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Abstract 

In this mini-thesis we present some generalities of non-cancellation and localization 

and we compute non-cancellation groups. We consider groups belonging to the class 

X0 of all finitely generated groups that have finite commutator subgroups. For a 

X0-group H, we study the non - cancellation set , x(H), which is defined to be the 

set of all isomorphism classes of groups K such that H x Z ~ K x Z. In particular, 

we prove some basic facts such as that for a group G which is either finite or finitely 

generated abelian, we have H x Z ~ G x Z only if G"' H. 

For a finitely generated nilpotent group N , the Mislin genus, Q(N), is defined to 

be the set of all isomorphism classes of finitely generated nilpotent groups M such 

that for every prime p, the groups M and N have isomorphic p-localizations. It was 

shown by Warfield that if N is a nilpotent X0-group, then x(N) = Q(N). Various 

calculations of such Hilton-Mislin genus groups can be found in the literature, for 

example, in an article of Hilton and Scevenels. Most of these calculations are for 

a special subclass of nilpotent X0-groups, in particular, groups with abelian torsion 

radicals. 

For a Xo-group H on x(H) Witbooi defined a group structure in terms of em

beddings of K into H, for groups K of which the isomorphism classes belong to 

x(H). If H is nilpotent, then the group x(H) we obtain coincides with the genus 

group g ( H) defined by Hilton and Mislin. 

In particular we make a new calculation, computing the non-cancellation group 
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x( Hk) of a Cartesian power of a certain type of group H. The group we consider is 

of the form T >4 Z, a semidirect product with Ta finite non-commutative nilpotent 

group on three generators. 
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Chapter 1 

The study of localization of groups goes back as far as at least the middle of the 

twentieth century with, for instance, papers by Malcev and Lazard, see the book [10] 

of Hilton, Mislin and Roitberg. The study of non-cancellation for direct products of 

groups seems to have been around even earlier than that, for instance, see the paper 

of Remak [18]. By non-cancellation we mean the phenomenon that for a given pair 

of groups G and F, it may be possible to find a group H such that H x F r-v G x F, 

while His not isomorphic to G. In this mini-thesis we study such non-cancellation 

phenomena in the particular case that F is the infinite cyclic group (Z) and G is 

finitely generated (inter alia). 

When localizing groups, it is possible to find a pair of non-isomorphic groups which 

end up having isomorphic localizations. This leads to the notion of genus (and 

there are different variations of this concept), which in turn is useful in classifying 

groups into isomorphism classes. There is a very interesting interplay between non

cancellation and genus, see for instance the theorem [25, Theorem 3.5] of Warfield. 
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In this mini-thesis our focus is mainly on the class X0 of finitely generated groups 

having finite commutator subgroups. For such a X0-group G, the non-cancellation 

set x ( G) is defined to be the set of all isomorphism classes of groups H such that 

H x Z ~ G x Z. Closely related to the non-cancellation set is the localization genus. 

There are different variations of the notion of genus associated to localization of 

groups. The one with which we deal is referred to as the Mislin genus. Other than 

the Mislin genus there are for instance the restricted genus as in O'Sullivan's paper 

[16) , the extended genus as in the paper [5] by Casacuberta and Hilton. 

The Mislin genus g(N) of a finitely generated nilpotent group N is defined by Mislin 

[15] to be the set of all isomorphism classes of finitely generated nilpotent groups M 

such that for every prime p, the group M and N have isomorphic p-localizations. 

Hilton and Mislin [9] defined an abelian group structure on the set 9(N). Warfield 

[25, Theorem 3.5] has shown that if N is a finitely generated nilpotent group with 

finite commutator subgroup, then x(N) = g(N), thus linking localization and non

cancellation sets. The latter relationship inspired a sequence of papers of Witbooi, 

which culminates in the article [27]. In the latter article the non-cancellation set 

x(M) of a X0-group, M, is furnished with a group structure that coincides with 

the Hilton-Mislin genus group g(M) if M is nilpotent. In the paper of O'Sullivan 

[16] it is shown that for a X0-group the non-cancellation set coincides with the 

restricted genus. Computation of the group x (M) is enhanced by the presence of 

certain homomorphisms between non-cancellation groups. 

Most of the calculations of X0-groups so far have been for metacyclic groups and 

for direct products of such groups. Exceptions are the calculations in the papers of 

Mislin [15] (the calculation is completed in [9]) , Hilton [7] , Hilton-Witbooi [13] and 
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Witbooi [29) . In this mini-thesis we calculate non-cancellation groups of X0-groups 

which have non-abelian torsion subgroups. 

In Chapter 2 we observe some basic properties of X0-groups. We note for instance, 

that such groups have finite torsion radicals and that their centres are of finite index. 

We also show that if G is either a finitely generated abelian group or a finite group, 

then for a group H we can have H x Z ~ G x Z only if H ~ G. In other words 

we show that if G is either a finite group or a finitely generated abelian group, then 

x(G) consists of only one member, i.e., x(G) is trivial. The concept of sernidirect 

product also features very strongly in this mini-thesis. For the purpose of establish

ing notation, we include the definition of semidirect product. 

In Chapter 3 we define the concept of P-local groups, for a set of primes P. We 

also introduce the notion of ?-isomorphism between groups, and the notion of a 

P-localizing homomorphism. Examples illustrating these concepts are given on the 

level of finite groups and abelian groups. We prove some interesting fundamentals on 

P-local groups, such as for instance that a finite P-group is P-local. We use in some 

cases, the Five-Lemma, of which we shall include the relevant formulat ion and proof. 

We present, in Chapter 4, an example of infinite non-abelian groups N and M, 

and a localizing homomorphism N-->- M . The group N is a metacyclic nilpotent 

group of the form T ~ Z, a semi-direct product with T finite cyclic. Groups of this 

kind, and their direct squares reveal much of what can be expected when studying 

the localization genus and non-cancellation as we shall see in later chapters (but 

with non-cancellation as the central theme). 
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Chapter 5 is devoted to a discussion of the Hilton-Mislin group structure, as from (9]. 

This presentation is technical and is included as a forerunner to the non-cancellation 

group and for comparison. Detailed calculations of the genus of nilpotent groups of 

the form Zn ~ Z can be found in [7]. We briefly present an example from (7]. 

The description of the non-cancellation group of a X0-group G, as in [27], is pre

sented in Chapter 6. Furthermore, we give a brief description of the non-cancellation 

group for the particular case when the short exact sequence consisting of the group, 

its commutator subgroup and the abelianization is split. In this particular case 

the non-cancellation group has a simpler description. The method for computing 

x( G) for such semi-direct product groups are developed in [29], which generalizes 

the work in [23} by Scevenels and Witbooi. We also discuss induced morphisms 

between non-cancellation groups. These morphisms are quite useful when com

puting non-cancellation groups. For X0-groups G and H we have an epimorphism 

x( G) --t x( H), for instance when there is an epimorphism </> : G --t H with ker</> 

being a characteristic subgroup of the torsion radical of G, see (27]. Other instances 

of induced morphisms are discussed in [27], [13} and [31]. We shall specify those 

which are important for our computations. 

In the final chapter, Chapter 7, we compute non-cancellation groups of certain 

groups having non-abelian torsion radicals. In [29] there are computations of non

cancellation groups of X0-groups having non-abelian torsion radicals, and the torsion 

radicals are wreath products. In our discussion here we consider torsion subgroups 

which are of a different type. In particular, the torsion radicals which we consider 

here are not split extensions. All the work in Chapter 7 are independent efforts 

of the author. Whatever is known of the finite groups Tn,m defined in item 7.1, is 
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scattered in the literature, and was developed here independently. In particular the 

last Theorem 7.11 is an original contribution by the author. 

For some results it was difficult to find proofs in the literature and the author 

had to write proofs himself. The more significant examples of such occurrences are 

Propositions 2.10, 2.11, 2.13, 3.3 and even 3.6. Of course, the specific example of 

Chapter 4 was suggested by the supervisor and the detail provided by the author. 
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Chapter 2 

FINITELY GENERATED 

GROUPS WITH FINITE 

COMMU'"P&TOR SUBGROUPS 

In this chapter we provide some definitions pertaining to groups belonging to the 

class X0 (Definition 2.1 below), and we prove some basic properties of these groups. 

We give an alternative description, Proposition 2. 7, of X0-groups in terms of short 

exact sequences. We also prove certain closure properties of X0 in Proposition 2.8, 

for instance, that X0 is closed with respect to taking subgroups. We conclude this 

chapter by proving that x( G) is trivial (i.e, consists of only one member) if G is 

either a finite group, Theorem 2.11, or a finitely generated abelian group, Theorem 

2.13. For the nilpotent case, these results are mentioned in Mislin's paper [15]. 

Definition 2.1 We denote the class of all finitely generated groups that have 
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finite commutator subgroups by X0 , as in [27] . 

Definition 2.2: (See [27] for instance) For any X0-group G, the non-cancellation set 

x(G) is the set of all isomorphism classes [H] of groups H such that H x Z '.:::::'. G x Z. 

In an abelian group the set of all elements of finite order forms a subgroup, see 

[19, p.90] for instance. For groups in general this is not the case. This can be 

proved, however, for X0-groups as we see below. 

Proposition 2.3 : Let G be a X0-group. The subset of all elements of fi.nite 

order in G is a fi.ni te subgroup of G. 

Proof: Consider the canonical epimorphism o- : G --+ G/[G, G]. Since the fac

tor group G/[G, G] is a finitely generated abelian group, the elements of finite or

der in the abelian group G/[G, G] form a finite subgroup F, and F <1 G/[G, G]. 

Therefore the preimage E = o--1(F) is a normal subgroup of G and is finite since 

IEI = IFI · [[G, GJI. Since O" is surjective the set H, of all elements of finite order in 

G, is contained in E. So H = E. Thus His a finite subgroup of G. D 

Definition 2.4 : For a X0-group G, the subgroup generated by all torsion ele

ments in G is called the torsion radical of G. It will be written as Ta and is a finite 

group. At times we shall refer to the torsion radical as the torsion subgroup. 

Definition 2.5: An automorphism of a group G is an isomorphism i.p: G--+ G. A 

subgroup Hof G is called characteristic in G, if i.p(H) ~ H for every automorphism 

i.p of G. 
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We also note that the set of all automorphisms of a group G is a group with respect 

to the operation of composit ion of functions. This group is written as Aut( G) . 

Proposition 2.6 : For a X0-group G the torsion radical Ta of G is a charac

teristic subgroup of G. 

Proof : By Proposition 2.3, Ta is a finite subgroup of G. Consider any auto

morphism p: G--+ G. Then for any t E Ta, we have p(t) E Ta, since Ta contains 

all the elements of finite order in G. Thus p(Ta) ~ Ta. So, by definition 2.5, Ta is 

a characteristic subgroup of G. D 

We provide an alternative description of X0-groups in the proposition below. 

Proposition 2. 7 A group G is a X0-group if and only if there is a short ex-

act sequence 

Q /3 
1--T--G--F--1 

with T finite and F free abelian and of :finite rank. 

Proof : Suppose that the group G is a X0-group. Then, since [G, G] is finite, 

(G, G] is a subgroup of Ta. Thus F = G/Ta is abelian. If x E G and the element 

x.Ta of G/Ta is of finite order r, so xr E Ta and then xr has finite order, say s . 

Therefore x has order at most rs. So in fact x E Ta. Thus Fis torsion free. Finally, 

since G is finitely generated, G/Ta is finitely generated. Thus F is a free abelian 

group of finite rank. 

Conversely, suppose that G is a group satisfying the exact sequence condition. Since 

Fis abelian we have [G, G] ~ o:(T). Thus [G, G] is finite. Since T and Fare finitely 
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generated, it follows that G is finitely generated. Therefore G E X0 • D 

The following results reveal some closure properties of the class X0 , for instance, 

closure with respect to taking subgroups and formation of direct products. 

Proposition 2.8 : (a) If G and K are X0-groups, then G x K is an Xo-group. 

(b) If His any subgroup of a X0-group G, then His a X0-group. 

( c) If L is a group for which L x Z ~ G x Z and G is a X0-group, then L is a Xo-group. 

Proof : (a) Let G and K be X0-groups. Then [G x K, G x K] = [G, G} x [K, Kl, 

and thus [ G x K, G x K] is finite. 

If G = (X) and K = (Y), then let X 1 =XU {1} and Y1 =YU {1}, 1 being the 

respective identity elements of the groups G and K. 

Then G x K = ((x,y): x E Xi,y E Yi) . 

Thus, since G and K are finitely generated, it follows that G x K is finitely gener

ated. 

This proves the statement (a). 

(b) If H :::; G, then [H, H] is finite since [H, H] < [G, G]. The set TH of all ele

ments of H which have finite order generates a subgroup S of Ta. But also then, 

S ~Hand S ~Ta. Therefore S =TH and in fact TH <l H. 

The inclusion map H ~ G induces a homomorphism¢>: H --+ G/Ta. Obviously, 

</>(TH) = 1 E G/Ta. Thus¢> induces a homomorphism 'ljJ : H/TH --+ G/Ta. If 

x E Hand 'ljJ (x.Ta) =Ta, then x = <f>(x) E Ta. Sox E H n Ta= TH. Thus 'ljJ is a 

monomorphism. Since G/Ta is a finite rank free abelian group it follows that H/TH 

is a finite rank free abelian group. Therefore, by Proposition 2. 7, it follows that H 
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is a X0-group. 

Thus (b) is proved. 

(c) By (a) , G x Z is a X0~group. Thus L x Z is a Xo-group . 

By (b) it follows that L is a X0-group. 0 

We shall require the Five Lemma in a special form. We give the appropriate ver

sion, and we deduce the proof from the version proved in the book of [21 , Rotman) . 

Proposition 2.9: Suppose that we have a commutative diagram of groups and 

group homomorphisms as below, in which the rows are short exact sequences. 

1-Ho-H-H1-l 

ao! a! a1! 
1-Ko- K - K1 - l 

If any two of the three homomorphisms a 0 , a and a 1 are isomorphisms, then the 

third one is also an isomorphism. 

Proof: If a 0 and a 1 are isomorphisms then by [21, Corollary 10.14] it follows that 

a is an isomorphism. There are two more cases to be proved. These two cases follow 

from (21, Corollary 10.14] if we augment the diagram above by inserting vertically 

the homomorphism 1 --+ 1 between the object to the left of a 0 (or to the right of 

a 1 ) and extra homomorphisms in each of the two rows at the left end (or at the 

right, respectively) . 0 

The following proposition is required to prove the fact that for a finite group G, 
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x(G) is trivial (Theorem 2.11) . For the moment we prove the following special case. 

Note that Proposition 2.10 says that if G is the trivial group, then x( G) is trivial. 

Proposition 2.10 : Let A be any group. If h : Z ~ A x Z is a group iso

morphism, for some group A , then A is necessary trivial. 

Proof : Suppose that A is a group. We regard the groups A and A x Z as mul

tiplicative groups. Let h(l) = (x,n) for some x EA and some n E Z . Then for 

any m E Z we have h(m) = h(l)m = (x,n)m = (xm,mn). In order for h to be an 

isomorphism, there must exist m0 E Z such that h(mo) = (1, 1), where (1 , 1) is the 

identity element of the group Ax Z. Then we have h(mo) = (xm0 , m 0n) = (1, 1). 

This implies that Imo! = 1 and In! = 1 (in order that m 0n = 1), and thus also that 

x1 = 1 or x - 1 = 1. Thus x = 1. Consequently A cannot have any element other 

than 1. 0 

We shall prove that if G is either a finite group or a finitely generated abelian 

group, then x( G) is trivial. 

Theorem 2. 11 : If G is a finite group, and His any group then 

H x z rv G x z ~ H rv G. 

Proof: An isomorphism 0 : G x Z ~ H x Z maps G into H , since Z is tor

sion free. But G is a characteristic subgroup of G x Z and {) is an isomorphism, 

hence it follows that 0( G) <l H x Z , and eventually that 0( G) <l H. But then the 

isomorphism 0 induces a homomorphism h : Z --+ [ H / 0( G)] x Z. From the Five 

Lemma, proposition 2.9, it follows that his an isomorphism. This means, by Propo-
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sition 2.10, that H/O(G) = 1, and the proof is complete. 0 

Now in order to prove our final theorem we require the following remarkable re

sult of Hirshon. 

Proposition 2.12: [14, Lemma 1}, If G and H are groups such that 

Then G x Z ,...., H. 

Now we can prove 

Theorem 2.13: 

ial. 

(G x Z) x Z ~ H x Z, 

If G is a fi.nitely generated abelian group, then x( G) is triv-

Proof: Let G be any finitely generated abelian group. Then by the Fundamental 

Theorem of Finitely Generated Abelian groups [21, Theorem 2.29], G = Go x Gi 

where Go is a finite subgroup of G and G1 is a free abelian group of finite rank. 

Suppose now that H is a group such that H x Z ~ G x Z. The proof will be 

completed by showing that H is necessarily isomorphic to G. 

Now if G1 = 0, then G0 = G, so G is finite, and then by Theorem 2.11 it follows 

that H !:::::! G. 

We consider the case G1 =f 0. Then G1 ~ G2 x Z for some group G2. But then we 

have 

H x Z ~ G x Z ,...., Go x G1 x Z ,...., Go x G2 x Z x Z. 
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From Proposition 2.12 it follows now that H !:::! G0 x G2 x Z, Therefore H "'G. D 

Many of the groups we shall deal with are semidirect products. For convenience 

we give here the definition of the concept of semidirect product. 

In particular we shall often refer to groups of the form Zn ><l 11 Z which we now 

define. 

Definition 2.14: Given groups Hand Kand a homomorphismw: K --+ Aut(H), 

we define G = H ><lw K to be the following group. 

As a set the group G, as mentioned above, coincides with the cartesian product 

H x K, but the group operations are as follows: 

For the ordered pairs (hi, k1), (h 2 , k2 ) E H x K, 

We recall the following notation, used in [31] for instance. If (n, u) is a relatively 

prime pair of natural numbers, then the group 

(x, y I xn = 1, yxy-1 = xu) 

is denoted by G(n; u). Let M = G(n; u). We note that M happens to be (isomor

phic to) the semidirect product Zn ><lw Z where w : Z --+ Aut(Zn) is the action for 

which w(l) is the automorphism t i--+ ut of Zn· 

The description of nilpotency for groups of the type M = Zn ><1 11 Z is found in a 

result of Hilton, and we quote it. 

Lemma 2.15 [7, Lemma 1.1]. For a relatively prime pair of natural numbers 
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n and u, the group No = (x, y I Xn = 1, yxy-1 = xu) is nilpotent if and only if 

p I (u - 1) for every prime divisor p of n. 

These groups have been studied extensively with respect to their finite quotients, lo

calization and non-cancellation phenomena in for example [7], [1], [2), and elsewhere. 

Such groups shall also feature prominently in this mini-thesis. 
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Chapter 3 

We now introduce some concepts and basic theory on localization of groups. Under

standing localization is important in itself, but its relevance in this mini-thesis is due 

to its relationship with non-cancellation. (This relationship is made more explicit in 

Chapter 4). The localization of an abelian group is relatively simple, and we show 

how to attain this by forming tensor products (as of Z-modules). We briefly discuss 

the problem arising in localization of non-nilpotent groups - the smallest finite non

abelian group already demonstrates the problem. We give, in detail, some results 

on finite groups. We also give some general results such as of short exact sequences 

in which two groups local imply the third to be local (under certain conditions). 

In this chapter we deal with the subclass of all infinite nilpotent groups in Xo de

noted by No. The theory of the localization of nilpotent groups are discussed in the 

textbook [101 of Hilton, Mislin and Roitberg. We start with a string of definitions 

from the textbook, [10]. 

Definition 3.1 Let P be a set of primes and let P' be the set of natural 

15 



http://etd.uwc.ac.za/ 

numbers which are relatively prime to the elements of P. 

(a) A group G is said to be P-local if for each n E P', the function g ~ gn of G 

into itself is a bijection. 

(b) Let h : G -+ H be a homomorphism of groups. The homomorphism h is 

said to be P-injective if for each g E ker h, g is of finite order n, for some n E P'. 

( c) The homomorphism h is said to be P-surjective if for every x E H, there 

exists an integer n E P' such that xn E h( G). 

(d) The homomorphism h is said to be ?-bijective if it is both P-injective and 

P-surjective. 

(e) The homomorphism h is said to be a ?-localizing homomorphism if H is P

local and h is ?-bijective. 

(f) A finite group Tis said to be a P-group if for every element x E T and every 

prime divisor p of the order of x, we have p E P. (See, for instance 

(20, (Definition 3.41, p.56)]. 

When P consists of a single prime p, i.e. P = {p}, then as is common, we slightly 

abuse notation by writing p-local instead of {p}-local, etc. 

We illustrate below an example of a ?-localizing homomorphism for abelian groups. 

Example 3.2: For any abelian group A, the group A @ Z(p) is p-local, where 
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Z(p) is the subring of Q generated by the subset {~ : q is prime, q # p}, and the 

homomorphism A~ A® Z(p)l defined by a~ a ® 1, is a p--isomorphism. D 

In the next chapter we shall exhibit a localizing homomorphism between two in

finite non-abelian groups. 

If we 3-localize, for example, the symmetric group S3 , then we need to kill (i.e 

factor out) all the elements of order 2, otherwise the identity would not have a 

unique square root (i.e the function g ~ g2 would not be injective). But then we 

kill the entire group. We also kill the elements of order 3. The problem with this 

phenomenon is that, in particular, the Sylow 2-subgroup of S3 is not normal. 

For a nilpotent finite group N such destruction of elements of p--power order does not 

happen when p--localizing because, of course, the group N splits as a direct product 

of its Sylow subgroups [19, item 5.2.4 on p.126). This is the reason why nilpotent 

groups have been enjoying more attention in localization theory. 

In [10] it is shown how we obtain a p--localizing functor for the class of nilpotent 

groups. In this mini-thesis we shall not dwell on categorical aspects of localization. 

The interested reader can consult the survey article [3] of Casacuberta that discusses 

a more general version of the notion of localization. 

The following result for nilpotent groups is proved in the book [10, Theorem 2.3] 

of Hilton, Mislin and Roitberg for nilpotent groups. 

Proposition 3.3 : Let G be any group in which every element has finite order. 

If r is any natural number such that the order of every element of G is relatively 
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prime to r, then tbe function p : G --+ G denned by x t----+ xr is an injective function. 

Proof : Suppose xr = yr, for some x, y E G. By the coprimality condition it 

follows that (xr) = (x) and (yr) = (y). But then (x) = (y). Thus y = xa and 

x = yb, for some a, b E Z. In particular, the subgroup (x, y) of G is commutative. 

But then (xy-1r = xry-r = 1, since xr =yr. Thus the order of xy-1 is a factor of 

r. Since the order of each element is relatively prime to r, it follows that xy-1 has 

order 1. Thus x = y. D 

Proposition 3.4 : If G is a finite group of order relatively prime to r, then the 

function p : G --+ G denned by x t----+ xr is a bijection. 

Proof : By Proposition 3.3 above, p is injective. Since G is finite it follows that 

every injective function of G into G is a bijection. D 

In particular, we have the following proposition which provides us with examples of 

P-local groups. 

Proposition 3.5 : For any set P of primes, any finite P-group is P-local. 

Proof : Let G be a finite P-group. If n is any natural number relatively prime 

to the elements of P, then by Proposition 3.4 above, the function p G --+ G 

defined by x t----+ xn is a bijection. So G is P-local. 0 

The following result can be compared with (10, Corollary 2.5 on p.19]. 
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Proposition 3.6 : Let G be any group for which there is a surjective homo

morphism h: G--+ B such that A= ker h:::; Z(G), Z(G) being the centre of G. 

Let P be any set of primes. 

If B and A are P-local, then G is P-local. 

Proof : Consider any P'-number r . Let a : G --+ G be the function defined 

by x 1----t xr. Then a induces functions a 0 : A --+ A and a 1 : B --+ B. 

We show now that a is injective. 

Suppose that x, y E G and ax = ay. 

Then 

h(xr) = h(yr ) 

therefore, (hxY = (hyy . 

Since o 1 is injective, (by assumption Bis P-local), it follows that h(x) = h(y). 

This means that y = ax for some a E A. Now xr = yr = (axY = arxr since 

a E Z(G). Therefore ar = 1. Since A is P -local it therefore follows that a= 1. 

therefore x = y, so a is injective. 

We show that a is surjective. 

Consider any y E G. Then h(y) = xr for some x E B (Since B is P-local, it has 

r-th roots). Let z = h-1(x) 

Then h(zr) = xr = h(y) 

Therefore y = bzr for some b E A 

Since A is P-local, b =er for some c E A. 

Since c E Z(G), crzr = (czY 

therefore y = ( cz Y. 
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--- ·---------------------

Thus, for any element y E G there exist an element c E G such that y = a( cz ). 

Therefore a is surjective. 

Therefore a is bijective, and so, G is P-local. D 

The proposition above is of course very important to identify local groups. It will be 

applied in the next chapter where we exhibit a non-trivial localizing homomorphism 

of a metabelian nilpotent group. 
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Chapter 4 

A LOCALIZING 

In the previous chapter we treated the fundamentals of localization of groups. In 

this chapter we shall exhibit a localizing homomorphism 

A.:N-+M 

for which the groups N and M are infinite non-abelian groups. The group N will 

be a metacyclic nilpotent group on two generators. Such metacyclic groups have 

been studied extensively to form an understanding of the Mislin genus (and also 

of non-cancellation and related phenomena), for instance by Hilton [7] and other 

authors. 

Here, the group N will be of the form N = Zm ~" Z , for some m EN, where vis an 

action of Z on Zm , i.e., vis a homomorphism v: Z-+ Aut(Zm) · 

Proposition 4.1 : Fix any relatively prime pair of natural numbers, m and k. 

(a) For each z E Z, let v(z) be the function v: Z-+ Zm defined by 
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v(z): n -t P.n. 

Then v(z) E Aut(Zm) for each z E Z . 

(b) The function Z --+ Aut(Zm), obtained by letting v(z) be as in (a) above 

for each z E Z, is a group homomorphism v : Z--+ Aut(Zm)· 

Proof: (a) We first show that for each z E Z, v(z) E Aut(Zm)· 

kz (n1 + n2) 

kz(n1) + kz(n2) 

v(z )(ni) + v(z)(n2) , 

so v(z) is a homomorphism. Also v(z ) is injective, because 

v(z)(ni) - v(z)(n2) 

¢:::::::> kz(n1) - kz(n2) 

¢:::::::> n1 

(since k is a unit in the ring Zm)· 

Since Zm is a finite set every injective self-map is a bijection. And since multiplica

tion by a unit in a ring R is an automorphism on R+, it follows that v(z) E Aut(Zm) 

\lz E Z. 

(b) Now we show that v is a homomorphism. 
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So the map v( z) is a homomorphism. 

kZl (kZ2 X) 

(kz1 . kz2 )x 

(kz1 +z2 )x 

v(z1 + z2)x. 

0 

We are now in a position to construct an example of a P-local group referred to 

earlier. We refer to definition 2.15 for semidirect product. For our construction we 

use a specific group of the form N = Z9261 ><Iv Z, and construct from it a 7-local 

group M = Z343 ><lw Z(7). Here Z(7) is the 7-localization of Z, as stated in Example 

3.2. Note that the prime factorization of 9261 is 9261 = 33 • 73
. 

If z = : with m E N, n E Z and (n, m) - 1, then the automorphism v(z) is 

as follows. 

Pick any number k such that km - 148n. Such a number k does exist and its residue 

class mod 7 is unique since 148 is relatively prime to 7. And then v(z) : n----+ kn. 

We abuse notation and write: 

Of course v(O) is taken to be the identity automorphism. 

Proposition 4.2 : Let N = Z9261 ><Iv Z , where vis the action of Z on Z9261, 

defined by v( z) : n --+ 148z . n. 
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----------------· ·--· 

Then N is a two-generator nilpotent group. 

Proof : We apply [7, Lemma 1.1] which is quoted as Lemma 2.15. Since 148 is 

relatively prime to 9261, the group N as described is well-defined. Moreover, we 

note that u = 148 = 3.72 + 1 and m = 9261 = 33 .73
• Thus for every prime divisor p 

of m, p I u - 1. Therefore by [7, Lemma 1.1] it follows that N is nilpotent. 0 

Proposition 4.3 : Let M = Z343 ><l w Z(7), where the action w: Z(7) -+ AutZ343 is 

defined by w(z) : x-+ 148z · x . 

Then M is a 7-local group. 

Proof : Let (3 : Z(7) -+ Z7 be defined by ; ~ n 1x, where we assume that 

x, n E Z and 7 f n. We show that f3 is well-defined. 

We note that for any c E Z which is such that c is not a mult iple of 7, in Z7 we 

have 

-1 - - -1 - - -1 -en ·cx=c·n ·c·x=n ·x. 

This shows that (3 is well-defined. 

Also, (3 is a homomorphism since for any ;. , ;; E Z(7) we have 

x y 
(3(-). (3(-) 

n m 
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Clearly f3 is surjective since {3(1) =/; 0 and Z1 is a cyclic group. 

Let 1 : M --+ Q = Z343 ~w Z7 be the function induced by f3. We mean to say, 

I: (a, ;) t---+ (a,{3(~)). Then 1 is a homomorphism, since 

x y 
1[(a, ;)b[(b, m)] 

- (a,{3(:_))(b,{3(]!_)) 
n m 

- (a+ w(,B(:_ ))b, ,B(=_ + ]!_ )) 
n n m 

(a+ v(:_ ))b,,B(:_ + ]!_ )), because w o f3 = v 
n n m 

(a+ 148~b,/3(:_ + ]!_)) 
n m 

Now ker 'Y = {(O, r) E M : r = 7 s for some s E Z(7)} · Note that the function 

( : Z(7) --+ ker 'Y defined by ( : s f----1. 7 s is a group homomorphism. In fact, (is an 

isomorphism. Therefore, the finite group Q is a 7-group and consequently 7-local 

(see Proposition 3.4). Thus since we have a short exact sequence 

kerr --+ M --+ Q 

in which ker 'Y and Q are 7-local. Note that 1487 = 1 mod 343, and therefore ker 

/ < Z(M). Thus by Proposition 3.6 it follows that Mis 7-local. 0 
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We are now ready to give an example of a non-trivial localizing homomorphism 

>.: N ---t M of non-abelian groups. 

Example 4.4 Let N and M be the gr~mps defined in Proposition 4.2 and Propo

sition 4.3 respectively. We shall define a 7-localizing homomorphism>. : N ---t M . 

Let A1 : Z.9251 ---t Z343 be the epimorphism that converts a residue class mod 

9261 to a residue class .343. Such an epimorphism does exist since 9261 is a multiple 

of 343, and has kernel K is isomorphic to Z27• 

Let -\2 : Z ---t Z(7) be the inclusion map, whose cokernel C is an abelian torsion 

group having no elements of order 7. 

Let ,\: N ---t M be the funct ion defined by).: (x, n) i--+ (>.1(x), ,\2(n)). D 

In the following proposition we prove that >. 7-localizes N. 

Proposition 4.5 : The function ,\ N ---t M of Example 4.4 is a 7-localizing 

group homomorphism. 

Proof : The function >. is a homomorphism, since for any (x, n ), (y, m) E N, 

we have 

>.[(x,n)(y,m)] >.(x+v(n)y) ,n+m) 

>.(x + 148ny , n + m) 

(>.1(x + 148ny), >.2(n + m)) 
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..\(x, n)..\(y, m) - (..\1(x), A2(n))(..\1(Y), ..\2(m)) 

(..\1(x) + w(..\2(n)..\1(Y) , ..\2(n) + ..\2(m)) 

(..\1(x) + v(n)>. 1(y) , ..\2(n) + ..\2(m)) , because w o A2 = v 

(.X1(x) + 14gn>.1(y), ..\2(n) + ..\2(m)) 

(..\1(x + 148ny), ..\2(n + m)) 

Also, we note that ker ,\ = K, and so ,\ is 7-injective. Since ,\2 is 7-surjective it 

follows that also ,\ is 7-surjective. Thus ,\ is a 7-isomorphism. Finally, M is 7-local, 

and therefore ,\ is a 7-localizing homomorphism. 0 

For further details on the Mislin genera of groups sim.iliar to N above we refer to 

Hilton's paper [7]. These groups will receive more attention in the coming chapters. 
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Chapter 5 

THE HI~TON-MISLIN GROUP 

As a forerunner to the more generally defined non-cancellation group of a Xo-group 

(discussed in Chapter 6), in this chapter we briefly describe the Hilton-Mislin genus 

group of a nilpotent X0-group. We briefly describe the first examples of nilpotent 

groups with non-trivial genus groups. The groups in the given examples are meta

cyclic nilpotent X0-groups, similiar to the group N of the Example 4.4. We conclude 

the Chapter by quoting the important theorem of Warfield [25, Theorem 3.5) which 

connects genus, non-cancellation and finite images. 

Hilton and Mislin [9} defined an abelian group structure on the genus set Q(N) . 

This group structure facilitates the computation of the genus. Indeed many such 

computations have appeared since, for instance in [11) . Subsequent theorems which 

identify induced homomorphisms between genus groups, for instance in [28], further 

simplify and systematize the computation of genus sets. We utilize such methods in 

Chapter 7 when we perform some original calculations. 

A brief description of this group structure is given below, a synopsis from [9]. 
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5.1 The Hilton-Mislin genus group 

Let N be a finitely generated nilpotent group of which the commutator subgroup 

[N, N] is finite. 

Let Z(N) be the center of N, and Tz(N) the torsion subgroup of the center. 

Let n =I Tz(N) I. 
Define Zp(N) = {xn : x E Z(N)}. The group Zp(N) is called the free centre of 

N. Recall that for the nilpotent X0-group N, the Hirsch length of N is the rank of 

the torsion free quotient of the abelianization of N and is finite (see [19] for a more 

general definition of Hirsch length). 

Then Zp(N) < Z (N) and Zp(N) ~ .Z\ where h is t he Hirsch length of N. 

Lett= exp (Nab/Zp(Nab)), where Nab is the abelianization of the group N. 

Then N fits into the short exact sequence: 

If we let f be any endomorphism of .zh for which t he determinant det(f) is relatively 

prime to t, then there exists a group N1 which fits into the following commutative 

diagram 

zh ---t N ---t N/Zp(N) 

f .i .i !1 .i 

zh ---t N1 ---t N/Zp(N) 

where Ji is an isomorphism and then N1 E Q(N). Moreover, if g is another endo

morphism of zh such that det(g) ~ ± det(f) mod (t), then it can be proved (and 
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in the next chapter we shall be more explicit) that N9 ~ N1. 

In this way we obtain a surjective function J: z;/{1, -1}---+ Q(N) which induces 

a group structure on Q(N) with N as the neutral element. 

It is not hard to find examples of metacyclic groups with nontrivial Mislin gen

era, and we refer to groups of the type G( n; u ), which we define below. Such groups 

have been studied extensively with respect to genus, non-cancellation and finite quo

tients, e.g [7], [1], [2] and [26]. We now describe such groups. 

5.2 Computations 

We essentially summarize the computation by Hilton [7} of genera of metacyclic 

groups. For n, u E N, with gcd(n,u)= 1, then G(n;u) is the group as described in 

[6}. G(n;u) = (a,b I an= 1, b- 1ab =au). Also, G(n;u) happens to be isomorphic 

to the semidirect product Zn )<lw Z where w : Z ---+ Aut(Zn) is the action for which 

w(l) is the automorphism ti--+ ut of Zn· Moreover, if dis the multiplicative order 

of u in Z~, then G(n; u) ~ G(n; v ) ~ u ~ v mod d or uv '.:::'. 1 mod d. 

The group G ( n; u) is nil potent if and only if every prime di visor of n is a di visor of 

u - 1. If H is any finitely generated nilpotent group such that [H] E Q(G(n; u)), 

then it is shown that H ~ G( n; ua) for some a relatively prime to d. Also, G( n; u) ~ 

G(n;v) when uv = 1 mod n. Thus Q(G(n;u)) ~ Z;f/{1,-1}. 

The following is a specific example which illustrates the calculation of the genus 

group Q(G(n; u)) of a group of the type G(n; u) as described above. Sample com

putations can be found in Hilton's paper [7]. For convenience we include a similar 

example. 
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Example 5.3 : Choose N = G(20449 ; 144). 

The prime factorization of n = 20449 = 112 .132 and u = 11.13 + 1. 

Then, by [7], G(20449; 144) is nilpotent, since 11 and 13 is a divisor of 143. Also 

G(20449; 144) f'J Z20449 ><lw Z, where w : Z ---+ Aut(Z20449 ) is the action for which 

w(l) is the automorphism z i----+ 144 · z of Z20449. 

The the multiplicative order of u in Z20449 is 15. 

So Q(G(20449; 144)) ~ Zi5 /{1, - 1}. D 

For a group G, by J='( G) we denote the set of all isomorphism classes of finite 

quotient groups of G. 

The following theorem of R. Warfield allows us to draw comparisons between the 

genus set Q(N) and the non-cancellat ion sets x(N) and the finite quotient groups 

:F(N) of a group N. 

Theorem 5.4 : [25, Theorem 3.5]. Let N and M be finitely generated nilpo

tent groups having finite commutator subgroups. Then the following conditions are 

equivalent 

(a) N x Z ~ M x Z 

(b) For every prime p, the p-localizations of N and M are isomorphic. 

(c) F(N) = F(M). 

Through this theorem of Warfield, it is shown that for a nilpotent X0-group N, 

we have the Mislin genus coinciding with the non-cancellation set of N. This moti

vated the generalization of the Hilton-Mislin group structure in later works, such as 
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[27], and the work of O'Sullivan [16]. The more general analogue of the construction 

of this chapter is given in the next chapter, the non-cancellation group. 
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Chapter 6 

GROUPS 

In this chapter we consider the theory and methods that are employed to detect and 

describe non-cancellation in the class X0 of finitely generated groups having finite 

commutator subgroups. More particularly, we look at the theory needed, and we 

impose a group structure on the non-cancellation set x( G) of a X0-group. After 

considering the case of general X0-groups we shall specialize to the class JC of groups 

which are of the form T :>q F, where F is a finite rank free abelian group acting on a 

finite group T. For the class JC the computation of the non-cancellation group is sim

pler and more tractable. In the paper [9] of Hilton and Mislin, and in O'Sullivan's 

paper, [17), there are genus computations for groups which are not in the class 

JC, but otherwise all the calculations of non-cancellation groups are for JC-groups. 

Moreover, in most cases the JC-groups have abelian torsion subgroups. Exceptions 

where we have computations of x(G) for JC-groups G with Ta non-abelian, can be 

found in [8] , (29] and in (13]. In the final chapter of this mini-thesis we compute 

x( G) for G similar to those of [13]. In this chapter we prepare the theory to support 
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the forthcoming calculations. We also look at the non-cancellation groups of direct 

products of certain non-nilpotent groups. 

Throughout this chapter propositions and theorems will almost in every case be 

merely stated, mainly from [27], [29] and [28]. The group structure on x(G) is in 

terms of certain subgroups of G, more particularly, in terms of the indices of such 

subgroups. In this way we obtain a very nice surjective map Z~ --+ x( G), for some 

n E N, which induces the group structure on x( G). We now proceed with the detail. 

6.1 The group x( G) 

From Proposition 2.11 in Chapter 2 we know that if G is a finite group, then x( G) 

is trivial, i.e., has only one member, and is then trivially a group. Thus, we need 

only consider the case of infinite X0-groups G when describing the group structure 

on x(G). 

We associate with every X0-group Gan integer na which we define as follows: 

Let ni be the exponent of Ta, let n2 be the exponent of Aut(Ta) and let n3 be the ex

ponent of the torsion subgroup of the centre Z ( G) of G, and we define na = n1 n 2n3. 

Let X be the set of all natural numbers which are relatively prime to n0 . If G 

is infinite then for every x E X there is a subgroup Hx of G such that the index 

[G : Hx] of H in G is exactly x (see [27, Theorem 2.5]). By [27, Theorem 4.1] we 

have that for such a subgroup Hx x Z ~ G x Z, by [27, Theorem 4.3]. Such a 

subgroup Hx is unique up to isomorphism. Thus we obtain a well-defined function 

µ: X--+ x(G) by picking, for each x, µ(x) = [Hx], of a subgroup Hx of G such that 

[G : Hx] = x. By [27, Theorem 4.2], µ is surjective. Moreover, [27, Theorem 4.3] 
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implies that µ induces a well-defined function 

() : Z~/ {1 , -1} ----+ x( G) 

where n = na, and (} is surjective. Finally, by [27, Theorem 5.1] we have that for 

every r E x(G), o-1(r) is a coset of r E x(G). Thus() induces a bijection between 

x( G) and some quotient group of Z~, and we regard x( G) as a group via this in

duced bijection which is of course regarded to be an isomorphism. Moreover, for a 

nilpotent X0-group G, the groups x(G) and Q(G) coincides. Examples will be shown 

after we have discussed the special case of K-groups. 

6.2 Notation: (a) For a positive integer k, let K(k) be the class of all groups 

G which are semidirect products of the form G = T :>c1w zk, where T is a finite group 

and w : zk ----+ Aut(T) is an action of zk on T. Of course, in this case T =Ta. By 

K we mean the union of the classes K(k). 

(b) The subclass of all nilpotent groups in K is denoted by Knil· 

6.3 Definition 

The Priifer rank of an abelian group B is the least of the cardinalities of the gener

ating subsets of group B, and we shall write this as rank(B) (see Robinson's book 

[19, p.96] for instance). 

For the remainder of this chapter our groups will be of the form G = T :>clw zk, 
where Tis a finite group and w: zk --+ Aut(T) is the action of zk on T. 
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6.4 The group x(T '>4 w zk) 

We describe a simpler means of determining x( G) where G is assumed to be a specific 

K-group G = T '>4 wZ\ for some k E N and some homomorphism w : zk --+ Aut(T). 

Now let 

S = {t EN: rank(t Imw) < rank(Imw)}, 

where for the moment we regard the group Im w, which is of course commutative, as 

an additive group and t ·Im w means the set of all t-fold compositions a o a o · · · o a 

of elements a E Im w. If S = </>, i.e., if S is empty then G is abelian and x( G) 

is trivial. Thus we shall further assume that S is non-empty. Then S has a least 

number, which we shall denote by d. The number d can be obtained in the following 

way. For a finite abelian group B ( B = Im w in this case) there is an essentially 

unique way of writing Bas a direct sum of cyclic subgroups B = B1 x B2 x · · · x Br , 

with r as small as possible and such that IBil is a factor of IBi-t I Vi ~ 2 (see the 

book of Stewart and Tall [24]). Given such a decomposition for B = lrnw, then 

In [27) . it is proved that there is an epimorphism 

Z;i/{1, -1}--+ x(G). 

Note that if pis a prime then a group of the type G(p; u) is nilpotent if it is abelian, 

since for nilpotence we must have u - 1 mod p (see [7]). So it is easy now to find 

a non-nilpotent group of the type G(p; u) and calculate the non-cancellation group 

x(G(p;u)). 

Example 6.5 Let G = G(23; 2). Then the order of 2 in Z23 is 11. So G is 

of the form G = Z23 ><l w Z where Irnw is a cyclic group of order 11. Thus from 

[23, Theorem 3.8] we have 
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x(G) = zr1/{1, -1}. 

Computation of the non-cancellation groups is facilitated by existence of certain 

group homomorphisms 

x(G)-+ x(H) 

between X0-groups which arises from suitable homomorphisms between the groups 

G and H themselves. Such induced homomorphisms are discussed in [27], [13], [29] 

and [28). We cite here those which are required for our computation in Chapter 7. 

Theorem 6 .6 : ([13, Theorem 4]), Let H be a X0-group, and let n = n(H). Let F 

be a finite subgroup of H with the property that, given any embedding¢ : H -+ H 

such that [H : ¢( H)] is relatively prime to n, then ¢( F) = F. Then for subgroups 

K of H with [H : K] relatively prime ton, the association Ki-+ K / F defines an 

epimorphism "l: x(H) -+ x(H/ F). 

·Remark: We note in particular that if in Theorem 6.6 the subgroup F is a char

acteristic subgroup of the torsion radical TH of H, then the function "l : x(H) -+ 

x( H / F) is an epimorphism. This is because an embedding such as descibed in the 

theorem, induces an automorphism of TH, because I TH I is relatively prime to 

[H: ¢(H)). 

For Xo-groups G and Hand for groups K belonging to x(G), the rule Ki-+ K x H 

induces a well-defined function 

</>: x(G)-+ x(G x H). 

In fact we have the following theorem. 
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Theorem 6. 7 : ([27, Theorem 6.2]), Let G and H be X0-groups and suppose 

that G is infinite. Then the function 

</>: x(G) --1- x(G x H) 

is a surjective homomorphism of groups. 

Theorem 6 .8 : ([28, Theorem 4.1]), Let G be a X0-group and F is a charac-

teristic subgroup of the torsion subgroup of G x F . Then the induced epimorphism 

</> : x( G) ---+ x( G x F) is injective. 

We note in particular that while we always have an epimorphism 

x(G) --1- x(G x G) 

for every Xo-group, such an epimorphism is not always an isomorphism. Even for a 

nilpotent ,K: (lLgroup N it is possible that the group Q(N x N) may fail to be iso

morphic to Q(N). This problem was solved in the paper [12] by Hilton and Schuck. 

In greater generality for G of the form G(n; u) the comparison between x(G) and 

x( G x G) appears in [31]. One case we want to formulate in this regard is the 

following. 

Theorem 6.9 : [23, Theorem 3.9], Let G = T )<lw Z be a group in K such 

that the torsion subgroup T is cyclic of prime power order. Then for a :fixed positive 

integer n, the function which sends H E x( G) to Gn x H sets up an isomorphism 

x( G) ~ x( Gn+l ). 

38 



http://etd.uwc.ac.za/ 

The following theorem enables us to immediately produce examples. The theo

rem generalizes the main result of [4]. 

Theorem 6.10 : [23, Theorem 3.8], Let T be a finite abelian group and suppose 

G = T :><l w ~} is in K, such that the image Irnw of the action belongs to the center of 

Aut(T). Then 

(a) if k ~ rank(Irnw), then x(G) = 0 

(b) if k = rank(Irnw), then x(G) f"V Z;i/{1, -1}, 

where d is the least positive integer n such that the rank of m · Imw is strictly less 

than the rank of Imw. 

The relationship between localization and non-cancellation, beyond the scope of 

Warfield's theorem, is discussed in O'Sullivan's paper [16]. Calculations of non

cancellation groups appear in [6], [16] and [29]. 
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Chapter 7 

Most of the computation of non-cancellation groups so far, for example in [6), [27) 

and [16], has been for groups G for which the torsion radicals Ta are abelian. The 

groups arising in [13] and in [29] are basically the only cases of groups with non

abelian torsion subgroups for which the non-cancellation set has been calculated. In 

this section we compute the non-cancellation groups of a class of groups similar to 

those in [13}. We consider here a X0-group H that has a torsion radical which is a 

non-commutative, three-generator nilpotent (finite) group, T. 

The first part of this chapter is an exercise to analyze the structure of certain 

finite groups Tn,m· These finite groups will serve as the torsion radicals of a group 

H, for which we calculate x(H) and even, in cases, x(H x H). All of this work is 

independent. While the analysis of the group T may be a relatively routine exercise, 

eventually the computation of x(H x H) is a new contribution. 
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7.1 The groups T = Tn,m 

For any pair of natural numbers n, m let Tn,m be the group defined as follows. 

Tn,m = (x,y,z I xm = 1 = ym,[x,y] =Zn, znm = 1, [x,z] = 1 = [y,z]) 

We shall study a class of groups H of which the torsion radical T will be the group 

T = Tn,m, for some n, m E N. The groups H will be defined in item 7.5. For now 

we want to make a detailed study of these candidate torsion groups. The following 

two propositions are on t he structure of the groups Tn,m· 

Proposition 7.2 : The order of T is IT I= nm3
• 

Proof : Let Z = (z}, then Z <l T and 

T/Z = (x,y, z)/Z 

= (xZ, yZ), 

but (x) ~ Zm. 

Since [x, y] E Z it follows that the group T /Z is abelian and T /Z = (xZ, yZ). In 

fact T / Z ,......, xZ X y Z = Zm X Zm. 

(xZ, yZ) rv Zm X Zm 

so I (xZ,yZ) I m2 

hence ITI - m2 I z I 

- m 2 .mn 

- m3n. D 
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Proposition 7.3 : Every element g E T can be expressed as g = xay!3z'Y , for 

some a,/3,1 EN. Moreover, given such a g ET, then a is unique up to congruence 

modulo m, f3 is unique up to congruence modulo m, and I is unique up to congru

ence modulo mn. 

Proof : Note that in Proposition 7.2 it was shown that T/Z 

and (xZ) ~ (yZ) ~ Zm. 

Consider any element g ET. Then we have for gZ E T/Z that 

gZ - (xz)a.(yZ)b, for some a, b EN 

.'. g.1 

.'. 9 

xazc.ybzd, for some c, d E N 

xayb zc+d, since z commutes with x and y 

(xZ) EB (yZ), 

Suppose g can also be expressed as xayf3z'Y , for some a,/3,1 E N. Then for some 

element gZ of T/Z, we get 

Thus it follows that a = a (mod m) and f3 = a (mod m). Hence we can express 

gZ uniquely as gZ = xayf3 Z for 0 .:=:; a, /3 < m. 

Now g = xaybze = xayt3z'Y (where e = c + d). 

But then ze = z'Y 

therefore I= e mod mn. D 

We now identify some specific automorphisms of the group Tn,m· 
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Proposition 7.4: For fixed u,v EN, with gcd(u,mn) = 1 and gcd(v,m) = 1, 

define a function a : T --+ T by a : xayb zc --+ xayvb zuc. Then the function a is an 

automorphism if m I u - v. 

Proof : We show that a is well-defined: 

Let t 1 and t 2 be arbitrary elements of T, with t 1 - xayb zc and t 2 

some 0 :s; a, b, J, g :s; m and 0 :s; c, h :s; mn. 

Suppose t1 t2 

Then xaybzc - xfynzh 

Thus, xaybzc·(xf ynzh)-1 - 1 

so, xaybzc.z-hy-gx-f 1 

xaybzc-hy-gx-f 1 

xayb-gx-f zc-h 1, (*) 

(since x and y commute with z) 

Now, from the definition of T, we have 

Now [x, y] Zn 

=> x-1y-1xy Zn 

=> y-1xy xzn 

=> Y-lxay xazna' 
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(since x and z commute). 

Conjugating by y yields 

since y and z commute. 

Thus, inductively, conjugating by yb gives 

Y-bxayb - xaznab 

xayb ybxaznab 

ybxa - xaybz-nab. 

We return to the identity ( * ): 

Thus, 1 = a-J b-g nf(b-g) c-h x y z .z 

a- f b-g nf(b-g)+(c-h) x y z 

By Proposition 7.3 it follows that 

a-f 0 mod m, 

and b-g - 0 modm, 

i.e. a - f mod m and b=g (mod) m 

Also nf(b-g)+(c-h) - 0 (mod) nm 

but b-g - 0 (mod) m, 

and so c - h (mod) nm 
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In particular we have 

vb = vg mod m and uc = uh mod nm. 

so a is well-defined. 

We show that a is a homomorphism : For arbitrary elements ti and t2 in T, as 

above, we have 

a(ti · t2) = a (xaybzc.xfygzh). 

We calculate the product ti · t2: 

ti. t2 = (xaybzc.xfybzh) 

( xayb xf y9 zc+h), since x and y commute with z. 

(xaxf ybyg z-nfb+c+h) 

( xa+ f Yb+g zc+h-nfb). 

a( xa+ f yb+g zc+h-nfb) 

On the other hand, a(t1).a(t2) 
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Thus, u is a homomorphism if and only if for all a, b, c, f, g, h E N we have 

unfb = nv fb (mod mn). 

Now unfb nvfb (mod mn) 

<==> unfb - vnfb 0 (mod mn) 

-¢=:=}- (u - v)nfb - 0 (mod mn) 

-¢=::? (u - v)fb - 0 (mod m). 

Now the latter condition must hold in particular for f = b = 1. 

Thus u is a homomorphism if and only if m I u - v, and the latter is assumed. 

We show that a is injective: 

Suppose that O'(xaybzc) u(xfy9 zh). 

Then xayvbzuc _ xfyv9zuh. 

Consequently, vb vg (mod m) and uc= uh (mod mn) 

v(b- g) 0 (mod m) and u(c - h) = 0 (mod mn) 

b-g 0 (mod m) and (c-h)=O (mod mn) 

and so, b g (mod m) and c=h (mod mn). 

Thus, xaybzc xf ygzh. 
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So u is injective. Since u is injective and T is finite , it immediately follows that the 

self-map u of T is surjective. D 

Now that we have constructed some automorphisms of Tn,m we can define the class 

of groups for which we want to compute the non-cancellation group. 

7.5 The group H = Tn,m ><le Z 

Let m, n , u, v E N such that u is relatively prime to mn and v is relatively prime to 

m, and n I u - v. 

Let T = Tn,m be the group as defined above in this Chapter. 

Let ( be the action of Z on T such that ((1) is defined by the formula: 

((1): xaybz c i----7 xayvbzuc. Now let H(m,n,u,v) be the group 

H(m, n, u, v) = Tn,m ><le Z. 

Proposition 7.6 : Let m, n E N and let T be as defined in paragraph 7.1 . 

Then the subgroup F = { t E T : tm = 1} is a characteristic subgroup of T and 

T/F !:!:! Zn· 

Proof: Let a: T--+ T be an automorphism. Then [a(t)r = a(tm). 

Therefore, for every t E F , then a( t) E F. 

Thus F is a characteristic subgroup of T. 

Consider any k, l EN and suppose that 

(zF) k = (zF)1 

Then zk F = z1F, and so zk = z1f for some f E F , and then f = zk-l. 
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Now z(k-l)m = (zk-l)m = Jm = 1. 

Since the order of z is mn, it follows that n [ k - l. 

Therefore the elements 

zF, z2 F, z3 F, · · ·, zn F are all distinct, so IT/ F 1:;::: n. 

On the other hand x, y, zn E F, and by Proposition 7.3 it follows that I F I:;::: m3
• 

However by Proposition 7.2, I T I= m 3n, therefore I F I= m3 and I T / F I= n. 

Thus Tf F ,...., Zn. 

Proposition 7. 7 : Let H be the group as defined in 7.5 above, and let F 

be the characteristic subgroup of H defined in Proposition 7.6. Then 

(a) There is an epimorphism x(H) -+ x(Hf F). 

(b) x(H/ F ) = Zi/{1, -1} where J is the multiplicative order of u mod n. 

(c) there is an epimorphism z:/{1 , -1} -+ x(H), wheres is the lcm of d and 

d', and where dis the multiplicative order of u mod mn and d' is the multiplicative 

order of v m od m. 

Proof : (a) This follows by Theorem 6.6 (see the remark immediately after 

Theorem 6.6) since by Proposition 7.6 the subgroup F of Tis characteristic. 

(b) Note that T(H/F) '.::'.TH/ F"' Zn. 

Thus our assertion follows by Theorem 6.lO(b ). 

(c) For ( (as in paragraph 7.5), the element ((1) of Aut(T) has order s. So 

Im((),...., Zs, and therefore by [29, Theorem 2.6] we have the asserted epimorphism 

z:/{1, -1}-+ x(H). D 

Corollary 7 .8 : If in the notation of Proposition 7. 7 above, d = d and d is 

a multiple of d', then x(H) '.::'. x(Hf F). 
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Proof : Under the conditions of the corollary, in view of Proposition 7.7 (c), 

we haves= d. 

Thus from Proposition 7.7 (a) and (b) above, it follows that we have a sequence of 

epimorphisms 

Z;L/{1 , -1} ~ x(H) ~ x(H/ F) ~ Zj/{1 , -1}. 

Since d = d, the composition of these morphisms is an isomorphism. Since the 

groups in this sequence are finite, it follows that x(H) ,..., x(H/ F). D 

We give two examples, with (m,n) - 1 as well <IB with (m,n) =/:- 1, where the 

corollary is applicable. 

Example 7.9 

Take n = m = 11 and u = v = 3. Then for these choices the group H is de

fined. We calculate d, d and d'. The powers of 3 are 3, 9, 27, 81, 243, ... etc and we 

note that 243=2(11)2 +1i.e35 - 1(mod112
). Thus d = d = d' = 5 and so 

x(H)::::.x(H/F)~z;/±l~Z2. D 

Example 7 .10 

Taken= 11, m = 7, u = v = 6. The multiplicative order of u (mod 7) is 2, i.e, 

d' = 2. 
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A simple calculation shows that the multiplicative order of u mod 11 is 10, ie, 

d = 10 

and the multiplicative order of u mod 77 is 10, i.e, 

Thus d = d = 10 and d' I d. 

Therefore by Corollary 7 .8 it follows that 

x(H) ~ x(H/F) ~ Zio/{1,-1} '.::::'. Z2. D 

Even for a group G of the form G = Z 11 ~ µ Z it is not always the case that x( G) is 

isomorphic to x(G2). It was shown for such groups Gin [31] that if x(G) ~ x(G2
) 

then x( G) "' x( Gk) for all k E N and the groups which satisfy the latter condition 

were identified in terms of n and u. 

Our final result is on x( Hk) with certain conditions. 

Theorem 7.11 : If H and (resp.) F are as in paragraph 7.5 and (resp.) Propo

sition 7.6 above and x(H) '.::::'. x(H/ F) and x(H/ F) "' x[(H/ F)2], then for every 

k E N, we have x(H) '.::::'. x(Hk) "'x(H/ F)k ~ x(H/ F), where the index k denotes 

the k-th direct power. 

Proof : We know that Hf F "' G(n, u). We can assume that k 2'.: 2. It is shown 
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in [31] that the conditions on n and u which imply x[G(n,u)] ~ x([G(n,u)] 2
), will 

immediately imply x[G(n, u)] "' x([G(n, u)]k), for all k ~ 2. Thus we obtain an 

isomorphism 

b: x([G(n; u)]k) --+ x([G(n; u)] 2
). 

By Theorem 6. 7 there is an epimorphism 

Similarly to the proof of Proposition 7.6 it can be proved that pk is a character

istic subgroup of the torsion radical of Hk. Therefore by Theorem 6.6 we have an 

epimorphism 

Of course, since H / F ~ G( n; u) we have an isomorphism 

"Y: x([H/ F]k)--+ x([G(n; u)]k). 

Thus we obtain a sequence of homomorphisms as below, and in particular, they are 

all epimorphisms. 

Since by assumption the first and last group are isomorphic and are finite, it follows 

that each epimorphism in the above sequence is an isomorphism. This completes 

the proof. D 

If x( HI F) is not isomorphic to x( HI F x HI F) then it may be that x( H) fails 

to be isomorphic to x(H x H). Such a computation will be rather a substantial one. 

On the other hand, cases in which we do get an isomorphism 

x(H/F)--+ x(H/F x H/F) 
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can be deduced from [31]. We quote such a theorem. 

Let us suppose that na , nb , u are pairwise relatively prime positive integers, and 

let n = nanb. For i = {a, b} let di be the multiplicative order of u modulo ni and 

let/ be the greatest common divisor of da and db. 

Theorem 7.12 : [31, Theorem 3.1]. Let k be an integer bigger than 1. Suppose 

that x ([G(na; u)]k) ~ x(G(na; u)), x([G(nb; u)]k) ~ x(G(nb; u)) and I > 2. Then 

x([G(n; u)]k ) ~ x(G(n; u)). 

The condition x([G(na; u)]k) ~ x(G(na; u)) is known to hold when na is a prime 

power, see [23, Theorem 3.9]. 

Our final example illustrates Theorem 7.11. The calculation in the example, of 

the multiplicative orders modulo integers, was done in MAPLE and we attach the 

MAPLE worksheet. 

Example 7 .13 

Taken= 85 = 17.5, m = 17, u = 1022, and v = 2. 

Then we get d = d' = d = 8. So by Corollary 7.8 we have x(H) ~ x (H/ F). 

Now we apply Theorem 7.12 to the group G(85; 1022). 

Taking na = 17 and nb = 5 we get da = 8 and db = 4, so that / = 4 > 2 and 

therefore, for any k EN, by Theorem 7.12 we have: 
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x(G(85; 1022)) ~ x([G(85; 1022)]k). 

Thus Theorem 7.11 applies, and we have 

x(H) ~ x(Hk) ~ x(H/ F) ~ z;/{1, -1}. 
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MAPLE CALCULATION USED IN EXAMPLE 7.13 

1· > msolve({1022 An=l} ,1445) ;, 

I. 

r > msol.ve ( {1022"'n=l}, 85); 
i 
I 

I > msol.ve ( {1022"'n=l}, 17); 

l I> msolve({1022"'n=l} ,5); 

L 

[ > msol.ve ( {2An=l}, 17) ; 

[ > 

{ n = 8 _Zl~} 

{n=8_Zl-} 

{n = 4 Zl-} 

{n=8_Zl-} 
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