of section 2.2, m; is the length of the orbit A; of Cg, so m; = —I——l)
The relations given in the above propositions and note will be used later in our calculations of Fischer

matrices, so for convenience we list them in a theorem.

Theorem 4.2.5 For a Fischer matriz M(g) = (a l y)) of G = N.G we have the following relations.

L a (lg)—lforallje{l ,c(9)}

2. > |CuW)la; ;) = 65| Cal@s)l:

(i.y)€R(g)
3. If N is elementary abelian,then a(l E— 15:(&))'1, and
c(g)
3 1
4 myal; el = Sy iy N
j=1
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Chapter 5

CHARACTER TABLES OF SOME
GROUP EXTENSIONS

In this chapter we show how the theory-developed earlier can be used to calculate the character
tables of some groups of extension type.-We will only deal with split extensions and the examples
that we use are taken from the ATLAS [3]. Our first example 2* : 15 is a maximal subgroup of
the group GL(2,16). We now proceed to calculate the character table of this group using classical

methods in our first section. We use the notation that was developed earlier.

5.1 The Character Table of 2¢: 15

Let G be a split extension of N, an elementary abelian two-group of order 16, by G, a cyclic subgroup
of GL(4,2) of order 15. We use the method of coset analysis , described in section 2.2 of chapter

2, to calculate the conjugacy classes of G. G can be generated by the following element of order 15
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0101

0010

1000

0100
and N = V(4,2) , the vector space of dimension four over a field of two elements. G , being cyclic,
has 15 conjugacy classes each of which consists of a single element which is a power of z. In this
example, we thus work with fifteen cosets, namely Nz’ where 7 =0,1,2,...,14. For each j we must
consider the action of N & (e}, e, e3,€4) and Cg(2?) on Nz?.
Action of N and Cs(1g) on Nlg :
1¢ fixes all elements of N so that Cy(1g) = N. That is we have sixteen orbits , Qs with s =1,2,...,16
, each containing one element. Now Cg(1g) = G so we only need to look at the action of z on N.

This action is represented by the cycle structure (er—eyes._ejeses ejea ex  e3). So

16
Al = {1} = Ql and Az = U Qs~
s=2

Hence f; = 1 and f = 15. We obtain the following :

k x |CG(1G)| It 16 x 15

| Cz(le) |3 T, 7 7,240,
(1]l L FIGE N @ R2405
ol kx|Cellg)]  16x15
16 x 15
|Calen)l = = 16;
f2
15 x 240

Action of N and Cg(z) on Nz :

Cn(z) = {1¢}- So |Cn(z)| = k = 1 and therefore f = 1. Also Cg(z) = G so we have |Cg(z)| = 15.
In fact |Cgz(z?)| = 15 for all j = 1,2,...,14 because the action of z is represented by a 15 — cycle
and hence z7(j # 0) fixes only 15. We thus have Cny(z?) = {1}, # 0 and so k = 1 and again f = 1.
With Cg(2?) = G,j # 0 we have |Cg(2?)| = 15,V j = 1,2, ...,14. With that , the conjugacy table of
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G is completed :

class ) (1) | (&) | (@) | (&%) ] (=%) | (&%) | (&°) | (=°) | (&) | (&%) | (=) | (='%) | (=™) | (&%)

hi 1 15 11616 | 16 | 16 | 16 | 16 | 16 | 16 | 16 16 16 16

order 1 2 [ 15| 15 )15 |15 ) 15 | 16 | 15} 15 | 15 15 15 15

centralizer || 240{ 16 | 15 | 15 15 15 15 15 15 15 15 15 15 15

Table 5.1.1.A : The conjugacy table of 24 : 15.

class (%) | (z'*)
hi 16 16
order 15 15

centralizer-|{. 15 15

Table 5.1.1.B : The conjugacy table of 2* : 15(continued).

We use the method of inducing characters of subgroups of G (discussed in section 2.2)to calculate
the character table of G. In this case we will make use of the irreducible characters of N and G.
The character table of N = Zy x Zy X Zy X Zy is easily calculated from the character table of
Zy = {a : a® = 1) by using the product of these characters (theorem 2.1.26). We give the character
tables of Zy and N.
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class 1)} (a)

centralizer | 2 | 2

() 141

Yo 1|-1

Table 5.1.2 : The character table of Z.
class (1) | (eseq) | (ea) | (e2eq) | (e2) | (e2e3es) | (e1e2) | (er€4) | (e3) | (e162e4) | (er1€3)
h; 1 1 1 1 1 1 1 1 1 1 1
order 1 2 2 2 2 2 2 2 2 2 2
centralizer || 16 16 16 16 16 16 16 16 16 16 16
T 1 1 1 1 1 1 1 1 1 1 1
Ty 1] 1 1 1 1 1 1 a1 | -1 1
T3 1 1 1 -1 =1 -1 -1 1 1 -1 1
T4 1 1 1 -1 -1 -1 1 -1 1 1 -1
Ts 1 -1 1 1 1 -1 1 1 -1 1 -1
Te 1 -1 1 1 1 -1 -1 -1 -1 -1 1
T7 1 -1 1 -1 -1 1 -1 1 -1 -1 -1
T8 1] o1 | 1| UNIYy i 1 a1 |- 1 1
Ty 1 -1 -1 -1 1 -1 1 -1 1 -1 1
Ti0 1 -1 -1 -1 1 -1 -1 1 1 1 -1
T 1 -1 -1 1 -1 1 -1 -1 1 1 1
T12 1 -1 -1 1 -1 1 1 1 1 -1 -1
Ti3 1 1 -1 -1 1 1 1 -1 -1 -1 -1
Ti4 1 1 -1 -1 1 1 -1 1 -1 1 1
Ti5 1 1 -1 1 -1 -1 -1 -1 -1 1 -1
Ti6 1 1 -1 1 -1 -1 1 1 -1 -1 1
Table 5.1.3.A : The character table of the group 2*.
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class (ezes) | (e1) | (ereseseq) | (ere2€3) | (eresey)

h; 1 1 1 1 1
order 2 2 2 2 2
centralizer 16 16 16 16 16
Ty 1 1 1 1 1
T2 1 -1 -1 -1 1
T3 -1 1 -1 -1 1
Ts 1] -1 1 1 -1
5 -1 1 -1 -1 -1
To 1 |4 1 1 1
- 1 1 1 1 1
T8 1 -1 -1 -1 1
To I 1 = 1 -1
Tio 1 -1 1 -1 1
T11 -1 1 1 -1 -1
Ti2 -1 -1 -1 1 1
T13 -1 1 1 -1 1
Ti4 -1 -1 -1 b -1
Tis 1 1 Ly 1 1
6 1 | -1 1 -1 1

Table 5.1.3.B : The character table of the group 2* (continued).

We have seen in proposition 3.1.21 that if H = (z : 2" = 1), then py : H — C* defined by

defines n irreducible representations of H. So the character table of G = (z : ' = 1) is completely

determined by its representatives of this type. The character table of G is as follows :
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class | 1| z |22 | 2% |z | 2% | 28 | 27 | 28 | 2° | 210 | 211 | 212 | 13 | z14
h; 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
order | 1|15 )15 15|15 |15 |15 |15 |15 (15|15 |15 (15 15| 15
ICelg)| |15 15 | 15|15 |15 15|15 151511515 | 15|15 15/ 15
Po 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
12} Llw [ w?fwd | wh|w | w | w | w|w | w®|w!|w?|wd|w
P2 1wy | wl | wd | whi|wd|ws|wl|wd|w|wd®|w|w?|wd|w
3 1wy | wi|wd | wh|wd|wS|w)|w|w]|wd|wh|w?|wd|w
P4 1wy | wi | wi|wh|w|wd|w | wi]w |w|w!|w?|w?|w?
ps 1| ws jwd | wd | wh|wd|ws | wl|wd|w|{w®|w!|w?|wd®|w
D6 1| we | w | wd | wh | wd| wd | wl)wd|wd]wd|ws|ws?|wd®)ws
pr 1wy | w? | wd | witwd fwd | witwdtw) | wd | wi | wi? | wid | wi
s 1| we | wi | wd | wiitwdwst witwsw) | wd|wh|ws?|w?|w
Po 1| wy | wi | wd | wi | wd | w§ | wd|wd | wd|wd|ws|ws?|w?|w
P1o 1 Jwio | wiy | why | wiy [wiy | wiy | wly | w | wl | wif | wig | wif | wif | wif
P11 Vlwy | why | wh | wiy | wfy | wf) | w]y | wh | wi | wi] | wif |wif|wf | wi
P12 1 wie | why {wh | wiy [ wh | wly | wy | wh [ wh | wig | wly | wi | wi} | wij
P13 1 | wng | wiy | wiy | wis | wiy | why [ wis [wis | wi; | wif | wi} | wi | wii | wis
P4 1| wia | wiy | wly | wly | wiy | wfy | wly | wh | wl | wif | wl | wif | wi} | wii

2kmi

where for each k =1,2,..., 14, wy = e"15 .
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We use the formula in proposition 3.2.9 to induce the irreducible characters of N and G to G.

If 7 € IrrN, then

(1) = 240 ( )
) = 16 Y D= " ()
gEN,g#1 gEN,g#1
%) = 0, for eachi=1,2,..,14
and we obtain the following characters of G :
class 1 |e | o |2 (e fatyzs | 2 Taliabta® | 20| 21 | 212 | 213 | M
h; 1 |15116|16]16.}16| 16|16 {16 [ 16/ 16| 16 | 16 | 16 | 16 | 16
order 1 2115|1515 |15/ | 15|15 |15 {15151 15 | 15| 15 | 15| 15
centralizer || 240 [ 16 | 15 | 15 | 15 [ 15| 15 | 15| 15| 15/} 15| 15 { 156 | 15 | 15 | 15
g 1515/ 0}0]0}lololojojoloj]o]lo}lo]o]oO
8 5(-1{0y0{0({0|0j0(f0(0fOJ0O}0]0]O0]O

If p € Irr(G), then

p%(1)
Pa(el)

p°(a')

240 (

0

o

240p(1)

1-p(D)) _
|CG(1)|> -

15

64
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Table 5.1.5 : The induced characters of G from N.

) = p(z%) foreachi=1,2,...,14




The characters of G induced from G are :

class 1 (e | o {22 | 28§ 2% | 25 2% | 27 | o8 | 2% | 220 | 212 | 12 | 218 | o4
h; 1 (15116 |16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16
order 1 | 2]15]15|15]15 15|15 |15 115 |15 |15 |15 |15 | 15| 15
ICs@)| {240 16| 15 | 15 | 15 | 15 [ 15 | 15| 15 | 15| 15 ] 15| 15 | 15| 15 | 15
oS (o1 |1}{1 1|11 |1|1|[1|1]1|1|1]1
plé 16 | 0 | wy | wy | wg | wy | ws | we | wr | wg | we | wyp | wir | wrz | Wiz | wyg
,0-20_ 16 | 0 | we | wy | we | wg [wio |Wiz |Wia | W1 | W3 | Ws | Wy | W | Wi | Wy3
p;G- 16 | 0 | ws | wg | wg |wip | 1 wy | weg | we [ win| 1 ws | wg | wg | wia
946 16 | O ) wy | wg |wia| wy | ws | we |wiz | we | we | wio | wia | w3 | wr | win
p? 16 [ O ) ws |wp| 1 wewio 11 we—~wio. | 1 ws | Wi 1 ws | Wi
p6a 16 | 0 | we | wig | w3 | we 1 we | wia w3 | wy 1 we | w2 | ws | we
P7§ 16 0 Wy (W14 | W | W13 | Ws || W12 | W4 | Wi | W3 [ Wi | W2 | Wo | W1 | Ws
g 16 | O | ws | w1 | wo | wo |wio | w3 |wn | Wy |wia | ws | Wiz | We | Wia | Wr
pgé 16 | 0 | we | w3 | wig | wg T T we [Twy [wie | we 1 | we | wy | wig | we
pﬁ 16 | 0 | wig | ws 1 Twi | ws 1T w1 ws 1 | wy | ws 1 | wyg | ws
oS, 16 | 0 |wn | wr | w3 [wig [wig| we | wo [wis| wy | ws | Wy |wia | ws | Wy
pﬁ, 16 | 0 jwis | wg | weg | ws 1 Jwi | wg | we | ws 1 Jwp | wy | wg | ws
% 16 | O |wis (wn | we | wr | ws | w3 | W1 |Wig | Wiz | Wio | W8 | We | Wa | W
0% 16 | 0 |wig | wiz | wig |wi |wio | we | we | w7 | we | ws | wg [ w3 | w2 | wy

where for each £k =1,2,...,14

Table 5.1.6 : The induced characters of G from G.
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Besides the trivial character o, we have another irreducible character of G in <, since

Foreachi=1,2,...,14 |
7,07 = 2

Hence none of these characters are irreducible, but for each i ,

o) = L
This means that for each ¢ = 1,2,...,14, p? is_the sum of two irreducible characters of G of
which one is 7'25 . Hence for each i x; = p? — 78 jisan irreducible character of G. With

this, we now have all the irreducible characters of G-
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class 1 e | z | 22| 28| 2* | 2% | 28 | 27 | 28 | 2° | 20 | 2t | 222 | 218 | 214
h; 1 11516 |16 |16 |16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 16
order 1 21151151515 |15 |15 |15 |15 |15 |15 |15 | 15| 15| 15
ICz@)| (24016} 15 | 15 | 15| 15| 15| 15| 15| 15| 15| 15] 15| 15 | 15 | 15
Xo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X1 1 ) 1w | we | ws | wy | ws | we | wr | ws | wg |wi|wn|wga|ws|wy
X2 1 1wy | wy | we | wg |wio|wiz|wig| wr | w3 | ws | wr | we |wy|wg
X3 1|1 | ws | we|wg |wia| 1 | ws| we|wg |wiz| 1 | ws)| ws| wy |wr
X4 11| ws | wg {wiz| wy | ws | wo |wiz| wp | We | Wio | wWia | W3 | wr | wy
X5 1 | 1 fws |wo| 1 |ws [we| 1 {ws |wio| 1 | ws {ww| 1 | ws |wyp
X6 1 11 | we |wiz | ws | we | 1 | we |wiz| ws | wo | 1 | we|wia| ws | wy
X7 1 | 1] wr |wig | we | wiz | wstwrp| wy |win | ws |wyo | we | we | w1 | ws
X8 1 1| wg | wi | wo | we | g | Wa | W |Ws | Wi2 | Ws | Wiz | We | Wia | wy
X9 1 1 | wo | ws | wiz| we 1 Wg | W3 |} Wiz | We 1 Wy | W3 [ W12 | We
X10 1 1 | wio | ws 1w ws 1wy | ws 1 | wp | ws 1 [ wo| ws
X11 1 11 [wn | wr | wgfwigfwigfwe | Wy [ty | wg | Ws | w1 | Wia| Ws | wy
X12 L {1 {w| we | we |[fwg | 11| awis]| we | we | ws | 1 |wia| we | we | ws
X13 1)1 jws | wn | we| wr [jws b ws [[wy Wi | Wiz | wio | ws | We | Wy | we
X14 1 | 1 |wia|wig | wiz|wn |wo| wg | wg | wr | we | ws | wa | w3 | w2 | wy
xs=7f 1 |-1lojo|lojojojololo]ojo]o]o]o]o
Table 5.1.7 : The character table of 2*: 15
where foreach k¥ = 1,2,...,14, wy = e
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We now continue with our second example.

5.2 The Character Table of 11:5

Let G = 11 : 5, be the semi-direct product of a cyclic group N of order 11 by a cyclic group G of

order 5. This group is a maximal subgroup of the group GL(2,11). Here the action of G on N is

by conjugation.

Let

N = ( = {1,500, dl=1
and
G = (a== {1,a,a2,a3,a4}, a® =1

For this extension one defines an action of G on N :
0:Gr— Aut(N) = ZlO . (a) y (110 =1

by

where a : b — b2

Since |G| = 55 , it is an easy exercise to see that G = 11 : 5 must be one of the following groups :
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Gi = (ab | a®=1=0b'", ab=ba)
G2 = {a,b | a®=1=0b", ab="ba)
Gs = (a,b | a®=1=0b", ab="b'a)
Gy = {a,b | a®=1=0d'", ab="0a)
Gs = {(ab | a®>=1=0b", ab=1"a)

After checking, it can be seen that our group is in fact Gs.

We now immediately proceed to calculate the conjugacy classes of 11 : 5 by coset analysis. Here
we analyze the the cosets Ng, where ¢ is representative of a class of G, to determine the conjugacy
classes of G. Firstly, we act N and then Cg(g) on the elements of Ng.The action of N and Cg(g) on
Ng is by conjugation. The method of coset analysis is discussed in section 2.2 and we will use the

notation likewise. So |Cg(z) =’fwj?—j(”’)i

, where f; of the k blocks of the coset Ng have fused to give a
class of G containing z. Also G = | sec Vg because G is a split extension.

Each of the five classes of G , contains only one-element. G is ¢yelic ,hence Cg(g) =G for all g € G.
The set of conjugacy classes of G is {[1];]al],{a?];[a®];[a*]}-. Now we are ready to calculate the con-

jugacy classes of G.

og=1€G:
The identity element of G fixes all elements of N. Therefore Cn(1) = N and hence k = 11 = |N|.

The coset N splits into 11 orbits, @)1, @2, ..., @11 ,each containing % = 1 element. Thus we obtain :

Q1 = {1}, Q2 = {b}, @3 = {1’} = Qs = {t°}, Qs = {¥*}, Qs = {¥°},

Qr = {1°}, Qs = {b7}, Qo = {b*}, Q1o = {¥°} and Qu; = {¥'°} .

Now we act Cg(1) = G on the orbits Q;, 1 <7 < 11. We obtain :

Ay = ? = {1},

Ny = {b}¢ = {b,b%,b% b5, b°} and

Ag = {b2, 45,57, 58, b10}

Thus, under the action of Cg(1) , we obtain three orbits with f; = 1 and fo = f3 = 5 and so this

coset gives three classes of G :
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fi=1z2=1,|Cg(1)| =11 x 5 = 55;
fa=5,7 =05, |Cga(b)| = L5 =11,

5
fa=5,z =" |Ca(t?)| = E2 =11

og=a€Q(:

The action of g on N fixes only the identity element. Hence |Cn(a)| = 1 and therefore the coset Na
has only one class in G.

Also for the classes [a?], [a*|and[a*] we have k = 1 and hence the cosets Ng has only class each in G.
So the conjugacy classes of Na’ ,j = 1,2,3,4 , are as follows :

|Cz(a?)] = 5, for each j = 1,2,3,4 and

|[a’]lg] = 11, for each j = 1,2,34 .

The process of coset analysis is done and the conjugacy classes of G are as follows :

classes T e o - O S

no. of elements || -1 | 11 | 11 V11| 11| 5| 5

order 1 ;111 j1r)11) 5] 5
centralizer 55— 1111

Table 5.2.1 ' The conjugacy classes of 11 : 5.

We immediately proceed to compute the irreducible characters of G. The methods of lifting and
induction of characters are being used to compute the character table of G. These methods are
fully described in sections 3.2 and 3.3 of our text. Now G = G/N and by theorem 3.3.6 some of the
irreducible characters of G can be found by lifting the irreducible characters of G to G. The
character table of GG is calculated by making use of proposition 3.1.21 ;so our first five irreducible

characters of G are the liftings x;, ¢ = 1,2,...,5, of x; € IrrG .
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G/N K | Ka | Ka? | Ka® | Ka*

classes of G 1{a | a® | a | at
no. of elements || 1 | 1 1 1 1
1 101111

X2 1| w | w | v | w

X3 1w | v | w | v

X4 1w | w | v | w?

X5 1wt v | w2 w

Table 5.2.2 : The character table of G/N = G

27i

wherew = e
We still need two more irreducible characters of G. For this purpose we induce the characters of Zs
to G and exactly two more irreducible characters of G-arefound. So, we are done with the process

of finding all the irreducible characters of G. See the tables below.
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classes 1| b | 62 | 63| 6% b® |68 | b7 | b® | b |0
no. of elements || 1 | 1 1 1 1 1 1 1 1 1 1
order 1{11 )11 (11 )11 (11 |11 | 31 (11 { 11| 11
To 111 1 1 1 1 1 1 1 1 1

T 1 v |23 ot o | o8] o7} o8| o |00

T2 1] w2 | v [ o8 |08 | 010] v | 08| o5 | 07 | 2°

T3 Tl wd |8 | 0| v | v* | o7 |010] 02 | o5 | B

Ty 1| vt | 28 TR VA T B TC I RRTLIN P TLL I VE I AL

Ts 1|2 o)t % e [0 o7 | v | df

Te L8| v [ o7 | 02| |8 03| [0l d°

T T o7 [ o3 [0l0| 08 | 02 | 0 |5 | v | V8| 0t
T3 1] o8 [ 0% [ 02 |00 o7 [ o] v | 0% | 08| P

To 1| V)T v —wll | o8 | 8 | vt | v?
T10 1| v P P B p@ 08528 | vt | 03 | W2 | v

Table 5.2.3 : The character table of Z;;
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classes 1 |a{a®|a®|a*| b | b
no. ofelements { 1 {11 (11 {11 (11| 5 | 5
order 1 [11|11|11|11{5]5
centralizer 55| 5 [ 5|5 |5 |11|11
8 5/0(0[0[0|5]5
a 5/]0[0]0|0]|c|d
o 5/0[0|0]0]|d]c
= 5/0[0[0|0|c!|d
o 5/0/0]0]0]|d
e 500(0[0|0fc|d
e slolo|lofo]|d]ec
= 5/10/0j0]0]c]|d
e 500040 d | c
e 5/0[0{0{0|cld
T 510[l0]0]0]d]ec

Table 5.2.4 : Characters of G-induced from Z,,

where ,

c = v+vP+ot+0"+0%;
d = P+ +0 +0°+0"
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classes 1|a|a?|a®|a*|b |V
no. ofelements | 1 {11 (11 |11 |11 | 5 | 5
order 1 (11 (11 |11j11|5 (5

centralizer 551 5 [ 5|5 |5 |11]11
X1 1|1 |1]1|1]1]1

X2 1l |lwl|w|w|w]| 1|1

X3 1w |w|w|w|1]1

X4 1w | w lw w11

X5 Ljw |w|w]w|1]|1

X6 5/010[0|[0}c|d

X7 501000 ]|d]|c
Table 5.2.5 : The character table of 11 : 5.
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We now continue with our 3rd example.

5.3 The Character Table of 2°: SP(2,2)

In [23] the conjugacy classes of 2% : SP(2,2) were obtained using GAP. We use coset analysis to
illustrate an alternative method to calculate the conjugacy classes of 23 : SP(2,2). To compute the
character table of 2% : SP(2,2) we let G = SP(2,2) act by conjugation on N = 23. We make use of
the Fischer-Clifford theory which enables us to compute the irreducible characters of our extension
through the use of Fischer Matrices. The material developed in sections 4.1 and 4.2 will be utilised
in the process of constructing the character table of the split extension 23 : SP(2,2). We use the
same notation employed in these sections.

Let G = N : G where N is an elementary abelian 2-group of order 8 and G = SP(2,2). SP(2,2) is
the sympletic group of dimension 2 over GF(2).; Also 23+.SP(2,2) = P(2) : H.

Let P(2) be generated by {ej, es, 3}, where

1111 10—} 1110
0101 O 5130 0101
e = ,€2'= andlieg =
0011 i e ey [ 0011
0 001 0 0 01 00 01
ande?z 1, for1 <i<3.
Hence P(2) = {1, ey, ez, €3, €162, €1€3, €263, €1€2€3} Where,
1000 1101 1001 1100
0100 0100 0100 0100
1= €182 = €183 = ,€2€3 =
0010 0 011 0010 0 011
0 001 0 001 00 01 0 001
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and

€j1€2e3 =

o = O

1
0
1
0

o O O =
-0 = O

0
Let H = (a,8) = {1,0, 3,3, a8, Ba}, where o® = 1 = 3* and,

1000 1000 1 000 1000
0100 0010 2 0110 0010
a= 8= 67 = o =
011090 0110 0100 0100
0 001 0 001 0 001 0001
and
1000
o s
Ba=
0 010
000 1

The operation on the elements of G is matrix multiplication. Also G acts by conjugation on N.

We will now immediately employ the process of computing the conjugacy classes of G.Firstly, we

calculate the conjugacy classes of H by means of MAGMA:.

classes (14) | (24) | (34)
no. of elements 1 3 2
order 1 2 3
centralizer 6 2 3

Table 5.3.1 : The conjugacy classes of G = H.
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Using the method discussed in chapter2, section2.2, we act N and Cg(g) by conjugation on the cosets

Ng where g € {(1A), (2A), (34)} to compute the conjugacy classes of G.

*9=lo:
For g the identity of G , g fixes all the elements of N , so k = |Cn(1¢g)| = 8. So the coset N
splits into eight orbits, @);, where 1 < i < 8. Each orbit containing J%l = g = 1 element. Under
the action of Cg(1¢) = G these orbits are fused as follows :
M ={1}={1}= f=1,
Dy = QF = {e1}9 = {e1,e2, 162} = {Q:UQsUQs} = fo =3,
D3 = QF = {es}%= {es, e263,€160e3} = {QUQ7UQs} = fa =3,
Ay = QF = {e1es}’ = {eres} = Qs = fa =1,
So this coset gives four conjugacy classes of G as follows :
[Ce(1)] = 2 =48, |[1]o| = g5=1

T
[Calen)l = B =16, [les]c| = £ =3

(Coles)] = 258 = 16, fxlo] = B2 3

|Ca(eres)| = 48, |[eres]e] = 1
e g€ (2A):

We take

o == O

0 0
1 0
0 0
0 1

o O O

The action of g on N fixes the following elements: {1, es,e;1€e3,e1e0e3}. Therefore |Cn(g)| = k
= 4 and hence Ng splits into 4 orbits of 2 elements each. Under the action of N on Ng we

obtain the following orbits :

7

https://etd.uwc.ac.za/



Q1 = {g,e29} , Q2 = {e19,e1€29} ,

Qs = {e3g, e2e39, } and Q4 = {e1e39, e1e2e39}

Co(g) = (Ba) = {1, Ba} = |Cc(g)| = 2

Under the action of Cg(g) on Ng we obtain the following orbits :

AL =QF0 = Q1L 8y = Q5% = @y, Ny = Q5% = Qs and Ay = QY = Qu.
And so the action on this coset Ng gives us 4 conjugacy classes of G-

Calg)] = 221000l = 2 — g

| — _Hhx[G _ 1x48 _
Hg]Gl - k;)(|ICGl(g)| - 4X><2 =6

The computation of the cardinality of the three remaining classes is exactly the same as the

class /A, above.

g€ (34):
We take
1000
g ol o
g= 0=
g M1 (o
0001

The action of g on N fixes the elements {1,e;e3} of N'=> |Cn(g)| = k = 2 and hence Ng

splits into 2 orbits of 4 elements each.

Under the action of N on Ng the following 2 orbits are obtained:

@1 = {g,e19, €29, e1e29} and

Q2 = {e3g, e1e3g, e2e3g, e1€2€39}

Celg) = (B) ={1,8,8°} = |Cs(9)| = 3

These orbits can’t fuse together under C(g), since g¢¢19) = {g}. Therefore we have two classes
of G, each with f =1 :

T = g, class(3:), |Cq(z)| = 6, |[z]g] = 8
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& = esg, class(61), |Cg(z)| = 6, |[zlg| =8

x Thus the conjugacy classes of G are as follows :

classes of G (1A) (24) (34)
dasses of G | (1) (20) (22) (%) | (20 () (4) (2)] () (61)

hi 1 3 3 1 6 6 6 6 8 8
ICa(z)| |48 16 16 48| 8 8 8 8 | 6 6

Table 5.3.2 : The conjugacy classes of 23 : SP(2,2).

We proceed to compute the Fischer Matrices. The construction of the Clifford-Fischer matrices
and the determination of the inertia factors of the classes of G are based on the theory developed in
sections 4.1 and 4.2. From the action-of G on Irr(/N) we obtain the same number of orbits as when
G acts on N,(see Lemma 4.2.1). There are 4 orbits , where two have length 3 and the other two
orbits length 1. Hence there are 4 inertia groups H; where i = 1,2,3,4. The inertia groups are H;
= Hy; = G and Hy, = Hs, where [G : H;] =[G : Hy) = 3. Let H; = H;/N, and the following inertia
factors are obtained : Hy = Hy = G = S3 and H, = H3 = (Ba) = ((23)) < S;. Note that [G : Hy| =
[G : H3] = 3 and all the inertia factors are maximal subgroups of G, which were determined through
the use of the computer program MAGMA.

See the tables below for the irreducible characters and fusion maps into G of the inertia factors :

classes (14) | (24) | (34)
no. of elements(h;) 1 3 2
centralizer 6 2 3
" 1|1 ] 1
by 1| 1| 1
Vs 2 | o |
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Table 5.3.3 : The character table of H, = H;= S;.

classes (1A) | (24)
h; 1 1
centralizer 2 2
& 1 1
&2 1 -1

Table 5.3.4 : The character table of H, = Hj.

classes of Hs || classes of G
(1A) (1A)
(24) (2A)

Table 5.3.5 7 The fusion map of H, into G.

Now to calculate the Fischer matrices we will use the relations of Theorem 4.2.5. Note that all
the relations hold, since N is elementary abelian.. For ‘every g,in Ng, we have the Fischer matrix
M(g). For each matrix M(g), we index ‘the columus by the orders of the centralizers of the class
representatives of G which comes from Ng and the rows by the orders of the centralizers of the class
representatives of the inertia factors which fuse to [g] in G. See the discussion after Lemma 4.2.2.
Also note that the Fischer matrices M(g) are all square and nonsingular, and that the sizes of these
matrices are determined by the number of G-conjugacy classes of the cosets Ng. Corresponding to

the identity element of G, we let

48 16 16 48
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6
2
M(lg) =
2

6

a; as as ay
by by b3 by
1 Ca C3 Cy

di dy d3 ds

because the action of G on N delivered four classes of G, and hence we obtained a 4 x 4 matrix. By

the first and third relations of Theorem 4.2.5: a1 = a3 = a3 = a4 = 1; b = ¢; = 3 and d; = 1.Column

orthoganality given by the 2™ relation of Theorem 4.2.5, resulted in the following equations :

6 + 2|ba|? + 2|co|® + 6]da|® = 16

6+6b2+602+6d2=0

6 + 2|b3|?|ca|* + 6|ds|*> = 16

6+ 6b3 =+ 6c3-+6d; =0

6 + 2[bal® + 2lca|* +6]da]” = 48

6 -+ 6by/ 1+ 6cy + 6ds =0

6 + 2bo.by +2coc3 +6dyds =10

61+ 2b2b4 A 26264 i 6d2d4 =0

64 2b3b4 it 26304 .3 6d3d4 =0

Solving these equations simultaneously the following matrix is obtained :

M(lg) =

48 16 16 48

1 1 1 1
3 -1 1 -3
3 -1 -1 3
1 1 -1 -1
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Similarly, we compute the other Fischer matrices which appear below :

e g€ (2A):
8 8 8 8
2 1 1 1 1
2 1 -1 1 -1
M(g) =
2 1 -1 -1 1
2 1 1 -1 -1
e g< (34):
6 6
3 S
M(g)i=
]

We are now ready to determine the character table of G. There are four inertia factors, hence the
characters of G are divided into four blocks. 'This process is described as follows : multiplying
rows of the matrix M (g) with sections of the character tables of the inertia factors fusing
to the class [g].

The identity element of G corresponds to :

1 1 1 1

3 -1 1 -3
M(lg) =

3 -1 -1 3

1 1 -1 -1

By multiplying each row of M(1) by the columns in the character tables of the inertia factors which
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correspond with the classes fusing to 1¢ respectively, we obtain the values of the characters of G on

the G-classes with representatives 1, e;, e3, e1€3 :

1 1111
1(1111)=1111
9 2 92 9 2
1 3 -1 1 -3
(3—11—3)=
1 3 -1 1 -3
1 3 -1 -1 3
(3—1—13)=
33 —1 3
1 il -1 -1
1 (11—1 —1)= —— T
9 9./ =2 —2

We determine the values of the irreduciblel characters of ‘G 'corresponding to the class of G with

representation Sa in a similar fashion :

1 1 1 1 1
1 (1111)= -1 -1 —1 -1
0 0 0 0 0
1 1 -1 1 -1
(—1)(1_11_1)=<-1 1 -1 1)
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The values of the characters of G corresponding to class of G with representative 3 are as follows :

1 lozal
1 ( -y ) T =
— T |
] b=t )
] < i) ) = Jre =
-1 -1 1
34
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The process of computing the irreducible characters is completed, and the character table is as follows

classes(G) || (1) | (21) | (22) | (25) | (24) | (41) | (42) | (25) | (31) | (60)

h; 1 3 3 1 6 6 6 6 8 8
ICx(z)| 48| 16 | 16 | 48| 8 | 8 | 8 | 8| 6 | 6
X1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 -1 -1 -1 -1 1 1
X 2ol 22120l oflo]ol-1]a
X4 3 -1 1 -3 1 -1 1 -1 0 0
Xs a1 (3|11 |al1]o0o]o
X6 3{-1]-1]3]1]{-1]1l1]o0]o
X7 3| a3 al1l1]-1]o]o
X8 1 1 -1 =1 1 1 -1 -1 1 -1
Xo 1| 1l 1 | 1 | 1 | a1
X10 o | 2 {ll2/f 2/l {llolf oo ]|-1]1

Table 5.3.6 :The Character Table of 2° : SP(2,2).
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And now we discuss our last split-extension.

5.4 The Character Table of 2¢: Sy

We let G = N : G where N is an elementary abelian 2-group of order 16 and G = S5 . Now
N 2 V(2,4) = < ey, e3,€3,e4 >, the vector space of dimension 4 over a field of two elements, and

the symmetric group Ss is generated by (12) and (12345). By identifying (12) and (12345) with

0100 0100

1000 0010
g1 = and g =

0010 0001

0001 1111

respectively, we can regard Ss as the subgroup <-g;,g> > of GL(2,4) = Ag , that is,

G =855 <g,9 > < GL(2,4). Note that S5-<-Sg-and that Ss is a maximal subgroup of Ag. The
group < g1, g2 > then acts naturallyon V(2,4) = N.

To determine the conjugacy classes of G we use the method of Coset Analysis described earlier. We
need the conjugacy classes of S;. These are obtained using MAGMA. We start by taking representa-
tives g from these conjugacy classes and consider the action of N and Cg(g) on the cosets Ng. The

conjugacy classes of Sy is as follows ;

classes (1A4) | (24) | (2B) | (34) | (4A4) | (5A) | (6A)
no. of elements 1 10 15 20 30 24 20
ICs(9)| 120 12| 8 | 6 | 4| 5 | 6

Table 5.4.1 : The conjugacy classes of Ss.

We now proceed to compute the conjugacy classes of 2 : S5 :
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e g=1:

The identity element of G fixes all elements of N, so k = 16. Hence Ng splits into 16 orbits,
Q; where ¢ = 1,2,...,16. Under the action of Cg(1) = G the orbits of Ng fuse as follows :

Ay = {1}

Dy = {el}c = {e1, e, e3, €4, e1eze3e4}

— G _
A3 = {6162} = {6162, €2€3, €2€3€E4, €1€3, €3€4, €1€2€4, €2€4, €1€4, €1€2€3, 616364}. Hence
f1=].,f2=5 and f3=10.

Hence we obtained the following classes of G from the coset N :

|CG(1)| 16)(120 = 1920 and ![1]G| 1x1920 _ 1 :

16x120
|Cx(e1)| = M =384 and |[el]g| = 3532 =5 and
[Calere)] = 1552 =192 and |leiea]g] = 52 =10
o g€ (2A):
0001
0.1.0 0
g:
Q.- ) =ik
1000

The action of g on N fixes the elements {1, e, e3, ejeq, ezes, €1€2€4, €1€3€4, €1€2€3€4},

therefore k = 8. The coset Ng splits into eight orbits, Q; where ¢ = 1,2, ..., 8, under the action
of N.
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1 000 1000 0 001

0100 1111 0010
Calg) = ( , , )

1111 0100 1111

0 001 0001 1000

Note that |Cs(g)| = 12. Under the action of Cg(g) the orbits of the coset Ng fuse as follows :

Ay = Q7Y = {g, ereag}oe@ = @,

Do = Q599 = {erg, eag}®e® = @

Az = g*c(g) = {6297 6162649}Cc(g) = {e2g, eiezesg, e€3g, eieseqg, ezesg, 616263649} =
Q3 UQsUQr

JAVEES Q?G(g) = {e1e29, €264} = {ejeag, esesg, e1€39, €3€4g, €1€2€3g, ezezesg} = Qs U

Qs U Qg, where

f1=1’f2:1,f3=3af4=3

The action of N and G on the coset Ng give the following classes of G :
IC5(g)| = B2 = 96 and |[g]z| = &12 = 20;

|C=(e1)| = 96 and |[es)g] = 20 ;

Cxles)| = 842 = 32 and |[es]s| = 31920 = 60 ;

Ca 3 ]

8x12
|Cx(ere2)| = 32 and |[erea]g| = 60 .

e g€ (2B):
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_— = O O
—

0
0
1
0

O == O
o = O

The action of g fixes the elements {1, ea, ejes, ejezeq} of N and hence k£ = 4. Under the

action of N on Ng we obtained four orbits, Q; where i = 1,2,...4, with each orbit containing

4 elements.

00
10
Cclg) = < -

o o O

o © ©
_ o O
\/

01
10
00
11

(e B en B o

0 0 1 1

Note that |Cg(g)| = 8. Under the action of Cz(g) on Ng the following orbits fuse as follows :

N = Qlcc(g) = {g, e1e4g, e1t2e47, €30} =

JAD) :Qg'c(y) = {e19, €49, €649, ele2g}cc(9) = {e1g, €49, €249, €169, €39, €2€33, €1€3€49, €1€2€3€49}
=Q2UQs

Az = ch(g) = {eies, eseq, e1ege3, esezeq}C¢9) = Qy

The action of C¢(g) and N on the coset Ng give the following classes of G :

Calg)] = 42 = 32 and |[glgl = 1512 = 60

|Cz(e19)l = B2 =16 and |[erglg| = B2 = 120

4x8
|Cx(e1es9)| = 32 and |[eies|g| = 60

e g€ (34):
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- O O

1
0
1
0

O = O O
O == O
b

The action of g fixes the elements {1, e, e4, e1e4} of N and hence k = 4. Therefore, under

the action of N, Ng splits into 4 orbits ); where ¢ = 1,2,3,4 and each orbit containing 4 elements.

00 01 0 001
0100 0010
CG(Q) = )
< 0010 1111 >
1 el 1000

|ICc(g)| = 6. Under the action;of Cg

Vo

g) the orbits fuse as follows:

ASEES ch(g) = {g, eze39, eiex€49, 616364}06(9) =&

c
AV ch(g) = {e19, ese4g, 3647, €1€2€39}°F9 = UQy
AVEES ngc(g) = {esg, €3g, €119, eresesesg}e9 = Q;

Hence we obtain

f1:1,f2=2,and f3=1

The action of Cg(g) and N on the coset Ng give us the following classes of G :
Calg)l = 45¢ = 24 and |[glg| = 212 = 80;
|Cz(e19)| = 28 =12 and |[e1g)g| = ZB2 = 160

4x6
|Cale2g)| = 24 and |leaglg| = 80
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e g€ (44):

- o O O
— O O =

0
1
0
1

—_— = OO

The action of g fixes the elements {1, e;} of N and hence k = 2. Therefore, under the action

of N, the coset Ng splits into 2 orbits each containing 8 elements.

Colg) = (

- D O O

0
1
0
1

10
00 >
01

g S|

|Cc(g)| = 4. Under the action of Cg(g) the orbits of the coset Ng stay unchanged and are as

follows:

C,
A1 = Ql c(g) = {97 €29, €39, €1€39, €143, €3€49, €1€2€34, 6162649} = Ql

Dy = Q5 = N\Qi=Q

So the coset Ng gives the following classes of G :
|Ca(g)l = 8 and |[glg| = 240

|Ca(eig)l = 8 and |[[e1glg| = 240

e g€ (5A):
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- o O O

0
1
0
1

e = =]

0
0
1
Here k = 1 and hence we obtained only one class of G, which is as follows:

Ly = |Cg(g9)l =5 and |[g]g] =384.
Note that |Cg(g)| =5.

e gc (6A):
0001
Y e i e
g:
Oljh Q{0
1|0 0] 0

N—

Under action of g on N we obtain that |Cy(g)| = 2. Hence the coset Ng splits into 2 orbits,

Q; where i = 1,2, under the action of V.

0001 0001
0100 0010
Colg) = { , )
0010 1111
1000 1000
Note that |Cg(g)| =6. Under the action of Cg(g) the 2 orbits of Ng are unchanged and hence

we obtained the following classes of G:
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|Cz(g)| =12 and |[g]g| = 160;

|Calerg)| = 12 and |[e1g]g| = 160.

The process of computing the conjugacy classes of G is done. See the table below.

classes of G (1A) (2A) (2B) (34)
classes of G | (1) (21) (22) | (25) (4) (20) (42)| (25) (45) (4a) | (31) (61) (62)
h; 1 5 10 | 20 20 60 60 | 60 120 60 | 80 160 80
IC5@)| [ 1920 384 19296 96 32 32| 32 16 32| 24 12 24

We are now ready to compute the Fischer matrices. From the action of G on Irr(N) we obtain three
orbits and determine the inertia groups, H; where i = 1,2,3, from these orbits. The lengths of these

orbits are 1, 5 and 10. Note [G : H;] = 1, [G : Hs] = 5 and [G : H3] = 10. Hence the inertia factors

Table 5.4.2.A : The conjugacy classes of 24 : S;.

classes of G (4A) (5A) (6A)
classes of G || (45) 1 (81) | (51) | (63) (12))
h; 2401240 | 384 | 160 160
|Ca(@ 8 8! 5 | 12 12

Table 5.4.2.B : The conjugacy classes of 2* : S5 (continue).

,which are maximal subgroups of G, are as follows:

H1 =S5; H2 =S4 and H3=83XSQ.
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The inertia factors, character tables of the inertia factors and the fusion maps of the inertia factors

into G were all determined through the use of MAGMA. See tables below.

classes || (14) | (24) | (2B) | (3A) | (44) | (5A) | (6A)
h; 1 10 15 20 30 24 20

[Ce(g)| | 120 | 12 8 6 4 5 6
" 1| 1 1 1 |1 ] 1] 1
ba 1| a1 | 1 1| 1| 1|
b3 4 2o 1o ] alaa
by 4 20| 1|0 ] a1
¥s 5 1 1 | a1 | 1] o 1
Ve 5 | a1 111 ] 0|
by 6 | o | 2l oo 1] o0

Table 5.4.3 ;- The character table of S; = H;.

classes —{ (TA) [ {24} | (2B) | (34) | (44)
hi 1 2 2 3 4
|Cry(R2)| || 241 | 4 8 3 4
Iy 1 1 1 1 1
T, 1| 1] 1 1 | -1
I3 2 0 2 -1 0
Iy 3 1 -1 0 -1
I's 3 -1 -1 0 1

Table 5.4.4 : The character table of S, = H,.

94

https://etd.uwc.ac.za/



Table 5.4.6 : The fusion map of S; into Ss.
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classes | (1) | (24) | (2B) | (2C) | (34) | (64)
h; 1 3 1 3 2 2
|Chy(ha)| | 12| 4 | 12 | 4 6 6
v1 1 1 1 1 1 1
P2 1 -1 1 -1 1 1
V3 1 1 -1 -1 1 -1
V4 1 -1 -1 1 1 -1
s 2 0 2 0 -1 -1
e 2 0 -2 0 -1 1
Table 5.4.5 : The character table of S3 x S; = Hj.
Sa Ss
(LAY || (14)
(24) | I(24)
(2B) || (2B)
(3A) i (34)
(4A)+| (4A)



Hy=83x 8, || HH =55
(1A4) (1A4)
(24) (24)
(2B) (24)
(2C) (2B)
(34) (34)
(6A) (6A)

Table 5.4.7 : The fusion map of 53 x Sy into Ss.

The Fischer matrices are computed through the use of the relations of Theoerem 4.2.5 (see example

5.3) and are as follows:

® g = 1G .
1920 | 384 192
120 — 1
MAIVEBSITY ofshe 1
12 10A K2 E-2
e g€ (24):

96 96 32 32
12 1 1 1 1
3 3 -1 -1
Mio) = 3 -3 -1 1
12 1 -1 1 -1
96
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e g€ (2B):

32 16 32

8 1 1 1
M@=8]|1-1 1
4 2 0 -2

UNIVERSITY of the
WESTERN CAPE
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e g€ (34):
24 12 24
6 (1 1 1
Mg=3]2 0 -2
6 \1 -1 1
o g€ (44):
8 8
4 (1 1
M(g) =
4 \1 -1
o g€ (54):
5
M(g)=5(1)
e g€ (6A):
{944
1 1
M(g) =
—1

We are now ready to compute the character table of G. There are three inertia factors and hence

Irr(G) are divived into three blocks. Each block of irreducible characters corresponds to an inertia

factor group. Irr(G) are computed from the Fischer matrices and the character tables of the inertia

factors. This process dictates to multiplying rows of the matrix M(g) with sections of the character

98

https://etd.uwc.ac.za/



tables of the inertia factors fusing to the class of g in G. This process was fully illustrated in section

5.3. We conlude this section with the character table of 2% : S5 .

classes of GG (1A) (24) (2B) (34)

classes of G || (1) (21) (22) | (25) (4) (20 (42)| (25) (43) (4a) | (31) (61) (62)
h; 1 5 10 | 20 20 60 60 | 60 120 60 | 80 160 80
IC=(@)| | 1920 384 19296 9 32 32| 32 16 32| 24 12
X1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1{ -1 -1 -1 -1 1 1 1 1 1 1
X3 4 4 4| 2 2 2 2/ 0 o o 1 1 1
X4 4 4 4| -2 -2 -2 —2| o o o 1 1 1
X5 ) 5 ) 1 1 1 1 1 1 1 -1 -1 =1
X6 ) ) 51 -1 -1 —-1 -1 1 1 1 -1 -1 -1
X7 6 6 6 0 0 0 0 =2 -2 =2 0 0 0
Xs 5 —3 1| deiewieieanged 1 1 1| 2 0 -2
Xo 5 —3 1|48 Wsfl W el = 1| 2 o —2
X10 10 -6 2 0 0 0 0 2 =2 2 —2 0 2
X11 15 -9 3 3 3. .—-1. =1 —1 1 -1 0 0 0
X12 15 -9 31.-3. -3 1 1 —1 1 -1 0 0 0
X13 10 2 =2 4 —4 0 0 2 0 -2 1 -1 1
X14 10 2 =2 =2 2 2 =2 =2 0 2 1 -1 1
X15 10 2 =2 2 -2 =2 21 -2 0 2 1 -1 1
X16 10 2 —-2| —4 4 0 0 2 0 -2 1 -1 1
X17 20 4 —4 2 =2 2 =2 0 0 0p -1 1 -1
X18 20 4 —4| -2 2 =2 2 0 0 0 -1 1 -1

Table 5.4.8.A : The character table of 2*: Ss.
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classes of G (4A) (5A) (6A)

classes of G || (45) (8:1) | (51) | (63) (12))
h; 240 240 | 384 | 160 160
|C&(9)| 8 8| 5 12 12
X1 1 11 1 1 1
X2 -1 —-1] 1 -1 -1
X3 0 o0 -1 -1 -1
X4 0 0 -1 1 1
X5 -1 —-1] 0 1 1
X6 1 1 0 -1 -1
X7 0 0] 1 0 0
Xs 1 —1( 0 0 0
X9 =1 > 0 0
X10 0 T — 0 0
X11 -1 1 0 0 0
X12 1.0-11{ 0 0 0
X13 0 et 1 -1
X14 0 0 0 1 -1
X15 0 0 O -1 1
X16 0 0| O -1 1
X17 0 0 O -1 1
X18 0 01 0 1 -1

Table 5.4.8.B : The character table of 2¢ : S5 (continue).
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