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Abstract

Faculty of Science

Department of Physics and Astronomy

Doctor of Philosophy

by Sheean Jolicoeur

Next-generation galaxy surveys will usher in-a new era of high precision cosmology.
They will increasingly rely on the galaxy| bispectrum |to provide improved constraints
on the key parameters of a cosmological model to percent level or even beyond. Hereby,
it is imperative to understand-the theory of the galaxy bispectrum to at least the same
level of precision. By this, we mean to include all the general relativistic projection
effects arising from observing ‘on' the! past"lightcone, which still remains a theoretical
challenge. This is because unlike the jgalaxy power spectrum, the galaxy bispectrum
requires these lightcone corrections at second-order. For the first time, this PhD project
looks at all the local relativistic lightcone effects in the galaxy bispectrum for a flat
Friedmann-Lemaitre-Robertson-Walker Universe, giving full details on the second-order
scalars, vectors and tensors. These lightcone effects are mostly Doppler and gravitational
potential contributions. The vector and tensor modes are induced at second order by
scalars. We focus on the squeezed shapes for the monopole of the galaxy bispectrum
because non-Gaussianity of the local form shows high signatures for these triangular
configurations. In the exact squeezed limit, the contributions from the vectors and
tensors vanish. These relativistic projection effects, if not included in the analysis of
observations, can be mistaken for primordial non-Gaussianity. For future surveys which
will probe equality scales and beyond, all the relativistic corrections will need to be

considered for an accurate measurement of primordial non-Gaussianity.
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Chapter 1

Introduction

1.1 The Big Bang model

The standard model of the expanding -Universe predicts a beginning (the ‘Big bang’),
13.8 Gyr ago, of infinite temperature and density. The Big Bang model provides success-
ful explanation for different-observed phenciena-in thie Universe e.g., the Hubble’s law,
large scale structure, Cosmic Microwave Background (CMB) radiation and abundance
of light elements. Despite of these, the Big Bang model has faced many problems for the
major reason that only a decelerating expansion of the Universe is possible for normal

matter. The two main problemsiare:

e Horizon problem: Opposite patches of the CMB sky have never been in casual
contact, according to the Big Bang model. Yet, the CMB we observe today is
statistically isotropic and by the Copernican principle, it is also homogeneous [1].
This shows that the different patches of the sky (10%° different regions [2]) ap-
peared to have had enough time to communicate with each other when the CMB

photons were emitted at the surface of last scattering.

A possible solution to the horizon problem will be to find a way to shrink the
comoving Hubble length, rg such that the particles could exchange information

with each other.

o Flatness problem: The spatial Universe today is within a very good approximation,
Euclidean i.e., it is flat [3]. However, according to the Big Bang model, this is
unlikely to be true for our old Universe since it can be shown that the total energy

density of matter, radiation and dark energy is related to the comoving Hubble

1
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Chapter 1. Introduction 2

radius as [1],
1—Q(t) ocr(t) , (1.1)

where we have set the speed of light, ¢ to 1. The comoving Hubble radius defines
that sphere whose expansion follows the Hubble flow. For all world models with
a big bang origin, 73 o ¢ near the big bang event [1] and this shows that |Q — 1]
must diverge with increasing time. Hence, the critical point at which 2 = 1 that
sets the condition for flatness is an unstable point [4]. Also, at the time of the Big
Bang Nucleosynthesis (BBN) the Universe was flat, with |2 — 1| ~ 10718 [5]. This
is based on extrapolating the CMB constraints to very early times, and is not an

independent measurement.

A possible way to address the flatness problem is to decrease ry at early time

so that the curvature decreases.

We have seen that the solution to the above two problems is to effectively find a way
to shrink the comoving Hubble-radins at early tinic-and then, to return the evolution
back to the standard Big Bang model. One such realization is done through the theory

of cosmic Inflation [6].

1.2 Inflation

Inflation is a brief period of accelerated expansion in early times of the Universe. It
aims at improving the explanation of the Big Bang theory on the primordial Universe.
There are several ways of defining inflation but, a more geometrical approach of writing

it is as follows [7],
dryg

a <0. (1.2)
It shows that the rate of change of the comoving Hubble radius is negative, which means
a decrease during inflation. This happens over a very short period of time where the
Universe undergoes an ultra rapid accelerated expansion. Then, any length scale mea-

surement in the Universe becomes very small relative to this expansion.

The most adopted model of inflation is the slow-roll inflation [8]. It predicts that infla-
tion cannot be an everlasting process. The accelerated expansion ceases when the kinetic
energy of the scalar (inflaton) field dominates its potential energy [9]. In addition to
addressing the horizon and flatness problems, inflation provides a natural mechanism for
generating the primordial perturbations that seed the CMB anisotropies and large-scale

structure formation.

http://etd.uwc.ac.za/



Chapter 1. Introduction 3

1.3 Structure formation in the Universe

The small and large scale structures e.g., stars, galaxies, galaxy clusters and cosmic
web, that we observe today have been formed through the gravitational amplification of
tiny matter density fluctuations generated at very early times in the Universe [10]. Fig-

ure 1.1 shows the distribution of galaxies in the Universe. With our large ground-based

ukl A"

FIGURE 1.1: The distribution of galaxies from spectroscopic redshift surveys (blue and
purple) and mock data constructed from cosmological simulations (red) (from [11]).

telescopes, we have been able to observe very distant galaxies and quasars aging ~ 12.8
billion years [12]. We also observe the CMB radiation which is a remnant of the early
stage of the Universe [13-16]. The epoch between CMB and the formation of the first
stars is called the cosmic Dark Ages [17].

http://etd.uwc.ac.za/



Chapter 1. Introduction 4

At the recombination epoch which happened ~ 300,000 years after the Big Bang event,
the first hydrogen atoms were formed and the CMB photons free-streamed through the
Universe. It then took a very long time before the first stars were born to terminate the
Dark Ages. They were the first sources of light and heavy elements that enabled the
formation of more complex bodies e.g., planets and galaxies. This is summarized below

in Figure 1.2.

Time Since 5 Major Events
Big Bang Since Big Bang
Humans
present observe
the cosmos.
stars,
galaxies
Era of and clusters
Galaxies (made of
atoms and
plasma)
1 billion First galaxies
years form.
b atoms and
plasma
Era of {stars begin
Atoms to farm) Atoms form;
photons
300,000 fly free and
years become
| p baézlkg_mu nd
plasma of radiation.
Era of hydrogen and -
Nuclei helium nuclgi Fusion
plus glectrons oeaseei-:
. normal
3 minutes profons, malter i
Era of neutrons T5%
Nucleosynthesis eleci_rons. hydrogen,
g Matter
0.001 seconds ' (antimatter rara) annihllates
[ ] elemeantary antimatter.

Particle particles

10 Era {antimatter common) Electramagnetic and
107" seconds ———— e ° weak forees become
Electroweak - ele_rnlentary distinet.
Era particles Strong force becomes
103 seconds - distinct, perhaps causing
: . inflation of universe

GUT Era elementary
10-43 saconds particles

Planck Era N

neutron — electron —_ antiproton P P
pROan — :ﬁ neutfing — _‘- antinemmntm antielectrons -éi::.w quarks o

FIGURE 1.2: The cosmic timeline (from [18]).

The characteristics of the primordial density perturbations are predicted from inflation
[19]. Most single-field inflationary models describe them as Gaussian random fields with

a nearly scale-invariant dimensionless power spectrum [20, 21],

Pe(l) = 4, (,ff) , (13)

where £ is the primordial curvature perturbation, k is the wavenumber and ng ~ 1 is the
spectral index. The perturbations lead to the formation of dark matter halos. The first

‘dark’ objects are very small dark matter halos that are formed at any mass scales by

http://etd.uwc.ac.za/



Chapter 1. Introduction 5

gravitational instability from density fluctuations [10]. Then the baryons are pulled in
by the strong gravitational force of the halos to form small clumps of baryonic matter.
Many of these clumps merge to form galaxies, which are drawn together by gravitation

to form galaxy clusters.

1.4 Signatures of non-Gaussianity in structure formation

Cosmic inflation which addresses the basic problems of the Big Bang theory has several
generic predictions on the nature of the density perturbations that seed the large scale

structures (LSS) [22]:

e They are frozen on superhorizon scales.

e They are nearly scale-invariant because the Fourier modes, k, experience nearly

the same expansion rate as they are stretched across the horizon.

e They are approximately Gaussian-in-the single-field slow-roll inflationary models
[23, 24].

CMB temperature anisotropy experiments and galaxy surveys are the best data sets to
test the above predictions—Fhe-primordial-perturbations are treated as Gaussian if their

statistical properties are fully explained by the power spectrum.

To learn more about the interaction details of the primordial perturbations and break
degeneracies among several models, we need to go beyond the power spectrum [22]. De-
viations from Gaussianity are therefore, encoded in the 3PCF and 4PCF namely, the
bispectrum and trispectrum respectively [25, 26]. A way of parameterizing the level of
non-Gaussianty is to expand the real space non-Gaussian primordial gravitational po-
tential, ®p, as a power series of the linear Gaussian gravitational potential, ¢, as follows
[27-29],

— Pp(z) = () + far (¢*(2) — (P*(@))) + ..., (1.4)

where the dimensionless parameter fni, sets the magnitude for the amount of non-
Gaussianity. Recent studies on primordial non-Gaussianity (PNG) contributions to cor-
relation functions have shown that they mimic the relativistic effects on large scales
[30-34]. This is illustrated for the case of the monopole of the galaxy power spectrum

in Figure 1.3 below.

http://etd.uwc.ac.za/



Chapter 1. Introduction 6

10° ¢ K, z=0.6, b=1.2 |
=
=
Q
s
= 10%
Se LTy —— Gaussian relativistic Pg(k) I . —— Gaussian relativistic Pg(k)
,
108 7 - - - f= 0147 + Kaiser(1987)] .~ ---f,= 0753 + Kaiser(1987)_
£ ’ b 3
E (R ERTERPRS Gaussian Kaiser (1987) S Gaussian Kaiser (1987)
I | | | |
105k K 2=1.3, b=1.7 _ 2=2.7, b=2.0
E H r E
=
<
Q
s
— 10%;
3
%_m —— Gaussian relativistic Pg(k) E =" Goussian relativistic Pg(k)
105k ---f,= 0.596 + Koiser(1987) T ---f, = 0.796 + Kaiser(1987)]
' ------ - Gaussign-Kgiser (1987 ':‘, e Gaussian Kaiser (1987) ]
0.0001 0.0010 0:0100 0:0001 0.0010 0.0100
wavenumber [h/Mpc] wavenumber [h/Mpc]

FiGUurRE 1.3: The Kaiser term constitutes the galaxy bias and RSD. fyr,+Kaiser
(dashed) mimics the Gaussian GR+Kaiser corrections (solid) on large scales for fnr, — 1
(from [32]).

1.5 The standard model of cosmology

1.5.1 Overview

In the standard model of cosmology, the fundamental assumption is that the Universe
is homogeneous and isotropic on sufficiently large scales (= 100 Mpc). This is known
as the Cosmological Principle and it is supported by ‘Occam’s razor’ hypothesis. This
hypothesis is used as a heuristic technique to set up theoretical models and imposes
that a good model is the one with the fewest assumptions. Therefore, it puts strong
constraints on the geometry of spacetime and the type of underlying matter field that
can describe the Universe on large scales. Among the constraints are two important

ones and they are [35]:

1. The Universe when averaged over sufficiently large scales is isotropic i.e., every

observable must be invariant under rotation on large scales.

2. All comoving observers experience the same history of the Universe i.e., they ob-

serve the same properties of averaged observables if they set their clocks suitably.

http://etd.uwc.ac.za/



Chapter 1. Introduction 7

This is known as a homogeneous Universe which implies that every observable

must be invariant under translation.

The first point above is observationally supported by the CMB where the averaged
temperature of the photons arriving from different parts of the sky is nearly the same
(Temp = 2.73 K) [36]. The second point is supported by the fact that we understand
the small angular scale Physics of the CMB using linear perturbations of a homogeneous

background.

1.5.2 The background Friedmann Universe

The only metric which satisfies the constraints of isotropy and homogeneity is the
Friedmann-Lemaitre-Robertson-Walker (FLRW) and it is given by [37],

_ dy?
ds” = —di® + a®(t) ( X+ Pd6 4 Psin? 6d¢2> : (1.5)

a2
where t is the cosmic timey-a is thersecale factor-which accounts for the background
expansion of the Universe, (x; @,¢) are the comoving radial and angular spherical co-
ordinates and K is the curvature parameter. The latter can take a positive, zero or a
negative value corresponding to a closed (spherical), flat or open (hyperbolic) Universe
respectively. The evolution of the seale factor is determined by solving the Einstein field
equations,

Gpl/ FiE, A.(_]m/ — 87TGT,LW ) (16)
where A is the cosmological constant. The Einstein tensor is defined as,

_ _ 1
G/“, = RNV — ig“VR s (17)

where RW and R are the Ricci tensor and Ricci scalar respectively. The Ricci tensor is

obtained from the Christoffel symbol f/\w/ as follows [38],

Rul’ = 8)\1:‘>\/“/ - &,f)‘/\u + fA)\UfJMV - f‘Ao.Vf‘o—)\‘u . (18)
The Christoffel symbol is related to metric tensor g,, as [36, 38],
A 1 ~Ao = — =
r w = 59 (augua + 81/gua - 8ag,uu) ) (19)

http://etd.uwc.ac.za/



Chapter 1. Introduction 3

and for the metric given in (1.5) the non-zero Christoffel symbols are found to be,

o, = 1—a—?(X2 , %%, = aax*,

V33 = aax?sin® 6, [y =T =P = g ;
1_1111:1_[{;;22 ; [y =—x(1-Kx%) ,

f133 = —X (1 — K)’(2) sin? 9 , f233 = —sinfcosb ,
[?,=T%,= i I3y =cotf . (1.10)

Then, the non-zero elements of the Ricci tensor can be calculated from (1.8) and they

are,
Roo = 3(H+H2> Rae T (g 2
00 — ) 11 — 1_ K}Zz CL2 ’
_ : 2K _ . 2K
Roy = a*¢? (H +3H? + 2) , R3s = Y% sin? 6 <H +3H? + 2> ., (1.11)
a a

where H = a/a is the Hubble parameter-and a-=.da/dt. The Ricci scalar is then

obtained as,
| : Jl| KF
R:6<H+2Hz+7> : (1.12)
a

The metric given in (1.5) admits a perfect fluid whose energy momentum tensor is given
by [38],
T;w = (ﬁ+ﬁ) Uuﬁu + D9 (1'13)

where we have absorbed the A term of (1.7) in 7),,. Here, U, is the 4-velocity vector
of the fluid and, p and p are the energy density and pressure. For a comoving observer,

U, = (—1,0) and we find that,

2

= — pa
TOO = ﬁv Tll - 1_1)7]{)22 )
Ty = pa’x” Ts3 = pa®x*sin® 0 . (1.14)

It is then easy to solve the Einstein field equations by using (1.10), (1.11) and (1.14)

and we obtain a system of equations for the evolution of the scale factor as,

_8Gp K
3 a?’
4nG

H?>+ H = —— (P+3p) . (1.16)

H? (1.15)

http://etd.uwc.ac.za/



Chapter 1. Introduction 9

Equation (1.15) is known as the Friedmann equation and (1.16) is the Raychaudhuri
equation. By assuming that matter in the Universe can be treated as a barotropic fluid,

then its equation of state (EoS) is given by [36, 38],
p=wp, (1.17)

where w is the EoS parameter. For a Universe dominated by:

e a non-relativistic matter, we have w = 0,
e a gas of relativistic particles, we have w = 1/3, and

e a cosmological constant, we have w = —1.

Therefore we can express (1.16) in terms of w as,

e
H2+H:—%(1+3qu)ﬁ. (1.18)

1.5.3 Conservation equations

The Bianchi identity requires that the|covariant divergence of the Einstein tensor van-
ishes i.e.,
Voo Gte=:0z, (1.19)

and from the Einstein field equations in (1.6) it implies that,
v, T" =0, (1.20)

which is the conservation of the energy-momentum tensor. The continuity equation is

then obtained by contracting (1.20) with U,. This yields the following equation,
p+O(1+w)p=0, (1.21)
where p = UV, p and © is the volume expansion rate given by,
0 =9,U"+1I",,U". (1.22)

For a comoving observer © = 3H and by using the Christoffel symbol given in (1.10) we
find that,
p+3H(1+w)p=0. (1.23)

http://etd.uwc.ac.za/



Chapter 1. Introduction 10

The other conservative equation is the Euler equation. We can re-express the energy-

momentum tensor in terms of the spatial tensor l_LM“ as follows,

T,% = pU,U0%+h,°p, (1.24)
where Blf“ = U, U+ 4,%. Then the Euler equation is obtained by contracting (1.20)

with l_zlf‘. This gives the following equation,
(1+w)pU* + h*V,p =0, (1.25)

where U is the 4-acceleration vector given by Ue = g V., U®. Because of isotropy
there can be no non-zero physical spatial vectors and this means that U and the spatial
gradient of the pressure, V,,p must both be zero. Therefore, (1.25) is identically satisfied
in a FLRW background. We summarize the solutions for the evolution of the scale factor
and energy density in different Universe scenarios with K = 0 in Table 1.1 below. They

are obtained by solving (1.15) and (1.23).

TABLE 1.1: Possible FLRW- Solutions for-eacli fluid deminating the energy budget of a
flat-Universe.

l A Tle() |
Radiation | 1/8 | la7* [[1/2
Matter ol [la3 11372
A - SOl

1.5.4 Dark energy and the cosmic acceleration

If there is only ordinary matter present in the Universe, then the expansion rate of
the cosmos is expected to slow down with time since gravitational interaction is attrac-
tive. However, this is not the case because the expansion rate is growing faster. This
is observationally supported from the measurement of luminosity distances of type Ia
supernovae (SNIa) which shows that the Universe is not only expanding but the expan-
sion is accelerating [39]. Many efforts are still being made to explain the nature of this
acceleration both observationally and theoretically using data from CMB measurements
down to galaxy surveys e.g., Baryon Acoustic Oscillation Spectroscopic Survey (BOSS)
[40] and Dark Energy Survey (DES) [41].

From the Raychaudhuri equation given in (1.18), the condition required for an acceler-

ated expansion is found to be when w < —1/3. Thus, a negative pressure,

1
p<—2p, (1.26)

http://etd.uwc.ac.za/
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is needed to create the acceleration. This violates the strong energy condition (SEC)
[42],
p+3p>0, (1.27)

but does not inhibit the causality for particle interactions. The cosmological constant,
A has effective w = —1 and is interpreted as a vacuum energy model for dark energy.
However, quantum field theory predicts a much larger amplitude for the vacuum energy
than is observed. If dark energy (DE) is no the cosmological constant, then w # —1 and
PDE is no longer constant. But there is also no satisfactory model for this dynamical
DE.

1.5.5 Distances in a flat FLRW Universe

In our Universe several fluids obeying different equation of states coexist and for the
current standard model of cosmology which is the Lambda Cold Dark Matter (ACDM)
model, dark energy is parametrized-by-A-and we can write the Friedmann equation

(1.15) as,
87C

o T(ﬁm s/ ﬁA) : (1.28)

where p,,, pr (photons and neutrinos), pa are the energy densities of matter (cold dark
matter + baryons), radiation and dark energy respectively. It is more convenient to
express (1.28) in terms of the dimensionless-density parameters,

e 87TG/7(,,;) (a)

Q(l)(a) = 3H2 (129)

where p(;) denotes the energy densities. Hence, we have the Friedmann equation ex-
pressed as,
1=0Q,,+Q, +Qp, (1.30)

or as,

H(a) = Hoy/Qunga= + Qrya + Q4 | (1.31)

where the dimensionless density parameters at present time are given by the Planck
data 2018: Q,,,, = 0.308, Q,, = 9.24 x 107°, Q,, = 0.692 and the Hubble constant,
Hy =67.8 kms™ ! Mpc™ = 100 h kms~ Mpc~! [43].

The comoving distance, ¥ between two comoving points is the distance measured along
the path joining the two points at a defined cosmological time ¢ divided by a(t). It re-
mains unchanged as the Universe expands because the comoving coordinates are frozen

on the background. The only distance which changes is the physical distance and it is
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Chapter 1. Introduction 12

written as,

D(t) = a(t)x . (1.32)

In Figure 1.4, we show a spacetime diagram where the vertical axis represents time and

the horizontal axis is 3-dimensional space. We consider a distant galaxy receding from

Time

An observer
on earth

.
\

Space

FIGURE 1.4: A worldline diagram showing light emitted by a distance galaxy from the
past lightcone reaching an ebserver on earth.

an observer on earth. It emits a ray of light at time . which reaches the observer at time
t,. We choose the unit of time such that the speed of light, ¢ is given by the gradient of
the inclined line (solid blue) at a fixed angle of 45° with respect to the horizontal axis.

In that case, if we consider a small element of the blue line we can write the following,

ady = —dt, (1.33)

o tadt
x= / alt) (1.34)

where we have set ¢ = 1. The motion of the galaxy induces a change in the wavelength

and therefore we obtain,

of the light ray reaching the observer at t,. We characterize this change by the redshift

Z and it is related to the scale factor as [38],

1+z:g%, (1.35)
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where ag is the scale factor defined at present time and is usually taken to be 1. Hence,

we can express (1.34) in terms of redshift and we obtain,

X(z) = L /2 dz (1.36)
o HE) "~ Jo Hor/Qme(1+2/)3 + Qg (14 2) 1+ Qp, '
The angular diameter distance, Da follows directly from (1.36) as [44, 45],
— X
Dp = . 1.
AT 1tz (1.37)

We show the numerical results below in Figure 1.5. The comoving distance, ¥ increases

14000 1800

1600
12000

1400
10000
1200

8000 1000

X/ Mpe

800

Dy / Mpe

6000
600
4000
400

2000
200

0
1073 1072 107! 100 10! 10? 10° o 102 107! 10° 10! 10? 10°

FIGURE 1.5: Left panel: The comoving distance, y plotted as a function of the back-
ground redshift zZ. Right panel: The angular diameter distance, Da and its maximum
value -occursat z~1.6.

sharply at low redshifts and gently asymptotes to‘a maximum at high redshifts. The
angular diameter distance, Dy has a maximum.in an FLRW background which shows

that it is possible to have objects with same D at two different redshifts.

1.5.6 Baryon Acoustic Oscillations

Baryon Acoustic Oscillations (BAO) are frozen relics of the early Universe at time of
decoupling. During that time, photons, protons and electrons were coupled by Thomson
scattering and the Coulomb interaction, behaving as a single fluid namely the primordial
plasma. When the Universe was sufficiently cooled down, the protons and electrons could
interact electromagnetically to form the first atoms i.e., neutral Hydrogen. The photons
could no longer interact with the electrons and therefore, could decouple from them
leaving a slight excess of baryonic matter at a fixed distance from the centre of each

dark matter clump as shown in Figure 1.6.

http://etd.uwc.ac.za/



Chapter 1. Introduction 14

FI1GURE 1.6: A ring of excess baryons around the lump of dark matter. It is also known
as the BAO ring. (from [46])

This distance is used as a standard ruler and corresponds to a specific scale rgap given
by,

=21 Mpc . (1.38)
2
This scale can also be expressed in termsjof an angular scale,

TBAO
DYl

dBho = (1.39)

For this particular scale of rgag, we-observe-the- BAO-features as:

1. a bump in the galaxy 2-Point Correlation function (2PCF) or,

2. wiggles in the galaxy power spectrum which is the Fourier transform of the 2PCF.

We show the results in Figure 1.7. For the case of the CMB angular power spectrum,

0.20 100

0.15
10°

0.10

10!

P, /Mpc®

0.05

10%
0.00

-0.05 10?
40 60 80 100 120 140 160 180 200 10 107 102 107! 100
r/Mpch! k/Mpe ™!

FicUure 1.7: Left panel: The galaxy 2PCF with the BAO bump at rgao =

105h~ Mpec. Right panel: The galaxy power spectrum with the first BAO peak

occurring at kgao ~ 0.03 Mpc~!. Both plots are at z = 0 and the linear galaxy bias
b1 has been taken to be 1.0.
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the first BAO peak is observed at 6ga0 ~ 0.6° as shown in Figure 1.8.

Angular scale
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FIGURE 1.8: The angular power spectrum of the CMB (from [47]).

1.6 Perturbation-theory

1.6.1 Overview

Cosmological perturbation-theory-is-starting-to-take-a‘new kind of interest. Linear or
first-order theory is still actively used in the field of research, though now the focus is
aiming towards higher order or even fully non-linear theory. This is because we have
been able to greatly improve .our data sets with the!latest engineering at our disposal.
At the beginning, linear theory or the power spectrum was sufficient to describe the ob-
servables in the Universe but, at present the data are such that higher order observables

e.g., the bispectrum is possible to be compared to theoretical predictions [48].

Perturbation theory can be illustrated by using an example for which we define the
full metric tensor, g, in the standard model of cosmology. We assume that we can

approximate g,,, by a Taylor expansion,
_ 1
Guv = v + 095 + §5g§3) o (1.40)

where g, is the background FLRW metric given in (1.5) and the remaining terms are

treated as perturbations. To zeroth-order we have,

Juv = Guv (141)
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and to first-order,

G = Guv + 59,(}) . (1.42)

Therefore, with the approximation of (1.40) we are going to solve the Einstein field
equations given by (1.6), to obtain solutions at the required order of perturbations we

wish to work with.

This is not quite a straightforward calculation because perturbations of the metric
implies perturbations of the energy-momentum tensor, Christoffel symbols and Ricci
tensor. These will involve terms at different orders and also, they will require raising or
lowering indices at several stages of the calculation. We do not have any problem for
the zeroth- and first-order calculations but, at higher orders the steps are complicated
and therefore, the choice of a gauge for the metric becomes important. For this reason,
we restrict our choice to the Poisson gauge. The most general metric for a perturbed
FLRW Universe, allowing the evolution of gravitational waves and induced vector modes

is written as [49, 50],

— _ 1 o
ds? = a? [—(1+ 20) At (b =20 ) yrjdm dad =2wida’ dn + ihijdmzdz]] , (1.43)
2 NP N

tensor part

scalar part vector part

where 7 is the conformal time and is related to the cosmic time as, adn = dt [38]. The

vector and tensor parts are-later-considered in-Chapter.2.

1.6.2 Linear scalar perturbation theory
1.6.2.1 Derivation of Einstein field equations
We start with the metric,
ds? = a®[ = (1 + 2®@)dn* + (1 — 2V)8;;da’da’] | (1.44)

where we now admit that the Bardeen potentials ® and ¥ are at first-order. Hence, we
omit the superscript (1) and will continue to do so except when there is ambiguity. By

using (1.9) we find that the non-zero Christoffel symbols are,

FOOO =H+ P s POO@' =09,
Iy =090;® , [0 =[H— W —2H(V + )] 6 ,
=M=V, T =-20,000 + 66" O, (1.45)
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where ' denotes the derivative with respect to 7 and H is the conformal Hubble parameter

given by H = a’/a = aH. Then, the Friedmann equation as given by (1.28) becomes,

8rGa? _ a?A
= 3 (pm + pr) +—, (146)

2
e 3

where A = 87Gpy. The Raychaudhuri equation (1.18) becomes,

B 2 a’A\
(pm + 3,07“> + 7 . (1'47)

7 47 Ga?

I __
= 3

Using (1.45) in (1.8) leads to the following non-zero elements of the Ricci tensor,

Ry = —3H + V>0 +3H(®' + ') 430", (1.48)

Ry = 20,0+ 2HO;® (1.49)

Ry = [H +2MH> — U+ VU = 2(H 4+ 2H*)(® + V) — HE' — 5HV']
+0;0;(V — ®) . (1.50)

The Ricci scalar is then obtained-as,

R= — [6(H +H?) 2V A520 = A2 H?) 0 — 60" — GH(D +30)] .
a

(1.51)
For the perturbed 4-velocity vector we write,
1 i
Ot B @ F&R y ), (1.52)
@
where the peculiar velocity v* is curl-free sich that,
vt =0 . (1.53)
We use the normalizing condition for time-like particles, g, U*U" = —1 [38] to obtain
this useful relation,
¥=—-. (1.54)
By defining the following perturbations for the energy density and pressure,
p=p+dp, p=p+dp, (1.55)
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and using the result for U#, we find that the perturbed energy-momentum tensor 7},

of (1.13) gives the following non-zero components,

Too = a*(p+2%p+dp), (1.56)
Toi = —a2(ﬁ+ﬁ)vi R (1.57)
T;; = d*(p+p—2¥p)si; . (1.58)

Implementing (1.48)-(1.51) and (1.56)-(1.58) in the Einstein field equations gives the

following set of linear scalar perturbation equations,

VAU - 3H(V +HP) = 4nGa*Sp, (1.59)
UV +HS = —4nGad*(p+p)v, (1.60)
U 4 2HY + HD + 2H + H?)® = 4nGa®dp, (1.61)
9;0;(¥ —®) = 0, (1.62)
where in the last equation we find-that,
T =&, (1.63)

because we have assumed zero anisotropic stress in the energy-momentum tensor.

1.6.2.2 Perturbed conservation equations

Following the argumentpresented on 'the background conservation equations in Sec-
tion 1.5, we perform a similar derivation for the perturbed energy-momentum tensor

T),,. The energy conservation equation is written as,
V. Th, = 8,TH, + T, T% -7, T =0. (1.64)

Since (1.56)-(1.58) give the non-zero components of the energy-momentum tensor in the

form of T, 3, we can use the metric given by (1.44) to raise the index and finally obtain,
T =—(p+6p), T%=(p+pow, T;=({p+p)d;. (1.65)
We then use (1.65) in (1.64) to derive the following set of equations,

5p' + 3H(5p + dp) = (p+p) [30 — V] , (1.66)
[(p+D)v]) + 4H(p + p)oY) = —[op+ (5 + p)®] . (1.67)

To obtain the first equation we have:
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e expressed the continuity equation (1.23) in conformal form i.e.,
p+3H(p+p) =0, (1.68)

and used it to eliminate the background contribution.

e used V2 = 9;0'.

The left hand side of (1.66) is similar to that of (1.68). It is the perturbed version of the
continuity equation with a source term that depends on the potential ¥/ and peculiar
velocity V2o, The perturbed Euler equation is given by (1.67) and it shows that the
driving mechanism for the peculiar velocity depends on the pressure perturbation dp

and a gravitational potential term ®.

1.6.2.3 Growth in ACDM model

We are going to focus at-late-times in the-Universe.where the radiation density is
negligible as compared to the dark matter and dark energy densities. This is illustrated

in Figure 1.9. It shows the different era of the Universe starting from radiation to matter

16[ T T T T ]
10 b i -
2.00 > £l ’,’
150 Dark energy = P
domination - e e
TW™ 3501 Gyrs - y
12 (3.5 yIs) 7 . //
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SL L |
10 /
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0z s
@) -
104 e L 4 Radiation
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7 ,
/ e Dark energy
1 |-
|
Matter domination Radiation domination|
L’ (10.310 Gyrs) (51.173 Kyrs)
1074 . . . ‘ 5
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z+1

FIGURE 1.9: The dimensionless energy densities as a function of redshift (from [51]).

dominance and then lately, dark energy takes over. We hereafter neglect the radiation
contribution i.e., p, = dp, = 0 and also, dpp = 0 because its energy density is constant
through time (no perturbations). Hence, we have only perturbations in dark matter and

we define the Poisson dark matter density contrast as,

0pm
6= 1.69
Pm (1.69)
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We also introduce the adiabatic acoustic speed ¢, as [52, 53],

=/
2 pm 5pm
C = —-— = 5 1.70
C P Opm (1.70)

where in the last equality we assume adiabatic perturbations. We can use (1.69), (1.70)
and the definition of the EoS parameter w given in (1.17) to write the set of linear

perturbation equations as,

V20 - 3H(V +HP) = 47nGa?pmd , (1.71)
V4 HS = —4nGap(1+w)v, (1.72)
U 4 2HY +HE + 2H +H)® = 4nGa*c2pmd , (1.73)
v o= B, (1.74)
and the perturbed conservation equations as,
& + 3H(2 —wyd==__(1 +w)[30' — V?v] , (1.75)
[m (1 Yol =2 prd—=—prr{ i) [ + 4Hv] . (1.76)

In ACDM model, dark matter particles are treated as cold particles i.e., they are
practically at rest (non-interacting) and therefore, exert no pressure. This leads to

Ca = W = Py, = 0pyy, = 0 and thus! (1.71)-(1.76) become,

VAU LMW TAD) = 4nGa?pnd (1.77)

U+ HD, =1 —47Ga v (1.78)

U 4 2HY +HO + 2H +HP) = 0, (1.79)
v o= B, (1.80)

s = 30 -V, (1.81)

oW = . (1.82)

Using (1.77), (1.78), (1.80) and the definition of ,, as given by (1.29) we can show the
following,
V2 = gam# (6 — 3Ho] | (1.83)

where the term in the square bracket is the comoving dark matter overdensity, ¢ which

is described in detail in Chapter 2. Hence we obtain the Poisson equation,

V3o = §QmH2ac _3

= O 0H26c . 1.84
9 5 tmoHodc (1.84)
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The perturbation ® evolves through both time and space i.e., ® = ®(a,x). To describe

its time evolution, we define the linear growth suppression function [54, 55],

Dy @
it (1.85)

which is normalized at time of decoupling i.e., a = aq ~ 1073. In Fourier space, (1.84)
reads as,
2 3 2
~ K% = —QuoH{dc . (1.86)
a

This is discussed in more detail in Chapter 3. At decoupling,

3
— kK*®q = ——QoHgdc, - (1.87)
2aq
Dividing (1.86) by (1.87) yields,
o dc
aq)d ad(st & (1.88)

We can then define a linear grewth-finctionfor-the comoving dark matter overdensity

as,

0
T (1.89)
Ocy
such that in ACDM,
De—>D~ (1.90)

The matter growth function or growthifactor, D, déscribes the linear growth of matter
perturbations after matter-radiation equality [55]. We use the word “suppression” for
Dg /a because of the A term which causes ® to decay. For 0, A slows down the growth

since it inhibits clustering.

We begin with time evolution equation of the Bardeen potentials ¥ and ® given by
(1.79). The condition for zero anisotropic stress is set by (1.80) and hence, we write
(1.79) as,

" 4+ 3HD + (2H + HHD =0. (1.91)

Using the Friedmann and Raychaudhuri equations as given in (1.46) and (1.47) respec-

tively, with p, = 0 since we are neglecting radiation, we can show that,

2H 4+ H* = a’A (1.92)
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and therefore (1.91) becomes,

"+ 3HD + d®AD =0. (1.93)

damping term

We can derive these useful relations,

d d 2, ,d? , 1\ d
L _mE R, SV2 e 1+ 2] & 1.94
a a?—lda, P a?—[da2+a7-[ < +7—[2> I (1.94)
and use them in (1.93) to show,
d?¢ 1 H\de A
—+ -4+ ) —+52=0. 1.95
da2+a<+7{2>da+7{2 (1.95)

We now use the definition for the gravitational growth function given in (1.85) to finally

obtain,

da? a

2

= 0, Dp =0 (1.96)

d?Ds 3 ) Q) dDs 3
da 2a2

In deriving (1.96) we haye-done-thefollowing:

e Starting with (1.46) and (1.47), we have re-written 7’ in terms of H? by using the
definition of Q,,, given in (1.29). [This gives,

H = (1 = ng> H2.. (1.97)

e We have used the definition of O, given by (1.29) and the dimensionless Friedmann
equation at late times,

1=0Q,,+0Qx. (1.98)
Since Dg = D, we therefore have,

d2D 3<1 Qm>dD 3
2

a da 242

— QD =0. 1.
w Ty 0 (1.99)

We initialize (1.99) at time of decoupling i.e., aqg = 1073. For an Einstein-de Sitter
(EdS) Universe, €2, = 1 and €, = Qp = 0. Therefore, the gravitational potential & is
a constant through time i.e., ® = &4 such that by (1.85),

4D EdS)
DS =4 and —L—=1. (1.100)

The relation Dg = D is still valid for the EAS Universe and this implies that,

dD(EdS)

DES) _ and
da

=1. (1.101)
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The initial conditions for finding the solution to (1.99) are then,

d.D(EdS)
DF® —qy  and F—| =1. (1.102)
da |4
We show the result of the numerical integration below in Figure 1.10. Matter clumps
together because of gravity and since dark energy competes against clustering at late

times, D is suppressed. This effect is captured by the deviation of the ACDM curve
from the EdS curve.

1.0

--- EdS .
— ACDM e

0.8 7

0.6 .

04 -

0.2 ¢

0.0

0.0 0:2 0:4 0.6 0.8 1.0

a

FIGURE 1.10: The time evolution 'of the matter/growth: factor for EdS (dashed) and
ACDM (solid). The effect of A supresses D at late times (a — 1).

It is helpful to convert the second-order differential equation for D into a first-order

equation for the linear growth rate, f, which is defined as [56],

_ dIndc

= . 1.1
/ dlna (1.103)
Since d¢ is proportional to D (see (1.89)), we can show that (1.103) becomes,
dlnD adD
= = —— 1.104
/ dlne D da (1.104)

The above definition leads to the following,

af _f f* adD
L= tpan (1.105)
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Using (1.104) and (1.105) in (1.99), we obtain the first-order equation for f as,

df

1 3
2 Ly _2q, =
o T 5 (4= 30m) f = S =0 (1.106)

The above result is consistent with [56, 57]. The initial condition is given by considering

the EdS Universe and by (1.101), we find that (1.104) leads to,
FEdS) — (1.107)

An analytical solution to (1.106) does exist and can be found in [56, 58, 59]. We introduce

a new parameter, -y, which is the growth index and relates to f as,

fla) = [Un(a)]” . (1.108)

This parameterization provides a very good fit to the numerical solution of (1.106) for
the ACDM model when v ~ 0.55 [58, 60]. This is shown in Figure 1.11.
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FIGURE 1.11: The linear growth rate f for EAS (dashed) and ACDM (solid blue). The
analytical approximation with v = 0.55 is shown as the black curve. The effect of A
suppresses f at late times.

1.6.3 Second-order scalar perturbations in ACDM

The derivation of the Einstein field equations at second-order is not as easy as that of

the first-order. The scalar second-order terms split into two parts:

e The intrinsic second-order terms e.g., @ v @ and others.
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e The quadratic first-order terms e.g., ®2, U2, v2, &, U6 and many other possible

combinations.

Then we can write the second-order Einstein field equations as,

G + Gl =8rGTY) (1.109)

where G,(fl,) is the Einstein tensor for the intrinsic second-order terms and GLIV is for the

quadratic first-order terms. We still work in the Poisson gauge with the FLRW metric,
ds® = a?[ — (14 2@ + 0@)dn? + (1 — 20 + ¥P)5;;da'da?] | (1.110)

where we maintain the condition of zero anisotropic stress in the first-order scalar per-

turbations i.e., ® = W. The non-zero components of G/(?,,) and GLIV are then [61],

G = —;12 [— 61T +2v20@ _ 6720)] | (1.111)
GQ = %[2@\1@’ 90,07 (1.112)
¢ = 0w 2 ey (1.113)
G = alz{aiak(xp@) — a5+ UL V2@ 4 aye®’

IR G2 H T+ HOD D v2q><2>}5ij} , (1.114)
Gl = % [30;0"® + 3(0") ¥ soV2al 121287] (1.115)
Gl = %[4’;{@0@ — 9'0;2], (1.116)
Gy = % (@0 D + 4007 D'] 65 (1.117)
Gl = 32{ [0;20"® + 200,0°®]6,1, — [30,P0"® + 40V>D + (9')°

+8HPD' + 4(2H' + H?)D?] 5ij} . (1.118)

Since we are considering ACDM, the second-order pressure perturbation, dp(2 = 0.
For the peculiar velocity we have,

v =0 <v + ;v@)) . (1.119)
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The energy-momentum tensor then gives,

T = —2pmdvdv —pP (1.120)
TS = pm[00® —2001] +26pm0;0 (1.121)
T = = | (@0® — 60070) + 260,05 . (1.122)
T = 2p,000" 08 . (1.123)

Implementing (1.111)-(1.118) and (1.120)-(1.123) in (1.109) leads to the following set of

second-order scalar perturbation equations,

3HUP — v20@ 4 37202 — 39,000 — 3(®)” + 8BV2D — 12H20% = S, , (1.124)
20,02 4 219,02 — 121D, + 45, — 49'0,;d = S; , (1.125)
[8;0F (0 — &) + 4(0;205® + 299;0°9") ;1. = Sij , (1.126)
0:0F (T — @)y, + 20" — v20@ 4 apyw®’ 4 235@)’
+202H + 1) o®) £ V2R) 4+ 4]9,00"0 + 200,058 ] 5
—2[30), B0 BAADVED (D) 4 SHED 4 (2H + H2)D?] = Sy, (1.127)

where,

So = 87TGCLQﬁm [aivﬁiv — 5(2)} | 9, 1 167rGazﬁm8iv8kv7jk ,
S; = —8n1Ga®p,, [58{0 + (97;'0(2)} , S| = 16%Ga2ﬁm8iv8kv’yik . (1.128)

In Sy we have introduced the second-order Poisson. dark matter overdensity, 62 =
5p,(13)/ﬁm. The results of (1.124)-(1.127) are consistent with [61, 62]. From (1.126) we
can see that,

®? £ ¢®@ (1.129)

1.6.4 Solutions to the Einstein field equations

The solutions to the Einstein field equations both at linear and non-linear orders are
usually given in Fourier space. This is because Fourier analysis provides an easy platform
to solve the perturbation equations. If we refer to the first- and second-order perturba-
tion equations given by (1.77)-(1.82) and (1.124)-(1.127) respectively, we find that the
evolution equations for the Bardeen potentials are written in terms of the dark matter

overdensity, 6(™, and velocity potential, v(™), where n is the order of the perturbations.
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In Fourier space, these quantities have perturbative solutions [28, 63, 64],

5 (k) = Z/ e dk” 1/dk 6P (ke + .. + ki — k) Fo (K, oK)

63 (1, k1)) (1, ka)...68 (n, k), (1.130)

0™ (n, k) = ’HfZ/ dkl . dk” 1/dk Pk + ... + kyp — k)Gp(k1, ..., k)

><58) (n, kl)éél) (n, kz)---éél) (n,kn),
(1.131)

where (") = V. v(")(z) is the velocity divergence and 6P is the Dirac-delta function.
F,, and G,, are known as the Fourier kernels. More details on Fourier calculations are

presented in Chapter 3.

Once we have (1.130) and (1.131), we.can obtain the Fourier solutions for ®(™ and

U™ which are used to comptbe-their N-pomt corielation functions.

1.7 Cosmology with the Square Kilometre Array

The Square Kilometre Array (SKA ) will be the world’s largest radio telescope project to
be built in South Africa and*Western Australia. It willthave a collecting area of nearly a
million square metres. The pre-construction phase has already started in 2012 and the
main bulk of the SKA will be done in two phases. For the SKA phase 1, Australia will
operate on approximately 130,000 low frequency antennas and South Africa will host
200 dishes among which will be the 64 dishes of the Karoo Array Telescope (MeerKAT)
precursor telescope. This will constitute ~ 10% of the total collecting area at low and
mid frequencies and will be operational by 2023. For the SKA phase 2, all the low and
mid frequency arrays will be completed across both South Africa and Australia and will

be fully operational by 2030.

1.7.1 BAO constraints

The SKA HI (neutral atomic Hydrogen) redshift galaxy survey will measure the BAO in
both the radial and transverse directions over a very large volume of the sky. The radial
measurements will probe the expansion rate of the Universe as a function of redshift
and therefore we will be capable of constraining the Hubble parameter, H(z). This will

allow us to obtain key information on the energy content of the Universe and hence,
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the nature of dark energy. The transverse measurements will enable us to measure the
angular diameter distance, Da accurately which we can use to produce good estimates
of distances in the Universe [65]. The predictions on the expansion rate and angular

diameter distance are shown in Figure 1.12.
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F1GURE 1.12: Forecasts on the expansion rate and angular diameter distance. SKA
phase 2 will provide the best constraints for-both-quantities up to z ~ 1.4 with a
fractional error of < 1%. (from [65])

1.7.2 Redshift space distortion

We are confronted to several competing theories of dark energy which are degenerate in
their explanation of the late time cosmic acceleration. It is possible to break these de-
generacies by looking at the growth of structures predicted by these models. The study
of the peculiar motion of the galaxies is the ideal candidate to understand gravitational
collapse and hence the formation of structure. The name given to the effect due to the
peculiar motion of the galaxies is redshift space distortion (RSD) where the positions of
the galaxies are “shifted” or more precisely, the distribution of galaxies along the line of
sight appears to be squashed. This effect will modify the shape of the galaxy correla-
tion function (or power spectrum). If we are able to measure the effect of the peculiar
velocities of the galaxies, we can put constraint on the various dark energy models by

looking at the changes in the shape of the correlation function [65].

This method to probe the nature of dark energy from RSD constraints is to extract
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the growth rate parameter, f which is the logarithmic derivative of the matter overden-
sity with respect to the scale factor (see (1.103)). This can be done by expanding the
redshift space galaxy 2PCF into multipole moments using the Legendre polynomials [66].
The growth rate parameter can then be obtained from the monopole and quadrupole.
Using the 2PCF or power spectrum requires us to assume a background cosmological
model, leading to errors. We cannot measure galaxy clustering but we can measure
galaxy redshifts and angles to infer their distances. Therefore, a wrong cosmological
model will lead to incorrect estimates of the distances. The information that we will
then retrieve from the galaxy clusters will be inaccurate. This is the Alcock-Paczynski
(AP) effect [65, 67]. The AP effect can weaken the constraints that one can obtain from
RSD measurements but, by measuring its amplitude we may calculate the AP factor,
F which is related to the ratio of the transverse to radial distances. The forecasts for f

and F' are shown in Figure 1.13.
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FIGURE 1.13: Forecasts on the AP factor, F' and the observable growth rate parameter,

fos which is the linear growth rate f(z) multiplied by the normalisation of the power

spectrum, og. Again, SKA phase 2 will provide the best constraints for both quantities
up to z ~ 1.4 with a fractional error of < 1%. (from [65])

1.7.3 Testing General Relativity and Modified Gravity
With the SKA HI surveys we will be able to put constraint on the EoS parameter, w

for dark energy. ACDM predicts that w = —1 for dark energy and any departure from

this value will indicate [65]:

http://etd.uwc.ac.za/



Chapter 1. Introduction 30

e dynamical dark energy or,

e failure of GR

For a dynamical model of dark energy the parameter, w is usually parameterized as [68],
w(a) = wp + we(l —a), (1.132)

where in ACDM, wy = —1 and w, = 0. Also, a scale-independent linear growth rate f

can be parameterized as [56, 58, 59],

fla) = [Qm(a)]”, (1.133)

where for ACDM, ~ = 0.554 and for standard dynamical DE models, v is close to this
value. Theories of Modified Gravity (MG) predict different values for v and therefore,
by putting constraint on it we can test GR. The predictions for w,, wg and v are shown

below in Figure 1.14.
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FIGURE 1.14: Left panel: Constraints on dark energy EoS parameters w, and wy.
Right panel: Constraints on wqy and . SKA phase 2 will be far more powerful than the
Euclid galaxy survey. (from [68])

1.7.4 HI intensity mapping

HI intensity mapping (IM) after reionization is a new technique of mapping large-scale
structure (LSS) of the Universe using the integrated 21 c¢cm emission from HI gas in
galaxies, without trying to detect individual galaxies. In this method, we do not require
high resolution because we create a map of the Universe by measuring the intensity
of the redshifted 21 cm line over a range of redshifts without the need to resolve the
individual galaxies [69]. SKA phase 1 will be able to generate HI maps out to redshift

z ~ 3 for a great fraction of the sky. The scales at which we will focus will be the
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BAO scale and large scales past the equality peak (keq ~ 0.01 Mpc~1). The large scale
IM measurements will be important for detecting primordial non-Gaussianity (PNG).
Putting strong constraints on PNG will help to rule out a large number of the existing

models of inflation.

1.8 Thesis outline

The structure of the thesis is as follows:

e Chapter 1 is a condensed introductory chapter on the background of cosmology.
It gives a full derivation on the FLRW background Universe. It also shows the
details on the first- and second-order perturbation theory in the ACDM model. In

the end, it summarizes the relevant scientific goals of the SKA.

e Chapter 2 is on the theory of the galaxy number counts. It shows a full explanation
on the first- and second-order-perturbation theory in the galaxy number count
fluctuations, taking finto account all the local scalars, vectors and tensors. The

initial condition for the primordial gravitational potential is Gaussian.

e Chapter 3 is on Fourier space. It has a full explanation on the geometry of the
galaxy bispectrum and-derives-the-first——and-second-order Fourier kernels for the

relativistic lightcone projection effects given in Chapter 2.

e Chapter 4 shows the numerical analysis of the galaxy bispectrum, starting with
the scalars, and building towards a more general case i.e. including the vectors

and tensors.

e Chapter 5 is on primordial non-Gaussianity. It looks at the effect of fyr, in the

Newtonian as well as the full local relativistic galaxy bispectrum.

e Chapter 6 is on the conclusion. It summarizes all the key findings of the project
and the assumptions we have used in our methods. It also shows the future work

that can be done with the galaxy bispectrum.
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Chapter 2

Perturbation theory in the galaxy

number counts

2.1 The galaxy number ecount fluctuation

We consider an observer looking down on the past lightcone. S/he counts AN number
of galaxies above a threshold luminosity [, within a redshift bin of width dz about the
observed redshift z, subtending al solid angle d€), about the direction of observation n.

Then, we can write an equation for dN-as 32,49, 70-72),

dA
dN(z,n,>1InL) = pg(z,m, > In L)D%(z,n)KMU’L&ddeO , (2.1)

where D 4 is the angular diameter distance given in the background by (1.37), U* is the
4-velocity of the galaxy, K* = da*/d\ is the geodesic photon 4-momentum, A is the

affine parameter and p, is the flux-limited number density of galaxies given by,

pg(z,m,>InL) = / dlnLny(z,mn,InL) . (2.2)
InL

In the above integral, n, is the proper galaxy number density i.e., it is defined in the rest

frame of the galaxies. Only galaxies above luminosity L are detected by the observer.

Then using (2.1), we define the observed galaxy number count fluctuation A, as,
dN(z,n,>InL) dV(z,n)_

dzd€y  dzdQ, pg(z,>1n L) [1 + Agy(z,m,>1n L)] ) (2.3)

32
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where pg is the background flux-limited galaxy number density. The small element of

volume dV (z,n) is given by (2.1) as,

dA
dV(z,n) = D% (z, n) K,U"=dzdQ, . (2.4)
In the background,
dV(z) = M dzdQ
(14 2)%H(2) ©
X*(2)
dzd€, . (2.5)

(1+2)H(2)

Henceforth, we suppress the In L dependence to reduce clutter and write (2.3) in the

following way,

N(z,n) = N(z)[1+Ay(2,n)] , (2.6)
such that [20, 73], N .
A g (Z = (Z’T;\i])<;) () : (2.7)

where N(z,n) = dN/[dzdQ] is the number of galaxics per unit redshift interval dz
and per unit solid angle df) about the direction n: | N (2) = py(2)dV (2)/[dzdQ] is
the average number galaxies in the same redshift interval dz. We can expand (2.7)

perturbatively up to second-order as,
A SN LA A2) 2.8
g(Z,TL) 1 4 (Zan)+§[ (Zan)—< (Z7n)>] ’ ( . )

)

where we subtract off the average of AEJQ in order to satisfy the condition (A,) = 0. In

the next section, we work out the expression for Agl).

2.2 First-order scalars

Here, we give a full derivation for Agl). The number of galaxies N(z,m) in the given

volume V(z,n) = dV (z,n)/[dzd] can be written as,
N(z,m) = pg(z,n)V(z,n) . (2.9)

We can expand p, and V about their mean values p, and V respectively by allowing for

a small deviation of the form,

pg(z,m) = pg(z) + 5p§1)(z,n) and V(z,n) =V(z) + VW (z,n), (2.10)
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and replacing (2.10) in (2.9) we have at linear order,

N(z,m) = 5y (2)V(=) + V()30 (=, m) + 5, (2)5V D (2,m)

N(z) + V(z)dpgl)(z, n) + p,(2)0VV (2, m) . (2.11)

By substituting (2.11) in the expression for the fluctuation in the galaxy number count
as given in (2.7) we have,
4] m(z,n) . sV (z,n)

Aem =T e

(2.12)

In a perturbed Universe, the redshift z has also fluctuations with respect to its back-

ground value Z and we can write,
z=7z461 . (2.13)

Therefore, we can Taylor expand p,(z) as,

= ————p
P =aPeCiTE *%’96;:(1) ; (2.14)
and we can show that,
| . Opg(z
5p§1)(z,n) = pglz,n) — pg(z) = pglz,n) — py(Z) — ol )52'(1) . (2.15)

0z

Since A, is an observable; it must be'gauge-independent and therefore, we can use any
gauge to compute it. We'choose t0 work in the 'Poisson gauge because it can be easily
transformed to any gauge we want later on. The linear galaxy density contrast in the

Poisson gauge is given by,

6(1) Z,n — pg(z’?)jpg(z) . 216
) = B2 (216)
We can combine (2.15) and (2.16) and use the result together with (2.14) to finally write
(2.12) as,
1 0py(2) . 1y , VW (z,n)
_ . 2z -7
pg(z) Oz V(z)

A (z,n) =6W (2, n)

§ ¢ (2.17)

Galaxies are found in dark matter halos which cannot be observed directly. The distri-
bution of the galaxies gives us information about the dark matter profile of the halos. In
other words, galaxies are tracers for the underlying dark matter distribution. These two
are related by the galaxy bias, b which is defined in the comoving-synchronous gauge

[74]. Therefore, we need to relate 55,1) to the comoving-synchronous (C), 5;10) by using
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the result [75],
8Bc =88 — v, (2.18)

for any 65. The transformation involves a derivative of the quantity 8 with respect
to the conformal time 7 multiplied by the velocity potential v along the direction of

observation n. In the case of the first-order galaxy number density pél),

5o (z,m) = 3pid(2,m) + gy (Ep V) (2.19)

and we can divide (2.19) by p4(Z) to obtain the transformation relation for the galaxy

overdensity contrast,
Py(2)
Pg(Z)

Now, we can introduce the first-order galaxy bias b; given by [31, 74] ,

0V (z,m) = 640 (2, m) + oM (2.20)

05z, m) = 0165 (2,m) (2.21)

where 58 ) is the first-order-datk matter overdensity-contrast in comoving-synchronous

gauge. We can replace (2.21) in (2.20) and use the result in (2.17) to show that,

ﬁg,(z)vu)_ 1)]10p(%)

AWz n)=b sV (2 m) + - o2\ 4 ————= 2.22
g (2m) =bide (zm) Py () RO V(2) (2:22)
For conserved sources,
-
Aol =34, (2.23)

i

[Zi%
which is given by the continuity equation [76, 77]. However, in the real picture of the
Universe we observe galaxy formation and mergers and therefore, the galaxy number

density p, changes with time. We account for this time evolution by defining the evolu-

tion bias [32, 33],
b — dln (a®py)
" Q9lna

We can use the following transformation rules, 9/0n = aHd/0a and 9/01Ina = ad/da

(2.24)

to show that for non-conserved sources,

/

py(2) 1 0pg(z)  (be—3)  (be—3) [ 32 ]
= H (be—3 d - =— = 21— — ..
py(z) ~ e md) and ST, 112 14z | (+9
(2.25)
Hence, the expression given in (2.22) becomes,
) (be — 3) VW (z,n)
AWM (z,n) = 5165 (z,m) + H (be — 3) vV + — 52 1 o (2.26)
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2.2.1 First-order redshift perturbation 5z

We consider a perturbed and non-expanding FLRW Universe with a metric,
ds® = — (1 + 2<1>(1>>dn2 + <1 - 2\1:(1>> d;jdatda’ (2.27)

where galactic objects are free to move relative to a fixed background. Let us take a

fixed observer with 4-velocity vector U, (’f) ) = (1,0) looking at a source having a peculiar

velocity v with respect to to the background. The 4-velocity vector of the source is

defined as U(’;) = (1 — ®W »(M) [20]. If the source emits a photon and the positive

direction of m is taken to be towards the fixed observer, then the 4-momentum vector

K* of the photon as seen by the fixed observer will be,

KM

o) = (1,n%), (2.28)

with 2?21 n'n; = 1. On the other hand, an observer at the source will see the photon
going away from him and in-that-case; the 4-momentum vector of the photon at the
source will be,

Ky = (L+67, E s ), (2.29)

where §v and én’ are the perturbations in the time-time and space-space components of

K* due to the motion of the source. Then, the photon as observed by the fixed observer

will be redshifted as [20],
m
s Vh N
L e

1+ 2 .
()i @)

(2.30)

To restore the effect of the expanding Universe we put back the scale factor a and the

definition for the redshift becomes,

Uig K 2.31
0 Ky | (2.31)

1
I+2z=-
a (0) /J‘(o)

We can apply the result K#K,, = 0 [38] to obtain the expressions for K 1oy and Ky

respectively. Using (2.31) we can show,
1 M
1+z:—(1—<1> +v~n—57>. (2.32)
a
We now consider the geodesic equation [38],
dK*

o T TasK K =0, (2.33)
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which gives, 5
doKH _
ot 0T KK =0, (2.34)

at linear order in perturbation. We can obtain 4+ by solving the time-time component

of (2.34) i.e., we set = 0 and we have,

d6K?  doy o= I e
vyl <5F000K0K0 + 26T K°K" + 0T, K KJ) . (2.35)

For the perturbed FLRW metric given in (2.27),

/

TG0 = o', 0T, = 0;01), 5F2‘j = —6;; 71", (2.36)

By replacing (2.36) in (2.35) and knowing that K* = (1,n) we have,

% — oW —2p7g,0) 4 ¥V (2:37)

The derivative along light rays is a sum-ef a time derivative and a radial derivative so

that,
do™
dX

By substituting (2.38) in (2!37) we can show that,

— oW | g (2.38)

MY / /
o —2<I>(1)+/ dx (<I>(1) +\I!(‘)) . (2.39)

JO

We can then replace (2.39) in (2.32) to obtain the expression for the redshift as,

A
| 42=2 [1 +00 4 y.n— / dA (fb(l)/ + \1;(1)') ] . (2.40)
a 0

The first term on the right-hand side of (2.40) is just (1 + Z) and therefore, we can
further simplify using §z(!) = z — Z to obtain [78],

A
5:0 = (14 3) [q,u) +v.n_/ 4 (¢<1)/+@(1)/>]' (2.41)
0

We can now substitute (2.41) in (2.26) to show that the first-order fluctuation in the

galaxy number count becomes,

AD(z,n) = 0163 (z,m) +H (b — 3) oD

g
AL 1
Fine 9 [o0 0,00 a5 (30 g0r)] ¢ 20
0
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where 8”1)(1) is the Doppler term!.

2.2.2 First-order volume perturbation 3V

We consider a source moving with the 4-velocity U(’;) = (1—®W, (M) with respect to a
background observer. The definition for a small element of volume dV; as measured in

the frame of reference of the source is given by [20, 73],
AV = V=9euap, Ul dada’da? (2.43)
where g is the determinant of the perturbed FLRW metric,
ds? = a*(n) [ - (1 + 2<I>(1)>d772 + (1 — 2\11(1))5ijdxidxj] , (2.44)

and €43 is called the Levi-Civita symbol [79]. We will need to perform a coordinate
transformation of (2.43) to include the-mapping between the coordinates at the source
and the observer. Suchra-transformation involves a-Jacobian determinant 7 and we

have [20, 73],
AT orP oz

d‘/b = 1/—96ua57U(S)Eggﬂjd,‘édeodqso s (245)
where z is the observed redshift and,
9 (65, 0,
e e W 2.4
£ i@(eo,qﬁo) | (240)

is the Jacobian transformation between the polar angles (6s,¢s) and (6o, ¢o) which
are the angular coordinates measured at the position of the source and observer re-
spectively. If ys is the radial comoving distance to dV as measured in the source’s
frame, then in spherical coordinates the small element of length is given as dz* =
(—dn, dxs, xsdbs, Xs sin Osd¢s). In a perturbed Universe, both the radial and angular co-
ordinates are perturbed with respect to the background observer and therefore we have

at first-order,

s =00+ 000 | =0+, xo=x+0xY. (2.47)

Yv.-n=n'00" = 9u) where n'd; = 9.
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On expanding the right-hand side expression of (2.45), 601, §¢(1) and o5V directly

translate into the volume fluctuation as [20, 73],

sV (z,m) 9 25 ox® a5y
oy Ve o gg) 5 () T 2 _
() 3 +<cot9 +800>69 + 90 v-n+ 3 B3
1 96z 2 H\ 6z
- 4t —=+—=]—. 2.48
+7—L(1+2) (3D < x’H+H2>(1+z) (248)
We can solve for 601, §¢() and §y(!) by finding the deviation vector [20],
oz’ = / d\ (K" —n'6K°) | (2.49)
0

which relates the perturbed geodesic to the unperturbed one. The space-space compo-

nent of the geodesic equation (2.34) gives,

ddK?
d\

S <5r"00K0K0 + 20T KT K° + 6Fiijij> : (2.50)
For the perturbed FLRW.inetrie given in (2:44);

and (2.50) becomes,

dSK?

T e ¥ N o™ (2.52)

where we have made use'of K= (1]n); We can furthér simplify (2.52) by using (2.38)
and 0 = niau + V ' to show that,

. . A ~ / / A ~ ~ .
SK' = n [\p@) q><1>+/ dA (cI><1> +\1/<1>)} / dAAV | (q><1>+x1f<1>) . (2.53)
0 0

The expression for K is 6y which is given in (2.39) and by substituting (2.53) in (2.49)

we obtain,
wi=n [Can (00 s w®) - T3 (A= 3) 9 (00 1 u) . @sy

We can also write (2.54) as,
oxt = (5:U||i + 6z, (2.55)
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To obtain 601, 66 and 6y, we need to do the projections of (5acj and 5:z||i on
the unit vectors egy;, eg; and ey; accordingly. These unit vectors have the following

characteristics [20],
nleg; =0, ﬁied,i =0, nie;@- =1, (2.57)

and,

1 _
epiV ' = §890 , 6¢¢Vﬁ = (2.58)

0, -
X sin 6, do

Therefore we have,

5)2(1) = 513“163’@' - / d)\ ((I)(l) + \IJ(I)> N
0

1. . A \
59(1):X5$ﬁ69i:—/ dA Axx e, ( (>+\1:<1>) :
0
1

1 .
(1 — o, —
0 Zsind, 0z " ey

\ -
A= X -

d\ M 4 wM) 2.59
sin? 6, J XX d)o( + ) ( )

The redshift contribution-892% /X can be obtained by taking the derivative of (2.41)
with respect to the affine parameter A. Then, by using the results of (2.41) and (2.59)

n (2.48) we can show that the yolume fluctuation becomes,

sV (z,m) 10 ol 1y
A ok bt | 1 Bl 1 _ e _op 4 —g)
V) H o "”( 32 H)” i Tu
H’ 2 H' 2 A / /
3SH AETAEE RS 09 -+ £ — /dA oM’ 4 M
+< e x%) < 2 x%) | (@ )
2

TR ) -
+ 2 YV &folh i ) —/ dA 22 VE (oW + o) (2,60
X/o ( ) 0 XX Q( ) (2.60)

where @?2 = cot 0,09, —1—830 + (1 / sin? 90) 04, is the angular part of the Laplacian operator.
We can substitute (2.60) in (2.42) to show that the fluctuation in the observed galaxy
number count at first-order is given by,

1 o (1) 1 6 1 Hl 2 1
AV (zn) = bidg —a gy (v m) + H(be - 3) o + (be e =T 9o
Density term
Doppler

H 2 1 ’
Ay, = — 2 VoM L M _ogp) 4 — g
(b T - 2 )2+ -

HQ
Sachs—Wolfe
(b w2 > /A dA ((b(l)/ + \11(1)/) 42 /A dA (<I><1) + \I/(l)>
¢ H2 )ZH 0 X 0
Integrated Sachs—Wolfe Time—delay(Shapiro)
/ a2 VQ ( \I/<1>) . (2.61)
Lensing
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The result of (2.61) shows the fluctuation of the galaxy number count obtained from
the redshift and volume perturbations on the sky. However, in observations the number
of observed sources depend also on their apparent fluxes [32]. This is because any
survey has its own flux sensitivity and therefore, objects above the threshold flux will
be detected by the telescope. This flux dependence leads to either the magnification or
demagnification of the observed sources because their apparent fluxes are either amplified
or de-amplified [80]. We can compute the effect of this distortion in magnification and
we find that it contributes to corrections in the Doppler, Sachs-Wolfe, integrated Sachs-

Wolfe, time-delay (Shapiro effect) and lensing terms as [32, 80, 81],

1 LD P
ADom) = —o <1 3 )8 4 / DATAT2 (o) 4 g
m(z,m) e\l -5 )+ Q) =3 Q( )

20 (a0 —2u) - 2g<1 _ X;[)cpm

QQ/\~ 1 A / /
- =1 ax(e®W 4+ vM) 42 (1-)0/ dx (o) + ¢
= (20 +w™) +20 =)/ (2@ +w)

(2.62)

where As\l,l)(z,n) is the magnification correction and O is the magnification bias. It
is given by the logarithmic derivative of the backeground galaxy number density with

respect to the threshold luminosity as [33],
din-(a’py)

o= dln L

(2.63)

Therefore, we can add the result of (2.62) to (2.61) and show that,

1 _ (1) 10
Ag)(z,n) = bié¢ —ﬁa(vn)

Density term

+?a@—3wﬂﬁ+ke—?t—2g—2ﬂém}@um

H?2 YH
Doppler
H' 2(1— Q) 1 /
—|be ——=+20- 2= 4 (1-29) (&M —20M) + —g®)
[, H2+Q H ] + ( Q)( )+H
Sachs—Wolfe
H’ 2(1 — Q) /)‘ ~ ’ /
—|be—— —20-2—= dX (@M + o™
[ H? < XH ] o ( + )

Integrated Sachs—Wolfe
A
_%2§L;5@¥/ ax (20 4 y)
X 0

Time—delay(Shapiro)

A ~
A— X

Lensing
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The second term in 9/0\ is simplified as follows:
0 /
—(v-n)za—n(v-n)Jr@H(v-n):von+8‘|(v-n). (2.65)

The v’ - n is eliminated using the Euler equation (refer to (1.25)). Therefore (2.64)

becomes [49],

Agl)(z7n) = bl(sél) - %8“'0( )

Density term . . .
Redshift space distortion

+H (b, — 3)0D + [b _H - (19)] o

H?2 YH
Doppler
L 20 - Q) g W _ogm) 4 Ly
e gp eS| (1f29)(<1> >+Q\If

Sachs Wolfe
[ Hl 2(1 - Q)- ~ (1)/ (1)/
__be_@_2g_7>z% -/Ud)\(q) + U >
Integrated Sachs—Wolfe

. > 11|
+ L_Q)/ A <q)(1) = \1;(1)>

X 0

Time—delay(Shapiro)
—(1-9 / iAo v (@“) L xp<1>) , (2.66)
J0 XX

Lensing

where Bﬁv(l) is the samelas 9y (v {n)? [Forbrévity we can write (2.66) as follows,

AP (z,n) = AW + AR+ AL + AL, + AW (2.67)

where A is the galaxy density term, A%D is the redshift space distortion term, A

(1)

pot.

(1)
Dop.

is the Doppler term, A} 5 are the potential terms (non-integrated and integrated terms)

and Ag) is the lensing term.

2.3 The model of galaxy bias on very large scales

2.3.1 The linear model

The model of galaxy bias which we are going to use is the local-in-mass-density (LIMD)

model [64]. We first consider the linear galaxy density contrast (55,1) which is defined in

29| (v - n) =n'0i [njajv(l)] = (n'9;)%vM = 8‘2|1)(1)
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the Poisson gauge as given in (2.16). This is related to the dark matter density contrast
6 via the galaxy bias. We must make sure that the definition for scale-independent
galaxy bias has to be gauge-independent and is consistent on very large scales. The
definition for scale-independent bias is given in the matter rest-frame [31, 32, 70], which
coincide with the galaxy rest-frame on large scales where, there is no velocity bias. The
matter rest-frame coincides with the comoving-synchronous (C) gauge such that the

correct definition of the linear galaxy bias is,
0\0(z, @, < InL) = b1 (z,In L)oS (2, @) . (2.68)

The transformation from the Poisson gauge to the C-gauge is obtained from (2.18) and
for 551) we have [70],

o0 = ole + (3~ be)yHuW
— 5168 + (3= b)HoW . (2.69)

It is the velocity potential termthat enstres-thegauge-independence on very large scales.
It is the GR part of 6§1> and its effect is suppressed on small scales but grows on large
scales [72].

In GR, the C-gauge is treated as the Lagrangian frame [82, 83]. However, there is
no unique gauge defined for the Eulérian frame but, the total matter (T) gauge is a
convenient choice. Thermapping from T--to-C-gauge-is via a pure spatial coordinate

transformation so that at first-order [82];
o = 5l (2.70)
and from (2.69) it implies that,

ole =0l = brof). (2.71)

2.3.2 The non-linear model and gauge transformation

We assume that the galaxy density contrast is only a local function of the dark matter

density contrast and extend (2.68) to higher powers in d¢ as,
1 2
g0 = bide + Sba|do] + .. (2.72)

This is why the model is called the local-in-mass-density model [64]. To be valid on

very large scales, we need the bias coefficients to be scale-independent in the galaxy
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rest-frame (C-gauge). At first-order, we recover (2.68) and at second-order we obtain,
2
o5 =013l + o [0 (2.73)
The second-order C- and T-gauge matter densities are related by [82, 83],
o) = o8 + 2[00 | 208 (2.74)

where —2V‘28i58) is a gauge generator. Since the coordinate transformation from C-
to T-gauge is purely spatial, (2.74) can directly be translated to the galaxy overdensities
as,

o0 = 050 +2[ a0l v20'el (2.75)

Using (2.70), (2.71), (2.73) and (2.74) we can show that (2.75) becomes,
. 2
Syr = b [68) T 2[a¢58)}v—23158>] +ha[60] (2.76)

which can be written as,
2
o = broff 40 [ (2.77)

By comparing (2.73) with (2.77), we find that local-in-mass-density and scale-independent
bias in the C- and T-gauge are equivalent up to second-order, with the same bias coef-
ficients which are Eulerian.—The second-order-galaxy -overdensities in the Poisson and

C-gauge are related by [84],

5P = 82+ (3 b)HO [(be E BN LA PE 3)2712} (] + (b, — 3)Hv MWy

(b — ~2 |, (M2, _ (12,0 _ 6.6 gipD _ 61 v2y0)
(be —3)HV = |0V vV 60;,@' " 0"v 60V

1 1 1, 1
+2(3 = b) Mool — 2006 — 5™ (3 — b HA0 ) + 200
—%(56—3) HV 2 [aiél)aiv%(l) + 0, Mo v2e™ +Qaiajg<1>aiajv<1>] . (2.78)

where €M) is a gauge generator and £V’ = 20(1) is the gauge fixing condition [84]. Using
the identity,

V219,690 | = 570 . V2 [0;6W] + 8,6 - V2[00 V] + 20,0,V - 97570V | (2.79)
we find that the last line of (2.78) gives,

- % (be — 3) H ;Wi | (2.80)
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which cancels with the first term of the expansion of the square bracket on the third

line. Therefore (2.78) simplifies to,

6 = 6%+ (3 bo)Hv® + [(be — )M+ UH A+ (be — 3)27{2} [v®]? + (b, — 3)Ho D@
— (be — 3) HV 2 [vmv%(l)’ — W2y — 69;0M ™M) — 61 V21

+2(3 — be)Ho W6 — 20050 — [9,600] 9D . (2.81)
By using the continuity equation,
s& = v (2.82)

the gauge fixing condition implies that,

o'c™ = —2v—25'55) . (2.83)
By (2.74) we can show that,
o5 ~ 8,00 . (2.84)

and therefore, replacing (2.84) in (2/81) we can write the second-order Poisson galaxy

overdensity 5&2) in terms of the second-order T-gauge galaxy overdensity (55(]2T) as,

59 = 6%+ (3 —b)Hu Ak [(be 33\ b by = 3)27{2} (0] + (be — 3)yHoMp @
— (be — 3) HVT? {u“)v%(l)’ = (2l 260,000 0 — 661 V21
+2(3 — be)HoWsl) — 2051 (2.85)

We can further simplify by using (2.71) and (2.77) to express the galaxy overdensities

in terms of the dark matter overdensities as,

02 = b8P 4 0o [600] + (3 — be)HV® + | (be — 3)H + WLH + (be — 3)2712} [v(D]?
— (be — 3) HV 2 |oWV2yM — (g2 _ 65,6 gtV — 6(13(1)V2v(1)]

+ (be — 3yHo oMW’ 4 25, (3 — b )Ho D — 20 5,60 4 b’l(s‘T”} . (2.86)
which is the second-order generalization of (2.69). The velocity and metric potentials
ensure the gauge-independence on very large scales. The LIMD model does not include

the tidal field. The local bias model includes the tidal field - the tidal operator which

forms part of the leading local gravitational observables of long-wavelength spacetime
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perturbation [64]. It is defined through the scaled dimensionless quantity [64],

1 1 0;0; 1
Kij = Dz‘j5((3) = Dij5(T) , D;; = ( VQJ — 36Z-j) ) (2.87)

and using the Poisson equation (1.84) we have,

2 y_Le s

K;j enters (2.86) via the square of the tidal operator i.e., [KZ]2 This is because

2
the latter is a local observable which is of the same order in perturbations as [5&1)} .

2
Therefore, it is expected to hold similar relevance as the term in bo [(5(T1 )} . We can then

generalize the LIMD model (2.86), to the local model of bias as,

8D = b6 402 [600]2 4 (3 — be)Ho® + [ (be — 3)H + b.H + (be — 3)2712} [v™]?
— (be — 3) HV 2| 0w — (1172, — 65,01 5ip(H) — 6<I>(1)V20(1)]
+ (be — 3)Ho @0 (3 — by HtDs oy () [ b, 610 + b’léﬂ
~+ bridal [Kq‘,j} 2 : (2.89)
where briqa) is the tidal bias coefficient. The tidal field cannot enter the bias expansion

at first-order because it is-traccless—(tr [Kij]:()) [64].-The simplest local bias model is

when the Lagrangian tidal bias vanishes:

2

b ical = : AT (2.90)

2.4 Second-order galaxy number counts (scalar modes)

At second-order we have many more terms. The metric is,
a?ds? = —[1+20W + @@ ]dn? + [1 - 20 — P ]da? (2.91)

and the peculiar velocity of the galaxies which we are assuming to be equal to the dark

matter velocity on scales of interest are,

vl =0 {v(l) + ;v@)] . (2.92)

We have taken zero anisotropic stress at first-order, which implies ¥ = &) in GR.

The observed comoving coordinates of a galaxy are given by @ = Y (z)n [84]. The expres-

)

sion for AgQ contains second-order generalizations of the dark matter, RSD, Doppler,
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potentials and lensing terms, together with correlating terms which are quadratic in all

the first-order terms. This can be shown as follows,

AR x) = AR+ AR, +a5) +AD, +A®

Second order dynamical terms

2 2 2 2 2
+ Agn)xm + A%%DXRSD + A](D())p.><Dop. + Aéo)t.xpot. + A/(-OZ/{

Auto correlations between first order terms

2 2 2 2 2
+ A£n)><RSD +A%) + AP+ AD o + A%%DXDop.

mxDop. mXK mXpot.

Cross correlations between first order terms

2 2 2 2 2
+ A%%DXR + A%{%Dxpot. + Al()gp.X/i + A](D(zp.xpot. + Al(igpot. (293)

Cross correlations between first order terms

In the next chapter we are going to derive the galaxy bispectrum in Fourier space which
is at fixed redshift, so that all the correlations are computed in the same redshift bin.
For this purpose, we hereby neglect all the GR integrated contributions of Agl) and
Af). These include the weak lensing .convergence, integrated Sachs-Wolfe and time-

delay terms.

We can find a general equation|for the Poisson gatge Aéz), including the evolution
bias and magnification bias, as well as all the integrated and observer’s terms in [49].
To this general expression, we apply lour [gauge-independent model of the galaxy bias
at second-order given in (2.89). We omit all the integrated terms and also, the terms

defined at the observer since theyidoinoet: contribute 'to the galaxy bispectrum. The
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result is as follows [49],

ARz x) = 010P + by [07))7 + [(be —3)2H2 + b H + (b — 3)%’} [v)]?
+(be — 3)HVW oD 4 26y (3 — b )yHoDs — 20 [blcs( Y1y, 5“)}

+(3 = be)HV 2 [v“)v%(l)’ — oW g2 — 69,0 i) — 6<1>(1)V2v(1)]
21— Q) H
@ 4 (3 @) 9o _21-9) H @ _ 5@
,HaHv + (3= be)Hu® 4 [be 20- = ’HQ] (90 — 0]
1
hriaa [K]* +2(Q ~ DU + 2@ 4w’
Hl
H?
2
(<I><1) - 8”1)(1)) <q><1)’ aﬁv@) ] +2(20 - 1) dMsH

2 A
+ [be — 20 — - (1-09) >2,H:| [3 [(I)(l)]? _ [8”1}(1)]2 + 81_1'12(1)01’0(1)

99 WeM _ 2
v H

50

g H I Oln L
oDl H/ W2y 4
[

2
92® 1 3, (1
Hv( ] ¥ V(?”v( )8|| FigS e ‘6”1)(1)8”@( ) — a0 )('3” )

)8”11( )4+ 2 smpy 4 <4Q —5+40Q%—14 89_) (o))

S i\

il [@(1)’] 2

o \

1y (1)
2 on) TR -%@W( 1jdo 2 <
dy H dy H

H?
2 H/ )
2 ( H2> oL H23HU< I 4 gc‘hw‘”é’ifb(”

H
1+ 7’[2> a”U( )6“21(

( ) AN YIRIH %aw(”@ﬁv“) + { [4beQ — 2b. — 4Q —8Q”

Q1 W & 25 92 \ |50
8IHL+481M+2H2(1 QQ)+XH<Q 1+29Q 281 L”@

H 2

2be—20 — —— — — (1-Q) [V - ==L _ ZpMy e
+[ TR Q)] Y ”

2
o — 2 pMa2gM
M TA Q)] Ot - 72002

+ 7

Hl
H|:2Q_be+,}_[2
2 2
“ b, —2—

”H[ H(
{b2_ Obe 09 0Q 6 H
(1

H 4
2 g~ } o _ Hganq)} (o0 — 0]

© " Jln alni_4alna+x7{3 (1-9)

_|_
* "2 H3 HE 22

H  HH? 2 o)
—2be+4Q) 7= — =+ 37 + =5 (1—Q+2Q2— aIQL)

2 o 40?4492 0Q W _ pm]°
+>ZH[1 2be — Q+20:Q — 4Q% + 4 L”alnaH[GW o]

. (1)
—%am(”aiauw +4 [(1 — ;H>6”v< ) — (2 —~ 1)@”] Dy (2.00)

OlnL
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2.5 Second-order induced vector and tensor modes

The local vector and tensor perturbations at second-order, are generated by the second-
order scalars [85, 86]. We start with (1.43) which is the most general metric for a flat
FLRW Universe,

i9,. i 1 i9,.
ds? = a? [—(+ 20)dn? + (1 — 2V)y;;da’da? + 2w§2)dx dn + ihg)daz da’], (2.95)

where w§2) and hl(-?) are the second-order vector and tensor perturbations respectively.
We neglect the first-order vector and tensor modes because they are purely decaying
modes and contribute negligibly to the second-order density perturbations [87-90]. The
vector contributions to the second-order galaxy number count fluctuation is given by
49,

. /
-9 * ]*2) — Lo (2.96)

2) _ 2
AgV(z7x) - |:be - 2Q - )ZIH — ,HZ ’UH H
(2)

where ﬁH = n’f)g

ACDM model, 8% = —2w190 and-(2.96)-beconios;

2 is the longitudinal component of the vector perturbations. In the

(2) 3
Agv(z,x) =P [—be 29+ H YPIREEY

(2)

where w|(|2 = n'w;”. For thetensors we-have{49},

. 1 1 /
Ajp b2 @) =S ORE T @) | (298)

where h‘(f) = hg)ninj . Therefore, the galaxy number count fluctuation at second-order

can be written as,

AD (z,2) = ALY (z,2) + AR) (2,2) + AQ) (2, 2) . (2.99)

2.6 The Newtonian and GR parts of A,

We start with (2.66) which shows the general expression for Aél) in C-gauge. We trans-

form to T-gauge by using (2.69) and neglect the integrated terms. We then split Aél)
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into Newtonian (N) and GR parts as,

1
AN = bl - ot : (2.100)
DM term R . . .
edshift space distortion

/ —
Ay = Hbe—3)0M + [be _H oo M} g

H2 H
Do;;)ler
o 2(1 — 1
- [be ~ 55 T29- (>‘<’HQ)] oW + (20 - 1) + ﬁcb(”' (2.101)

Sachs—Wolfe

where we have imposed ®(1) = U(1) | The Newtonian part is the T-gauge density contrast
and the Kaiser RSD term. The remaining terms i.e., Doppler and Sachs-Wolfe, are the

GR parts. For A;QS) given in (2.94), the Newtonian part constitutes the density contrast,

tidal term, Kaiser RSD term and their couplings. The dark matter density contrast 5¥ )

has a GR part which is of the order [83]

A A o 1A T (2.102)

For a fixed physical scale R corresponding to fixed halo-mass formation, 6&2 ) is smoothed
and if we assume Gaussianity for the primordial metric perturbation, then the small scale

density contrast is not affected-by-the long-wavelength imode 6(T2 éR. A local observer at

the galaxy sees no effect of the long mode and therefore, (5(T2 %;R does not enter the bias
relation of (2.89) [91-93]

2]

5;,23 = blér(g )—|—b2 [(5(T1 )]2+bTidal [Kij]2+ many other terms to ensure gauge-independence .

(2.103)
Therefore we may write,
(2) 2 2 1 b1 | (1) (1
AR = 0 b)) - 0 — 25 {5& o™ + 9™ 9ot
2
+35 (20 ™]? + g a3v<1>] + briga K] - (2.104)
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The remaining terms of (2.94), (2.97) and (2.98) constitute the GR part,

Afn = HB=b)o® + (9= 6b + BH? + BH + (b, — )M [v V)]’

—(be — 3)HV 2 [vmv%(l)’ — W' w20 — 69,0 ipD) — 6®(1)V2v(1)]
+2(3 = b )by Ho Vs — 200 (180 + bla(Tl)') + (be — 3)Ho MW’

o 20=9)  HN, o [ 20-9)  Hlzo
-l-[be 20Q) H ,HQ:|8||U + [1—b,+2Q+ H +,H2 P

o1 Q)\I/(Q)+H\I/(2)+ [blé()ﬁv() (f - 2120090

H
—|—(2 — f — 2Q)8||’U(1)8H(I)(1) — bl(I)(l)(S(Tl) + b1<I>(1)6H6(T1) — 282-11(1)8”8%(1)

+6w<1>aiq><1>] T [av“)aﬁ@(l) ~—aaRa) — a0 )}

2(1-9) H b, 1 obr | (1)
2(by (b, —20 - L= ] G 8
- [1( o T ’H2> +H+ Vi) o)

2 41-Q) , 3

2(1 - Q) ==, L= | W _ (1) 52,,(1)

ju[be—12g—2i1§;{—g2 3;2}81)(1)0%1)+H[1—2f—|-2b6—6Q
4(1 —
_()_(?'[Q) W i??:l ( >aﬁ (1) +.A1[ ] + Agv( )8“1) +A3‘I>(1)U(1)
2 20-9) H e
+.A4(I)(1)8H’U(l) 4. Ag [3”1,'(1)] +92 {—be +-20 + )ZT + ,H2 + Ha” H
1
—51- Q)iﬁg)—ﬁh‘(f) , (2.105)
where the background coefficients are,
4(1 — 2H' 21
A = —3+2f<2—2be+4g+ (XHQM,;)—H+b§+6be—8beg+4g
09 o 2 09
2 e T “e _ 2_ Y=
+16Q° — 661 7 8,H H+‘2”H2<1 Q+20 81 L)
2 3H' 0Q Q’
—— |4+ 2b, — 2b.Q — 4 2 1-Q)—8— —2=
X,H[+ Q-4Q+8Q" - (1-Q) ~ 85 % %}
H 3H’ H
H2< 8 —2b. + 89 + ’H?>_H3’ (2.106)
2.(1—-0Q) v, 6(1-9Q)
= 2H| —3+44b + S —= — 2 - =
As H[ 3+ 4b. + 7 b, +2b.Q — 6Q 2 H
Ql
+2<1 _ w) %] (2.107)
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Ay = 27{[—3+f(3—be>—3be—2be(1_Q)+be+b§—4beg+1zg+6“__g)

XH H YH
1)\
22— — | = 2.1
< X?%)H} (2108
41-9) 2H 2f 9
= 4+2f| — 2be —3Q — ———F — | + = —6b, — 2 120.Q —
Ay + f[ 3+ f+2b.—3Q H 7—[2]+H 6b bs +12b.Q — 8Q

09 Q v 4 09
—16Q% +16—— + 12—~ —2-¢ 1— 202 — 9=
67+ 681nL+ H H o 2H? Q+29 Oln L

—;H(—l—?beJrQbeQ—FQ—GQQJr P~ Q)+6881DQL+2,}%/>
+27Z/3+2be—6g— ﬂ) +271{3”, (2.109)
Ay = —4—be+b§—4beQ+6Q+4QQ—4£HQL—4%+;’$
+>222H2<1— Q+2Q2—2£HQL>
+;{[3—2be+2beg—39—492+ 3;_7;'(1— Q)+4£HQE+27%
+Zj; (3—21)@+4Q+%2—/) = ZZ (2.110)
In deriving (2.104)-(2.110); we have done the following:
e We have eliminated d/dx and d.; by using|[49, 72],
d d
TX = _Er‘y =500 vandy 0., = 0; — 9, (2.111)

where the first equation-is'the total derivative along the past lightcone and second

equation is the transverse derivative. J) is the radial derivative and is defined as
[49, 72],

9 =n'0; . (2.112)
e From the commutator relation [8 i 8”] =y 10, we have shown that,

9.0 8,96 = 90 9 9™ — 90D P26 4 L [90M giyD) — [av™M]?] .
19 I (AR = I
(2.113)

e We have expressed the Poisson gauge galaxy overdensity, 551) in terms of the T-
gauge dark matter overdensity, 5(T1 ) and the velocity potential, v(*) by using (2.69),
(2.70) and (2.71).

e Using (2.68)-(2.71), we have re-written the term 8(5&1)/81nl_/ as,

05" b 1y e g
__ 9% sy 9% . 2.114
oM oMLY “amp ™ (2.114)
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When we use (2.24), (2.63) and 9/0lna = H~10/0n, we can further simplify

(2.114) to,

a0y b1 (1) | 1)
oML amL’r T<V (2.115)

(I8 NIN BN NIN WIN NI
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Chapter 3

The Fourier galaxy bispectrum

3.1 Fourier space

We only consider correlations-at the sameobserved-redshift z. Then the metric potentials

(@, V) and velocity potential; v depend on the spatial coordinates,

zll= X" 1o

= [770 — n(z)]n +Hxp , (3.1)

and can be computed in Fourier space at_fixed 7(z). The position of the observer is
defined above as xg. We transform from the configuration space i.e., x-space, to Fourier

space which is the k-space as.follows,

3 .
fl@) = [ et 32

where we suppress the redshift dependence. The inverse Fourier transform is then,
fk) = [ e es)

BE /

- / A3k 6P (k — k') f(K') , (3.3)

where 6P (k — k') is the Dirac-delta function defined as,

(2r)3 6P (k — k) = / Py etk (3.4)

54
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For the case of the radial derivative we have,

3 .
o f(x) = / (;177];3 0e*® f(k) . (3.5)

We can simplify (3.5) as follows,

3 . 3 iy (o

(2m)?
d3k -
/ s e f (k) (3.6)
where p = k - 7. The above leads to,
d3k . ikxu . a .
(27T)3 (1kﬂ)e f(k) y L€, 6H = 67)2 — ikp . (37)

Hence, we find that Gﬁ — —k?p? and Oﬁ’ — —ik3u3. Lastly, the Fourier transform of a

product h(x) = f(x)g(x) is a convolution,

h(k) k)@ k)

a / (‘;Sg / s 1 (e g (RO (1 + ks — k) . (3.8)

3.2 The galaxy number count fluctuation in Fourier space

3.2.1 Fourier transform of the first-order_terms

We express all the perturbed variables ®1) and v(!) in terms of the T-gauge dark matter
overdensity (5&1 ). We start with the first-order Poisson equation [72, 94, 95],

V2o (2, ) = ngH25(T1)(z, x) . (3.9)

In Fourier space, V? — —k? and therefore we have,

3., H?
o) (k) = —igmﬁé(;)(k) . (3.10)

For the velocity potential we use (2.82) which is the first-order continuity equation,

oV (z, @) = V2V (z,2) (3.11)
and we can show that,
sV (2, @) = 1oV (2, 2) (3.12)
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where f = dln D/dIna is the matter growth rate and is given by the logarithmic time
derivative of the matter growth factor D. In ACDM model, D and f obey (see (1.104)
and (1.106) in Chapter 1),

!/

D' =HfD and ;:;(3Qm—4)f—f2+§ﬁm. (3.13)

Therefore, the Fourier version of (3.11) is,

fHQ

HoW (k) = fﬁd(Tl)(k) . (3.14)
Then, by using (3.10) and (3.14) in,
AD (2 x) = AQ (2 2) + AL (2, 2) | (3.15)
Newtonian GR;&BC(}S

where Ag\? and AégR are given in (2.100) and (2.101) respectively, we obtain the Fourier

transform as follows,

Ay — D (3.16)
where K1) = ICI(\Il )+ }Cgl)% 15 the first-order kernel. The Newtonian part is [96],
I k) H by +Lfu2), (3.17)
and the GR part is [72, 96],
1 e {4
KGa(R)=i7m + 15 (3.18)

where 1 and 72 are functions of redshift given by [72, 96, 97,

mo on 20-9) #H

i f[be 20 S H HQ] : (3.19)
Y2 _ 3 e A s1-9) H

2z = JB—be)+50m [2+be f—4Q-2 0 7 (3.20)
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3.2.2 Fourier transform of the second-order terms
3.2.2.1 Scalars

We begin with the intrinsic second-order scalars 6(T2 ), v®, @ and @, They can be

split into Newtonian (N) and GR parts. Their Newtonian expressions are [63],

2) (2) 3, M%)
opn(ks) = [ d(k1, ko, k3) Fa(k1, ko) | oy (ks) = _igmﬁéTN(k?)) , (321)
3

"

o) = S [ Al e ko) Gl ) s 9 (k) = 07 (k) (3.22)
where we define,

a3k
/ d(ky, ko, k) = / S / P 60 (k)0 (o) P (hy + ko —ks) . (3.23)

The second-order kernels for the dark matter (Fh) and velocity (G2) perturbations in

T-gauge are given by [83],
 — 0 - F\ [(ky-ky\?
Folky, ky) = 1 =% —— 3.24
K-k B F ky- ko2
ki ko) = —ir A oL . 2
Gk, ka) 2 MR <k2+k] i DD’ ) \ kiks (3:25)

F is the second-order growth factor and satisfies the growing mode solution of [83],

1 1 2 2
F' + HF' — — Rz BSDT T it 4 =
+ aa o g A3 ) o & 3HEOQmo  3QmH2a

(3.26)

In an Einstein-de Sitter (EDS) background, F' = 3D?/7 which is a very good approxi-
mation in ACDM [98]. Then (3.24) and (3.25) becomes,

10 | ki-ky (ki ko 4 (ki ko2

Fo(ki ko) = — S I 3.27
6
7

k:l k:g ]ﬁ kQ 8 kl'k2 2
= . 3.28
* kika <k2+k1>+7< k1ka ) ( )

Ga(k1, k2)
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For the GR parts, the real space equations in the Poisson gauge are [83],

20 3
Hnl@) = a0 | (5 - an) [Fo@)]” + @ - o) wo@Vaula)| . (329
(2) / 4 5 1\ 2
vag(x) = aD —39 + ggin(2aNL —1)—aHD" | p5(x) — 1200(x)| , (3.30)
5 aD’2 5 aD/Q
<I>(§§(m‘) = <392 + gggin(l — 2ant,) + ) e5(z) + 12 <292 ~ 399+ a) Oo(x) ,
(3.31)
5 aD"” 5
WEh(@) = (o + Jomm(1 ~ 20) + - ) (@) + 12 (4 = o ) Q0(a).
(3.32)
where,
1 o1 ol
Op(x) = §V 2 [3900@0,1 —-v? (cpocpom)lm} , (3.33)
and,
D 3 in 2
v =0 = gpy , g == 0DV e 1, 2 = (3 2
a 5 5 Qm
(3.34)

fnL is the non-Gaussian parameter, gy, 1S the initial value of the growth factor in the
matter-dominated era and “0” denotes redshift z = 0 where ag = Dy = go = 1. We now

simplify (3.29)-(3.32) by using (3.34) and obtain,

wsiage) - LV ERSLT L ;Qf)] [vmw)f
I A (e | IC } (3.35)
HoZ) () = —ggf{ [3 — 2 <1 + B;f ﬂg@o ) + 120¢(z } (3.36)
0@ = ¢[r- b 2B (14 20 ) v
+12¢? [1 - 327)“ + ?)252#} O(x) , (3.37)
Uh(@) = —2° [1 + :mi - 3{; + 3fNL (1 + 3?{)]@3(96)
—89291;@0@) : (3.38)
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We consider (3.33) which can be re-written as follows,

1 1
Oo(x) = §V72 [Balwoalﬁﬁo — V20,0, (31%37”%) }
1 1
= 2v_2{381<p081g00 -v? [al(amalgoo)a%o + (00" 00)(D10™ o)

0,0 00(Omd™ o) + ahpoal(ama%o)} } . (3.39)

In Fourier space, V™2 — —1/k? and 9" — ik!. We use the convolution theorem given in

(3.8) to show that the Fourier transform of the first term is,

6,13/ (C;k)lg /d3k2 (k1 - ka)po (k1) po(ka)d® (k1 + ks — ks) (3.40)

where we have used k:ll ko; = kq - ko. The Fourier transform of the second term gives,

1 d3k o :
/ ; /dSkz [k 5+ (Kabog J(hT +R5) (k1 - k)| 0o (k1 )po (ko) 0" (k1 + ko —k3) -

“22 | @
(3.41)
Using the definition of o given in(3:26) we-can-show-from (3.34) that,
| S

Together with the results of (3.40), (3.41), (3.42) and the definition of the integral given

)

in (3.23) the Fourier transform of (3:39) s,

3012\ [ ki-ky 1 ki-ky (ki ko\ (kp-ko)?
Oo(ks) = d(k1, ko, ks) { e — |1 LR FR A LA
ok = (Pgn) [tk { Gt - 1 (v )+ |}
(3.43)

The Fourier transforms of the other terms, [Vgoo]z, ©oV2pp and @3 can be worked as

follows,
[vwo]z(kg) = —<3Q;H2>2/d(kl,k2,k3)'“2"§2, (3.44)
9 kik3
[woV20] (ks) = —<BQ;;H2>2 [ dlhr k) ’fgk’f (3.45)
h(ks) = (39’2"9%2>2 / d(khkz,k?,)k%lk%. (3.46)
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We now have all the tools to Fourier transform (3.35)-(3.38). For the second-order

T-gauge dark matter overdensity we have,

2 1 ([1 f 2f
H25(T%;R(k3) = SQmH4/d(k1,k2,k3)%{[ +3T+ fNL(1+3Q )}krkz

[1 L L<1+ mf)] G +k§)}-
(3.47)

For the velocity potential we obtain,

(2)k:Q4/dkkzkz1—33 25 L By ko, ke
Hogg (k3) 3QpH f | d(k1, ke, k3) 203 2+5fNL +3Q + Ea(k1, ko, k3) |
(3.48)
where we have defined a new kernel,
Es(ki, k k)f—k%kg PP LAY U BN (3.49)
2\h1, 2, 3 ) — kg k1k2 ]MZ kl k%k‘% ) .

which is scale independent as F5 and G [see (3.27) and (3.28)]. For the metric potentials

®2 and U@ we have,

i1 3
o) (k) = BQmH4/d(k1,k2,k3) 7 [«( Qutt F+12) - NS + 30m)

L\

= %(:mm —2f + f2> Es(ky, ko, ks)} :
(3.50)

1
Kk

2)

Wi (ke) = 30,30 [ G, koo [— S (300 F 1) = = i (2f — 30)

+ fEa(k1, k2, k3)] : (3.51)

For the time derivative of (3.51) we find that,

1

Ver(ks) = 3QmH5/d<k1,k2,k3> {;(1—f)[69m+f(1—2f)—2f;[;]

e
+rer-nk
- ngL [BQm(l P +f<2f 14 2;5) + Z]
+[f<2f—1+2$) ;:}Eg(kl,k%kg)}
(3.52)
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We neglect the long modes 5(T2 )GR and vg% because we are assuming Gaussianity i.e.,

fnr = 0. More details on the removal of the long mode are given in [99]. From (3.50)—
(3.52), it follows that the potential terms proportional to &2, ¥(?) and W2 in (2.105),
lead to relativistic corrections proportional to @g%{, \1181_2{ and \Ifgg{,, which sum up to a

term of the form,

[T1(2) + Eo(k1, ko, ks) Ta(2)] / (k1k2)? . (3.53)
where,

oo Zazn[9—4f—be—zg+2“x;[@+jj;]+§me[2—2f+27{'+be
—49—2(;{@—3;5}+gﬂmf2[—2+2f—be+4Q+2(1X;Q)+?;g]
—29,”;; (3.54)

ii = 29;[—1%6—29—2(12;9)—;{;}+3me[—2+2f—be+49
+2(1X;Q)+?;Z/}+3me2{—1+be—2Q—2(1X;{Q)—Z}
+3Qm7_;. (3.55)

Other typical second-order tierms jare|those which|are quadratic in first-order terms e.g.,

v(l)(m)dél)(w). Its Fourier transform is as follows,

[vma“)} (ks) = % / g;";g / b3, [v<1>(k1)5§}>(k2)+u<1>(k2)5§1>(k1)} 50 (e +ka—ks) |
(3.56)

where the factor of 1/2 follows from symmetrization. We express the perturbative vari-

ables in terms of (5%1) by using (2.69), (2.70) and (3.14). This leads to,

11
v (k)6 (ko) +0M (k2) 08 (key) = [bl fH<]{€+k%> +212 (3 — b)) H® k%g] 5 ()6t (k)
(3.57)
Then (3.56) becomes,
by (k2 +k3) +2(3 —be) fH?
[”(1)551)} (ks3) :Hf/d(khkz,ks) b (K 2)%%5 ] : (3.58)

Table 3.1 shows the Fourier kernels of all the scalars in Ag). For convenience, the

superscript (1) is dropped from first-order variables 5(1), v and M),
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TABLE 3.1: Fourier transform kernel and coefficient of the scalars in (2.104) and (2.105),
ordered according to their k-dependence. N denotes a Newtonian term (k°), I'y is for
k=% Ty is for k=3, T's to I's are for k=2 and T'g to I'14 are for k1.

Term r Fourier kernel F Coefficient
5%2) N Fa(k1, k2) b1
3ﬁv(2) N FPHPZGa (1, k2) —1/H
aTaﬁu N —fH(u2 4+ ud)/2 —2by /H
d)vdé N —fHpipe (k3 + k3)/(2k1k2) —2b1 /H
8“118‘?"17 N fQHQ(ulugkg +u2u‘i’k%)/(k1k2) 2/H?
[aﬁv}Q N FPHZ p2u3 2/H2
[®]? ry 902 H*/(4k?k3) Aq
Dv Ty —3Qm " £/ (2k7K3) A3
Vv - W VR - Iy 90, H3 £/ (2k3K3) (3 —be)H
69;29°v — 60V20]
vv’ Iy FH3 (3m — 2F)/ (2k2K2) (be — 3)H
[v]2 Iy F2H2 )/ (K3k3) (be — 3)2H2 + bLH + (be — 3)H'
vay T2 FFZHA (i1 by + s/ (2hTka) Az
@8“'0 Ty —3i meHB (#lkl i #2k2)/(4k%k§) Ag
29 I's 9102 HA (puiki Fnaks)/(SkIk3) 2(f —24+2Q)/H
w2 = o I's L3Qm H2Fa (kh | ko) /(2K3) 40 -1—-b.+R
2y Ty B HO(2F — 1) Fa(ky, o)/ (2K5) 1M
v Ly FHGo k1, ko) /K3 (B —be)H
[9)v]? Ts — P prpa / (k1ks) As
BHU(‘)H@ s I&j'ﬂ7n,’*-l3/11;1.2/(216111:2) 22— f—2Q)/H
;v 8t Ig —F2H2 Ry - ko/ (K2K3) be —1-2Q-R
;08P Ts 3fQmH3 k1 - ka/(2k2K3) 2/H
LT 7 —3Qm H2(k? + k3)/ (4k3k2) 261 (f —2—be +4Q+R) — S
o5k Iy —3fQmH2 (k2 + k2)/ (4k3K3) —2by /H
vé r7 FH(KZ + k3)/(2K3K2) by + 2b1(3 — be)H
v Iy F2H2 (k2 + k2)/ (2k3K3) —2by
@ajv I's 3FQnH3 (12k? + p3k2)/(4k2k3) 2(1 — 2f + 2be — 6Q — 2R — H/ /H?) /H
2oj I's —902 H* (u2k? + u2k3)/ (4k3k2) —2/H?
vdfv T's —F2H3 (u3k? + p3k3)/ (2k7K3) 2(be — 3)/H
951 g —3i Qm H2 (u1kF + nok3)/ (4k3k2) 2b1 /H
8;v9) 8w T1i0 —i f2H%k1 - ko (p1k1 + poka)/(2k3k3) —4/H
5%5“@ Ty i f2H2 (u1 ko + poki)/(2k1k2) 2b1/H
SO v T11 i fH(p1ke + poky)/(2k1k2) 2b1(be —2Q —R) + S
P0jfv T2 31 FQm M3 (U3 k3 + p3k3)/ (4k3k3) —2/H?
9 vofv I3 —i F2H2 (p1pke + poplki)/(2k1k2) 2(3 — 2be +4Q + 2R+ H'/H?)/H
QHvBﬁ‘P INT 3i fQu H3 (1 pu3ka + pap?ky)/ (4k1ka) 2/H?
o bt /] e ol J
ITp./7eid.uwi. di.Ld/
ayv® T4 1fH p3Ga(k, k2)/ks be —2Q — R
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The coefficients A, Az, As, Ay, As are given in (2.106)-(2.110) and,

20-9) H 1 by
= =4 =4(2— — | —/——=. .
R XH + H2 S < X’H) OlnL (3:59)

The Fourier kernels for the quadratic terms in Table 3.1 can be represented by the
following algorithm,
D"X DY , (3.60)

where D = 9; or 9, and X, Y = dr, v or ®. Then the corresponding term in the kernel
is formed as follows,
1, \n;., \m 1. N
{ 5(1]4:1) (1k2) for D= 8” OR 5(1]{:1 . 1k2) for D=0;,, m=n
X [k:fZ iinsvorCD] X [k:;Q iinsvorCP]
a factor of py for each 9 acting on X ] X [a factor of pg for each J; acting on Y]

[
X [a factor of fH for each v]
[a factor of — ;Q,,L’Hz for cach @]}

+ {162} (3.61)

Therefore, we use the results of (3.54), (3.55) and Table 3.1 to obtain the Fourier trans-

form of the second-order scalars in the galaxy number count fluctuation as,

A (ks) = / d(kr, ka, k) KD (k1) KD (ko) K$, (1, ko, ks) — 62 (k3)(AD) . (3.62)

a.

(

where we subtract off the second term |which is the ensemble average of AgQ) to ensure
that <Aé2)> = 0. The first-order kernel K1) is given by (3.17) and (3.18). K2 s the

Sca.

second-order kernel for scalar perturbations and is cyclically symmetrical over the k;’s.

The Newtonian part is,

]CI(\IQ)(kh ko ks) = biFy(ki, ko) +bo + fGa(kr, k2)p3 + brida Sz (k1, ko)

HP (k4 ko) + blkf/@ [ )bk + g 0+ 13)|
(3.63)

where the first line is the second-order generalizations of the dark matter overdensity
and Kaiser RSD terms respectively. S5 is the Fourier kernel for the tidal term and is of

the form [27, 100],
(k1-k2)® 1
Sao(ki,ke) = —55— — = - 3.64
2( 1 2) k%k% 3 ( )
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The terms in the second line are the non-linear RSD contributions

IC(2) is

Sca. ™

. The GR part of

1

K (K1, ke, kes) kzkz{Fl L1+ Balks, kg, ks) I

ka
+1(u1kr + p2ks) 'y + k:22 {FZ(’CI; k2) T's + Ga(k1, k2) F4}

+ (pakipioks) Ts + (k1 - ko) Do + (K + k3) T7 + (uiki + pak3) Is
+ i[ (nak? + p2k3) To + (p1ky + paks) (ki - k2) Tio

+ kiko (piko + pok1) 'y + (M?k% + Ngk;) I'i
Kk
+ ppokiks (piky + poks) Tig + Ha == Go(ki, ko) Tua| ¢

(3.65)

where the I'-coefficients are as follows,

% - %Q 3+2f(22b +4Q+4(1X;[Q)+Z{2/> 2,}§l+b2+6b — 8b.Q
+4Q+16Q2—166?HQ 8%+ 2 723{2 <1_ 042072 a?QL>
—%<4+2be—2beQ4Q+8Q2~$/(1Q)_ga‘?QL_ i’)
+77-L[;( — 2bs +8Q+?;Z>_%%

+3me[6—f(3—be)+be<3+2(1x;[g)> — 2 1?24 4p.Q — 120

H
_L Q) _ g/ f2
YH 2<2 H) H

H H?
(3.66)

b/ /
12—7be+b§+e+(be—3)H] ,
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T 3 o - _30-
i 4Qm(f 2+2Q)+2me[ 2 f( 3+ f+2b.—3Q H

/ 6Q Ql b/

— 2 4+ 3be + b2 —6b.Q +4Q +8Q%* —8—— — 6 + -

’H+ + bg Q+4Q +8Q AL ’H+H

0Q 2

—|—2<1—Q+2Q2—2>+<—1—2be+2beQ+Q—6Q2

X2H? OlnL XH

4(1- Q) 2%/)
e

(3.67)

(3.68)

(3.69)

. (3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

+3;_[%2/(1—Q)+6881DQL+27Q{/>—:;(3+2b6—6Q—?;72/)—Z/;
e _3+2b6<2+(1>2—g)>—bg+2bEQ—6Q—l;_%—6(l>z;lQ)
(- 5)%)

% _ ng[2—2f+be—4Q—2(1X;[Q)—,Z;]7

s = SBb),

% = 30 f(2— f - 20V 4+bc—b§+4ch—6Q—4Q2+4£nQE+4
_%_X222<1_Q+2Q2_28?HQE)—%(3—2be+2beQ—Q—4Q2
+2§(1—Q)+40%%+2%)-%(3—2be+4Q+?;Z)+Z;/

% = 3QUnf — f? 1+be«2@-2~(1;{—gz~%y

% = ng b1<2+be4Q2(1>_<;[Q)%)+2+2<2—%>£ﬁ2
f[b1<f3+be>+fr'; ,

% - %Q;+gﬁmf 2f+2be6Q4(1X;{Q)?;Z/ + 2(5 = be)

I;Z = _;mela

Do ap,

2o 20,

% — gﬁmf—f2[3—2be+4g+4(1x;tg)+?;Z, :

% _ fbe—2Q—2(1X;[Q)—Z_-:;].
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3.2.2.2 Vectors

The Fourier transform of a pure vector can be written in terms of two independent

polarization vectors as [85],

3 .
w? (@) = / (‘;7:;3 [w(k)ei(k) + w(k)ei (k)] e (3.80)
with,
w(k) = / Brwi(@)ei (ke F=,  H(k) = / Bz wi(z)e (k)e e . (3.81)

The polarization vectors satisfy the following conditions,
e(k)-k=ée(k)-k=0 and e(k)-ek)=0. (3.82)

Taking (3.80) we can write,

. s 3 - ) .
o (@) = niw? fwy= / (;T’;B[w(k)nlei(k)+w(k:)n%e,~(k)]elk-m, (3.83)

where the solution for wi@) (x) is|given by [85],

160

241
Vs =

20 )Bii’(l)(a:)]v . (3.84)

The superscript ‘V’ denotes the vectorpart. The Fourier transform of (3.84) gives,

.60 ’H3 ki ko
wi(k3) = f/ (K1, k2, k3) [1;2 ;2] . (3.85)
5
Then,
;89 mH f ki-e(ks)  ka-e(ks)

w(ks) = €' (k3)wi(ks) =

d(ky, k2, k3) [ ] . (3.86)

k2 K2 k2

The other parity w(ks) has a similar Fourier solution with e being replace by &. The
second-order vectors in the expression for the galaxy number count fluctuation is given
by (2.97),

@) _ 21-9) # e
ARz @) =2 [—be +20+ Tt ,Ha” wi? () . (3.87)

Together with (3.83) and (3.86) we find that (3.87) Fourier transforms as follows,

43k .
AN (@) = / (%)33 AR) (ks) etk (3.88)

http://etd.uwc.ac.za/



Chapter 3. The Fourier galaxy bispectrum 67

where,
AR (ks) = /d(kl, kg, k3) K (ky, ko, Ks) (3.89)
We have suppressed the redshift dependence to reduce clutter. IC&,2 ) is the second-order

kernel for the vector perturbations and takes the form,

: 21-9)  H'|Vias

K2 (key, ko, k) = 12QmH2 f 3 V105 — 1120, H3F| — b, 420 + =) T2 | 123
v (K1, k2, k3) %fkgvlzzs i Hf +20 + = + 10 2
(3.90)

where,
ki -e(k ks -e(k ki-elk ko ek
Viog = [n-e(k3)< : kg( 3)+ = k2( 3))~I—n-é(kz3)< - kQ( 3)+ 2 k:2( 3)” . (3.91)
i 2 i 2

At this stage, we introduce coordinates in Fourier space and this breaks the algebraic
cyclic symmetry of the kernel when we permute the k;’s. We consider ki along the
z-axis as shown in Figure 3.1. For the direction of observation n, we use two angles: an
angle #; and an azimuthal angle ¢, with.respect to the z- and z-axes respectively. This

places n in a different plane which-we consider to-be-the fixed frame of reference.

FI1GURE 3.1: The geometry of the galaxy bispectrum without the polarization vectors.

We use a right-handed coordinate system and a tail-tail configuration for the angles

(0;,0;;) throughout. We start with ki on the z-axis,

ki = ki[0Z + 09 + 2] , (3.92)
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and choose kg to be in the plane controlled by the azimuthal angle ¢ (with respect to

the z-axis) such that,
ko = ko [sin 012 cos ¢ + sin Oy sin ¢ + cos 9122] , (3.93)
where 615 is the angle between the k1 and ks. For ks we obtain,
ks = kg[ — sin 631 cos & — sin O31 sin ¢ + cos 0312] , (3.94)
where 631 is the angle between the k; and ks. The conservation of the mode vectors,
ki+ky+k;=0, (3.95)
ensures a closed triangle. Using (3.92) and (3.93) in (3.95) we obtain,

k
k3 = —ko | sin 615 cos ¢& + sin 015 sin ¢ + (kl + cos 012) 2] . (3.96)
)

Then (3.94) and (3.96) imply-that;

kg sin 931 M ]{12 sin 912 L (3.97)
k
kslcos@y = ks <Z§ + dos 912> . (3.98)
2
For n we have,
n = $i0] CoSs Py, & 45 8in 0 sinid, i+ cos 012 , (3.99)

where 6; is the angle between 2 and k; and, ¢,'is'the ‘azimuthal angle with respect to

the z-axis. Taking the dot product with n on both sides of (3.95) leads to,
,ulk‘l + /LQk‘Q + /Lgk‘g =0, (3.100)

where p; = k; -m. This shows that two of the u; are independent, where k3 = |k1 + ko|.
One of the p; can be expressed in terms of the other one and the choice of independent
pi; where p;; = E; - l%j. Here, we choose p; and p12. We consider the plane containing

[k1, k2]. We decompose ks in the direction of k; and perpendicular to k; in the [k, ko)

ko = puoky + /1 — pdop (3.101)

where p is the projection of ko in the z-y plane. We do the same thing for the plane

[klvn]u
n =k +1\/1— 120, (3.102)

plane as,
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where gy, is the projection of n in the z-y plane. Taking the dot product between (3.101)
and (3.102) gives,

p2 = ppine + \/1 - u%\/l — (112D - Pn. - (3.103)

From Figure 3.1, the angle between p and py, is w = ¢, — ¢. Hence (3.103) becomes,

2 =M1M12+\/1—M%\/1—uf2008w. (3.104)
Using (3.100) we find that,

1
Hn3 = —kf |:,ulk‘1 + /Agk‘z] . (3.105)
3

For the mode vectors, let us consider Figure 3.2.

F1GURE 3.2: A closed triangle with ki, ko and k3 flowing in one direction. The
direction of observation is n and all the angles are defined in a tail-tail configuration.

From (3.95) it follows that,
ks - ks = k3 = k? + k3 + 2kikopuro (3.106)

and if we define ko = k1, we can show that (3.106) becomes,

ks =kiv1+ r2 + 2ruo . (3.107)
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Then for k1 - k1 and ks - ks we show that,

—(r + p2) —(1+rp12)

23 = .
g V14724 212 V1472 + 272

Hence, changing the values of  and 12 control the magnitudes of the k-vectors and the

and H31 = (3108)

angles among them. This leads to different triangular shapes as shown in Figure 3.3.

k;
ks

6,20

F1GURE 3.3: These are examples-of different triangular configurations. Left figure:
The squeezed triangle with %1 =~ ks > k3. Middle figure: The equilateral triangle with
k1 = ko = k3. Right-figure: Lhe folded triangle with ky = ko ~ k3/2.

We now modify Figure 3.1 to include thepolarization|vectors as shown in Figure 3.4.
We start by defining the triplet [k1, e(k1), €(k1)] as follows,

ki =k [02+0g+2], elk))=&-+0§+02, e(k)=02+g+02. (3.109)

For (e, e)(ky) we choose the triplet [ko, e(ks), €(k2)] to coincide with [k, e(k1), é(k1)]
when 615 = ¢ = 0 and this implies,

e(k2) = p12cos T +prasingg—1/1 — p3y2,  €e(kz) = —sin ¢p&+cos pg+02, (3.110)

where (e, €)(k2) has the same handedness as (e, €)(k;) with respect to their k-vectors.

We specify (e, €)(ks3) in the same way and obtain,

ko [ (K K
e(ks) = —é[(k; +u12) cos & + (é +M12> sin ¢ — mz] ,(3.111)

e(ks) = —sing&+cosepy+02. (3.112)
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Ol as

Stk
e(kz)‘ -

FIGURE 3.4: The geometry ofl the [galaxy bispectrum with the polarization vectors
satisfying the conditions in (3.82).

Then the projection along. n gives,

n-e(ky) =W/1-5u3cosdn , (3.113

n-e(ky) = puay/1—pfcos(pn — @) —pay/1— piy, (3.115

)
n-élk)) = /1—u}sing,, (3.114)
)
)

3
/Cb\l
5

I

1—pdsinw, (3.116

S
o
—
>
w
~—
I
w‘w
w N

3
/('b\l
5

I

k
[—\/1—M%(1€;+M12> COSUJ+M1\/1—M%2] ;o (3.117)

1—p?sinw, (3.118)
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and the dot products with k-vectors yield,

= —kiy/1—p2,, (3.119)

kl . e( )

k- é(kg) = 0, (3.120)
(k1)
(k1)

ko -e(ky) = kgy/l—u%Qcosqzb, (3.121)

ky-e(k1) = koy/1—p2ysing, (3.122)
kik

ko -e(ks) = —% 1— 2, (3.123)

ks - é(kg) = 0. (3.124)

For the other possible permutations, we apply (3.82) to (3.95) and derive the following,

kl . 8(’63) = —kg . e(kg) y kg . e(k;l) = —k3 . e(kl) y kg . e(kig) = —kl . e(kg) y
ki-elks) = —ky-&(ks), ko (ki) =—ksy &),  ks-&(ks)=—ki-&(ks).
(3.125)

We can now obtain the éxaet-forins-of-(3.91)-for-the-second-order vector kernel as,

k2 — k3 k1

Vigg = < 1k§k12> K% +M12)\/1 — Wi cosw — ,ul\/l - N%2:| \/1 —uiy,  (3.126)
k3 — k3

Vo3| = < ?;fgk;)\/l—/@\/l—p%cosw, (3.127)
k3 — k3 ‘

Vsi2 = < 1k§k:13> [Mlzx/ I FY OB Ml\/l = H%z} \/1 — i - (3.128)

Equations (3.126)-(3.128) ‘are 0 in the:

e Extreme squeezed limit, o = —1.
e Equilateral configuration, k1 = ko = k3 = k.

Therefore, there are no vector contributions to the galaxy number count bispectrum for

the above configurations.

3.2.2.3 Tensors

The tensors can be expanded in Fourier space using the polarization tensors [86, 101],

eij(k) lei(k)e;(k) — ei(k)e;(k)],  eij(k) lei(k)e;(k) + éi(k)e;(k)] -

(3.129)

_ L _ L
V2 V2
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The second-order tensors in the expression for the galaxy number count fluctuation is
given by (2.98),

A (2,2) = —% [(1 —Q+ 71{;7] h? (@) . (3.130)
Then, )
WD) = [ S e ) + Bkjes (] 3181
with,

h(k) = / B hij (@) (k)e ™, (k) = / B hyy(2)e (k)e ™ e . (3.132)
Taking (3.131) we can write,

h|(|2) (x) = nlnjhz(.?) (x) = / (gﬂk)?) [h(k)nlnjeij(k) + h(k)nln]éij(k:)] ok : (3.133)

where h(n,x) obeys,
B (gry—2Hh (7, ) =N2hinaz)= S(n,x) , (3.134)

obtained from projecting out the tensor part of the ij-component of the Einstein field

equations. In Fourier space (3.134) is written as,
W (kY —2HNW (k)Y + k2hik) = S(k) , (3.135)

where S(k) is the source term. Following [102] S;;(n, ) is given as,

T
Sij(n,z) =8 [8@8]@ + 0 (9 + HP)9; (' + H(I))] , (3.136)

2
8rGa?p
where the superscript ‘T’ denotes the tensor part. Using ®(x) = g(n)®o(x), we can
simplify (3.136) as,

B 1 g/ 2 T
Sii(x) =8 [a@a@ + g (g + ”H) al<1>a]<1>] . (3.137)

We can derive the following useful relation [72],

g/
F=i (3.138)

and use it to show that (3.135) becomes,

H T
Sij(n,x) =8 [1 + 47TG@2P] [0;90;®] " . (3.139)
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Since 4rGa?p = (3/2)Q,, H? we finally obtain,

2/ T
Sij(n, ) = 8|14 35— [0:00;®] " . (3.140)
The Fourier transform of (3.140) gives,
1
Sij(ks) = =3 H* (3, + 2f?) /d(kl, ko, k3) ) [k:quj + koikyj| - (3.141)
o)

Then the source term S is given by,

S(ks) = € (k3)Sij(ks)
1

= —3QmH* (3, + 2/7) /d(kl,kQ,kg) s
kle

|:k‘17;]€2j + kgil{flj] eij(kg) . (3.142)

Because k:likgjeij = k‘gikljeij we can write (3.142) as,

kiika; i
Y (ks) . 3.143

S(ks) = —6Qm H* (3 + 242 /d(kh k2, k3)

In general, the solution to(3.135) for the amplitude of the second-order tensor, h(k),
is given by an integral over the Green’s funetion, G(1), k), written in spherical Bessel

functions [102],

k) = 3 [ Gtk — e R Ja (S . (3144

However, for simplicity we consider the solution for (k) in the matter era where S(n, k)

is nearly constant in time at high redshift and therefore, we can approximate (3.144) to

[86]7
G(n, k)

h(n, k) ~ 2

SG1.k) (3.145)

where,

3[kn cos (kn) — sin (kn)]
(kn)? '

Using the results of (3.143) and (3.145) in (3.133) and (3.130) we obtain the Fourier

G(n, k) =1+ (3.146)

transform as follows,

2 ks 2 on o
AéT) (z) _/WAET) (kg)etke® (3.147)
where,
AD (k3) = /d(kl,kg,kg)K&?)(kl,kg,kg). (3.148)
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IC(T2 ) is the second-order kernel for tensor perturbations and takes the form,

,C(T2)(k1,k27k3) _ 39%7-[4{ [(3Qm 4 2f2) <2f -0+ 2;5) + 4fH/ — 3, (1 + 2;5)]9(77,143)
+ (3Qm + 217) Q/(Z{k?’) }7’123 , (3.149)
where,
Ti23 = k%lk% [eij(kS)klik2jnlnmelm(k3) + éij(kg)klikzjnlnmélm(kg) ) (3.150)

Equation (3.150) requires the following:

e The projection of the polarization tensors along the line of sight which gives,

o 1 )
eij(ki)n'n’ = 7(1 — 1) cos 26 (3.151)
2
_ o 1 _—
&;j(k1)n'n’ = 7(1 =) S 26, (3.152)
2
. 1
e;j(ka)n'n’ = E [(1 = ,u%Q) S hame: 3 M%Q(l = ,u%) cos? w cos w
i 2#1#12\/1 i M%\/l W Al - M%z)} ; (3.153)
o 1
€ij(k2)n'n’ = 7 {/”2(1 — 1) sin2(w — 2 \/1 — ,u%\/l — 13y sinw] , (3.154)

1 FeoleTak
eij(ks)n'n’ = \@{(1 = ) sin’ W~ ,f% [(’f; % M12> (1 — p) cos’w

k
Fat )| 2+ e i1y 1 sy cose| |

(3.155)
_ i . 1 kz 2 k]_ . .
€;j(ks)n'n’ = Toks [ - (1—py) <k2 + ng) sin 2w + 2u1\/1 - u%\/l — p3, smw] )

(3.156)
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e The contraction of the polarization tensors with the mode vectors as,

e (ks)kiika; = —\k}%ﬁ(l—ﬂﬂ)v (3.157)
€9 (k3)k1ike; = 0, 3 (3.158)
ks =~k =) (3.159)
€ (ko)kiiks; = 0, (3.160)
€' (k1 )kaiks; = —\}ikg(l—@)cosmp, (3.161)
oy = ——=k3(1 ) sin20. (3.162)

Here also, the cyclic symmetry over the k;’s is broken and therefore, we give the explicit

forms of the different permutations,

Tizs = 4,1%1 (1—pdy) [k% — ki + (K — 23 — k3)pf + (2kikopd — 2kiko) pra + (3K3pF — k3) 13
+ ey (et Bispera g gt L — 1, cosw
— (1R ERE k3 E 23S + +2) cos QW} : (3.163)

Tosn _2;%(1 — ) (1 — i) 408 20 (3.164)

T312 411%(1 — 1135) [(1 —up) (1= 3uf) + 4M1M12\/1 L M%\/l — [ify cOsW
— (G ) b )cps zw} , (3.165)

where we have eliminated ‘the sin? and cos* terms by using the trigonometric identities,
sin“ 0 = 5(1 —cos20) , cos”0 = 5(1 + cos 26) . (3.166)

In the extreme squeezed limit (p12 = —1), (3.163)-(3.165) are 0 and therefore, there are

no tensor contributions to the galaxy number count bispectrum.

3.3 The galaxy power spectrum

The dark matter overdensity, () is usually modeled as a random field which is homo-
geneous and isotropic. This does not necessarily mean that it is Gaussian. Its Fourier

transform 7 (k) follows a simple relation [103, 104],

(67(k)op(K)) = (27)3 B (k)0P (k + k') | (3.167)
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for some function P, (k) which is known as the matter power spectrum. It only depends
on the magnitude of k and not on its direction [105]. The notation “( )” denotes the
ensemble average over all possible realizations. At tree-level, the matter power spectrum

involves only the first-order dt and therefore,
(69 (k)oY (K)) = (27)* P(k)oP (K + k) (3.168)

where P(k) is the first-order matter power spectrum in T-gauge. Its expression is given

in [38],
9 1 k

4
P(z,k) = A (Ho> T?(k)D*(2)Pa, (k) , (3.169)

where we have restored the redshift dependence. T'(k) is the transfer function. It ensures
that the amplitude of the k-modes of the gravitational field ® which enter the Hubble
sphere during radiation era, are suppressed relative to the modes which re-enter later,

during the matter era. The plot for T'(k) is shown in Figure 3.5 below. We have used

100 F
107t
=
=
1072
k= H, -
103 i e i i
1074 1073 1072 107! 100
k /Mpc!

FIGURE 3.5: The transfer function 7' versus the wavenumber k/Mpc™'. The

wiggles show the effect of the baryons. The two critical scales are: the matter-

radiation equality scale, keq ~ 1072 Mpc~! and the Hubble scale at present time,
Hy ~ 2.26 x 1074 Mpc~1.

the fitting formula provided by [106],

Q
T(k) = ¢ = T(k) +

a0 o) (3.170)

which is a very good approximation. It splits the transfer function into baryonic and cold
dark matter (CDM) parts where, Ty(k) and T.(k) are the baryonic and CDM transfer
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functions respectively. €y and 2o are the densities of baryon and CDM defined today

respectively. 2,0 is the total matter density where,
Qmo = Qo + Qeo - (3.171)
The other variables in (3.169) are:

e D(z) is the growth factor and,

e Py, is the power spectrum of the primordial gravitational field ®p determined

from inflation. It is given by [38],

5072 (kN o [ Qo 1P

where n = 0.9677 is the spectral index [16]. The parameter g is the curvature
perturbation at horizon crossing during inflation and it can be parameterized by
[106],

og = 1.94 ¥ 10—59;%.785—0.051nSlmo0—0.95(71,—1)—0.169(71—1)2 ) (3.173)

For the tree-level galaxy power lspectium we can write| [28],
(AD(R)AD(K)) = (27)° P, (k)6P (k + k') . (3.174)

where Agl) is the first-order galaxy number-count fluctuation. Using the Fourier trans-
form of A(gl) given in (3.16) and the definition of the lincar dark matter power spectrum
in (3.168), we can show that (3.174) leads to [28],

Py(k) = KO (k)KW (—k)P(E) . (3.175)

The galaxy power spectrum is also a real-valued function but unlike the matter power
spectrum, it depends both on the magnitude and direction of k. This is because the
kernel (1) contains the first-order relativistic lightcone projection effects (see (3.17)
and (3.18)) which depend on the direction cosine parameter u = k- f. K1) is of the
following form,

KO ~ [0(°) + O(k~%)] +i0(k™") (3.176)

and therefore, we find that the linear galaxy power spectrum can be written as a series

in k77,

Bk ][] L] (3.177)
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where n = 0,1,2,3,4. We can work out the full expression of P, by using the exact
forms of K1) given by (3.17) and (3.18). We then obtain,

4 2
P(k)) = (b1 + fu*)? + [1* (7] + 2f72) + 2b172] % + % : (3.178)

Since the galaxy power spectrum is a function of k and pu, it can be decomposed into
its multipole moments, Pge(k) using the special Legendre polynomials, L£y(x). This is
written as follows [72, 107-109],

Py(k) = Py Ealr) (3.179)

where ¢ is the multipole index. It follows from (3.178) that the non-zero multipoles are

¢ =0, 2 and 4. The corresponding multipoles are obtained as [109],

ooy (2041) [T +
P = S [ao [ aup e (3.180)

Integrating over the azimuthal angle ¢ -yields-{72,"108],

TTHE R yHe

i Py (R)Le(p) (3.181)
Here, we have assumed the “local-plane-parallel approximation” as explained in [110].
In this approximation, the position vectors (z, ) of a pair of galaxies separated by

relevant scales are locally parallel i.e!] k"o ~ k™ " [109].

We consider the case of the monopole i.e., £ = 0 and Lo(p) = 1. Using (3.178) in
(3.181) we find that,

P (k) Py Py
- — —= 4+ = 182
20 Pot 15+ 7 (3.182)
where,
2, 2 f?
2
Py = %1 + 27 <b1 + g) , (3.184)
Py = 473 . (3.185)

In the Newtonian limit, 3 = 72 = 0 and hence, P2 = P4 = 0. Then (3.182) recovers the
result presented in [108],

2

2
:Pozb%JrgfbH—g. (3.186)

Pn(k)
P(k)
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where the subscript ‘N’ denotes Newtonian. We show the numerics below in Figure 3.6

and Figure 3.7.

FIGURE 3.7: Left: The redshift evolution of the monopole of the linear galaxy power
spectrum. Right: The percentage difference relative to the Newtonian curve.

P/ Mpc?

10°

10t

10°

10?

10!

0.0

10%

FI1GURE 3.6: Left: The monopole of the linear galaxy power spectrum at z = 1.0. The

solid curve is the full relativistic (GR) case given by (3.182). The dashed curve is the

Newtonian (N) case given by (3.186). Right: The percentage difference relative to the
Newtonian curve.

0

102
0.0

We have used the latest Planck best-fit values [16], in particular for

h =0.678 and Q,,0 = 1 — Q¢ = 0.308. For the first-order galaxy bias we have chosen,

by =vV1+z,

(3.187)

and we have set the evolution bias and magnification bias to 0, i.e., b = Q@ = 0. We

have neglected all the integrated terms. The left plot in Figure 3.6 shows the Newtonian
approximation (dashed) and the full relativistic curve (solid). The GR effects boost the

galaxy power spectrum on large scales with a percentage contribution of ~ 0.1% on

equality scales and 2 10% on Gpc scales (right plot). The left plot in Figure 3.7 shows

the redshift evolution of the monopole at keq = 1072 Mpc~!. The percentage difference

varies between 0.01% and 1% (right plot).

http://etd.uwc.ac.za/



Chapter 3. The Fourier galaxy bispectrum 81

3.4 The galaxy bispectrum

We begin with the Fourier definition of the bispectrum [104, 111, 112],
(Ax(z, k1) Ax (2, k2)Ax (2, k3)) = (27m)3Bx (2, k1, ko, k3)oP (ki + kg + k3) ,  (3.188)

where Ax is the Fourier transform of the number density field of any biased objects. At

tree-level the only combinations of terms that contribute to the bispectrum are,
(Ax (k1) Ax (ko) Ax (ks)) = 5 <A(1)(k1)A§§>(k2)A§§>(k3)> +2cyc. perm.,  (3.189)

where we suppress the redshift dependence for brevity. The factor 1/2 comes from the

perturbative expansion of Ax,
1
Ax =AY +oAY. (3.190)

The “2 cyc. perm.” indicates two-eyclie permutations of the k-vectors. Hence, for the

galaxy number count fluctuation we can-write;,

1
§<A§1)(k1)A( )(ka) ALY (Re3)) + 2 cye. perm. = (27 B, (1, k2, k3)0® (k1 + ko + k3)

(3.191)
where B, is the tree-level galaxy bispectruin. Applying the Newtonian-GR split (refer
to Section 2.6) to the perturbations on the left-hand side of (3.191), we obtain the

following,

gN (
+ (AN (Re) AL (ko) AR (Res)) + (AL (k1) AL () AR (Kes))

(AN (k) AL (k) AP (kes)) = (AN (1) A i%kam@( >>+<A;2R<k1>A;2R<k2> gGR<k3>>
)
3
+ 2 [ (AR k) AL, (k2) AR (k3)) + (AN (k1) AL (k) Al (k)

+ 2 cyc. perm. , (3.192)

where the first line splits into pure Newtonian and GR parts while the last two lines

show the Newtonian-GR cross correlations.

3.4.1 Wick’s theorem
It is possible to express the galaxy bispectrum in terms of the kernels £ and K2 by

using the Wick’s theorem. To begin, we use the Fourier transforms of Aél) and A§2)
given by (3.16) and (3.62) respectively in the left-hand side of (3.191). We obtain the
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following,

43k
(2m)?

1
5 (A (k) AD (k) AP (ks)) = 5 / / APy KO (kg KO (o) K (I, Iy, k)
(05 (k)03 ()03 (0285 ()

x 0P (Ky + kb — k3)

1
=5 [P ea)(AP) | (AP AP (k2)) . (3.198)
where the ensemble average of A§2) in the last line is given by[72],
(A®) = / k@, k. 0) (3.194)
g (27_(_)3 b )

We apply the Wick’s theorem [113-115] in the first line of (3.193) to split the 4-point

correlators as products of 2-point correlators,

(6% (k1)8%) (Re2) 6 (R1)OL) (kb)) = (85 (K)o (Re) ) (5 (K >6<”<k’>>
T 0RO ) ) (05 ()05 (Rez) )
Lo ko )6 k) ) (68 (ko) 6D (KDY . (3.195)

Use the definition of the first-order matter power spectrum given in (3.168), we show
that (3.195) becomes,

(60 (o) 61 () 650 (1) 881 i) Yo =102) & PO ki ) D)y )6 (e + ko) 6P (K, + k)
¢ PO )PY) (k)6 (k) + K1 )6 (k) + k)
+ PO (k1) PO (k2)8P (K + K5)87 (ke + K1)
(3.196)

We then use (3.196) in the first line of (3.193) and perform the integrals. We use the
symmetrical property of the Dirac-delta function i.e., 6°(—k) = 6°(k) and we obtain

the following,

a3k,
(2m)3
+ 2m)3KW (k) KW (ko) K@ (K, kg, ks) PW (k) PY (ko) 6P (—ky — kg — k) |

%(QW)SP(D(/@D(SD(kl + ko) KW (k1)K (K2 ) 6P (—k3) [/ PO (kKD (K, -k, 0)

where the first line is just,

5 [P (AR (AP RNAP (R2))
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which cancels with the second term in (3.193). Therefore, we are finally left with,

%<A§1>(kl)A§,1>(k2)A§>(k3)> = (2m)3 KW (k) KW (ko)K@ (K1, ko, k3) PY (k1) P (ky)

x 60 (k1 + ko + k3) . (3.197)
Then (3.191) and (3.197) imply that,

By(k1, kg, k3) = KW (k) KD (ko) K (ky, kg, k) PD (k) PO (ky) + 2 cye. perm.

(3.198)
and splitting the kernels into Newtonian and GR parts leads to,
By(ki, ko, ks) = |KQ (k)KL (ko) KC) (o1, ki, kis) + K (o1 )KSY (ko) KK (Ko, Koo, Fes)

+ KO (k) KD (ko) K (Key, Keg, Kis) + KU (ke )KSL (k) KD (K, Koo, Kis)
+ 260 (k)G (e2) { IS (e, oo, o) + G (R B, ) | } P(k1)P(ks)

+ 2 cyc. perm., (3.199)

where Kgl)% = ICéQ) + /C(V?) + ICP(F2 Mand e writd P for P from now on. The equation
above is the full expression for the galaxy bispectrum; If we neglect the GR lightcone
projection effects, then the only term|surviving in (3.199) is the first term which is the

Newtonian galaxy bispectrum,

Byn(k1, K, ks) = K\ (k) KCA (o) iCK (o, s kes) P (k) P(k2) + 2 cyc. perm. . (3.200)

3.4.2 The multipoles of the galaxy bispectrum

In Section 3.2 we have seen that the kernels are complex and therefore, they can be

represented as follows,
kO =) +ik” and K@ =k§) ik . (3.201)

This makes the galaxy bispectrum to be a complex function. We can work out the real

and imaginary parts by using (3.201) in (3.198). We find that the real part is,

: : ! 2 1) (1 1) (1
By = [/cﬁz)m (/cipilcéii - ’Cﬁ)’cél)) _ K (zcgfg,ggg e m Pl P(ta)

+ 2 cyc. perm. , (3.202)
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and the imaginary part is,

2 1 1 1 1 2 1 1 1 1
Byt = |1 (JCRRSY + KD ) + 8 (SR — K DKSY ) [ ek )
+ 2 cyc. perm. , (3.203)

where K = KO (k;) and K1) =

iin = K@ (ki, kj, ki). Both Byr and By depend on the
w) i.e

three mode vectors and angles (1,
BgR = BgR(k:l,krg,kzg,m,w) s BgI = Bgl(kil,kg,k’g,ul,w) . (3.204)

The dependence on p; and w can be expanded in spherical harmonics, Yy, (11, w). The

spherical harmonics are a set of basis functions for solutions of the Laplace equation,
V& Yim(p1,w) =0, (3.205)

defined on a sphere. They are related to_the Legendre function Ly(p1) as [116, 117],

P = (—1>’”\/ oy Eﬁ E Zgiﬁg(m)eimw , (3.206)

and follow the orthogonal rule [117],
/dQ Yom (/LL w)}/l’m’(/lfla W) =070 O’ » (3207)

where £ = 0,1,2,3,.... m = —(,—(+1,....0 + 1,0 and dQQ = —dp;dw. We expand the

real and imaginary parts'of the galaxy bispectrum as,

{=00 m={
Byr(k1, ka2, k3, p1,w) = Z Bt (kv ka, ks) Yo (11, w) (3.208)
=0 m=—/
l=00 m=/{
gl(klka)kBauh = Z k1,k2,]€3)Yzm(u1, ) . (3.209)
(=0 m=—

Inverting (3.208) and (3.209) leads to [117],

2 +1
ROukobs) = [ [ e [ din Bantko b)Y )

(3.210)
1 27 —+1
BU (kKo ) = */47r<2£+1)/0 dw/_1 dpir By(y. ko, i 1,0) Yo (11, 0)
(3.211)
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where (Bgﬁ‘, Bem) are the multipoles and Y7 (11, w) is the complex conjugate of Yy, (111, w).
The integration over pu; and w moves the zyz-axes around n covering all the possible
triangular orientations. If we consider the spherical harmonics as a set of real functions,

usually known as tesseral spherical harmonics, then (3.206) is written as,

(2 1) (¢ — !
Yo (1. 0) = m\f\/ = §+}:;§!£g(ul)sin|m]w for m<0, (3.212)
2€+
Yio(pa) =1/ »Cz (1) for m=0, (3.213)
!
Yim(p1,w) = m\f\/ (26+1) g m; Lo(p1)cosmw for m > 0. (3.214)

In this thesis, we work with m = 0 for simplicity. Most of the information is in the m = 0
modes [118]. Therefore, (3.213) shows that the spherical harmonics are proportional to

the Legendre polynomials i.e.,

Yoo (=T {pi0).x Lo(111) (3.215)

which have even powers of py for-even—£’s and-odd powers of u; for odd ¢’s. With
SymPy (Symbolic Python), it is possible to obtain the exact expressions for the real and
imaginary parts of the galaxy bispectrum (neglecting vectors and tensors for simplicity)

as,

Byr(ky, b, ks, 2, i o)1 Y J 1S TRE K hiag bigstin) i cos? (w)

i=even j=even

= Z Z R7] kl kbkday'l?) HCOSJ( )’

i’=odd j’=odd
(3.216)

Byi(ky, ko, ks, g, pa,w) = > > Tiglka, ko, ks, pag) iy cos? (w)

i=odd j=even

+ Z Z Ty (kv ko, ks, pra2) i \/1—u1cos (w)

i/=o0dd j’=even

(3.217)

Then, the integration over p; and w in (3.210) and (3.211) admits,
B (ki ko, ks) = 0, BR(kikyks)#0, for £=1,35.. (3218)
B (ki ko ks) # 0, BR(ki,ka,ks)=0, for £=0,2,4,... (3.219)
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For the monopole, £ =0 and Lo(p1) = 1. Then we have,
By (k1, ko, ks) = Bpp (1, k2, ks) | (3.220)

where we define the shorthand notation Bf; = Bf;o. We find that the monopole is always

real. For the case of the dipole (¢ = 1) we have,
By (k1, ko, ks) = Byp (k1, k2, k3) , (3.221)

which is purely imaginary. Future work will look at the different multipoles of the galaxy

bispectrum in more details.

3.4.3 The monopole in the squeezed configuration

We derive the analytical expressions for the monopole in the squeezed limit (612 =

180° = p12 = —1). In that configuratien we have,
ko~ —ky=—kg, ks=kry ks ki &0, i "+ = —ps, ps=pn, (3.222)
and for the magnitudes of|the mode wectors,
ky ko =keg > ks =k, (3.223)

where S and L denote the short"and'long modes'respectively. To obtain ur, we start
by defining ¢ (< 1) whichi is the angle between kj = kg and ko ~ —kg in the head-tail
configuration for a closed triangle with the third side k3 = k. Since 012 is the angle

between k; and ks when they are tail to tail then,
019 = arccos ki - ko =7 — ¢ . (3.224)

Applying (3.222) to the identities given in (3.104) and (3.106) we obtain,

2
€
o M5<—1+2>+6\/1—u%cosw+0(53), (3.225)

k2 = Eie?2 4+ 0. (3.226)
Neglecting the higher powers for ¢ leads to,

po=—ps+ey/1—pdcosw and ki =ckg. (3.227)
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Then, using the conservation for the mode vectors given by (3.105) we have,

k
o= = (s + p2) 1 = /1= 1 cos (3.228)

We can now obtain the exact expressions for the kernels. At first order (see (3.16)),

KO (ks) = bis +im b + O(kg?) and KO (k) = by +im o2 + 2 (3.229)
kg kp k7
where we define,
bis =b1 + fu% and by =0b1 + fﬂ% . (3.230)

At second-order, the F5 and G2 kernels (see (3.27) and (3.28)) become,

10 6
Fg(ks, —kis) =0 s FQ(kS,kL) = 7 s Gg(kg, —ks) =0 and Gg(ks,kL) = ? .
(3.231)

We neglect the tidal term for simplicity. Then, the Newtonian kernel in (3.63) gives,

K (kg—karks)—= b (3.232)
k
K (ki kg—ks) = bsr+ fhs/hs*/ui : (3.233)
2 2
K (ki iRs) | KE (b kogy k)], (3.234)
where,
10 6 ;
bsp = 7b1 + b + ?,ué + blf(/J,QS + /Li) + 2f2,u§,u% . (3.235)
For the second-order scalats_(S). given by (3.65) we obtain,
KD (ks, —ks, k) = O(kg?) (3.236)
U7 +Tgug) . 1S ks
K)oy kg, —ks) — TSt S) 4 |Ty S 4 (Do + Tiapd) ps o
s (kr, ks, —ks) hahy w2 +i 23 k2 + (To + 12Ms)Msk%
+(T11 + Tispd) Zﬂ +0(kg?) , (3.237)

K (ks kr,ks) = K (kr ks, —ks)] (3.238)

ps——ps

For the vectors and tensors (see Section 3.2.2.2 and Section 3.2.2.3) we obtain exactly 0

(squeezed limit = p19 = —1) i.e.,
K (ks, —ks, k) = K& (kp, ks, —ks) = K& (kg kp, ks) =0, (3.239)
K (ks, —ks, kp) = K (kp, ks, —ks) = K (ks kr, ks) =0 . (3.240)
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We now have all the tools to derive the analytical expressions for the galaxy bispectrum

in the squeezed limit,

Bt = KO (k) KD (—ks) [ (s, —kes. ko) + K& (s, —K, or )| [P (ks))

KO (k) CD (ki) (K (< s, ko ) + Kk (<K, ki, os) | PO (s) PO (1)

4—KﬂU(kL)KﬂD(kS)[Kﬁ?(kL,kS,—ks)+—Kg%(kL,k5,—ks)}fﬂﬂ(kL)f%U(ks),
(3.241)

where ICgF){ = ICé2) + IC§,2 ) + IC(T2 ). We drop the first line in (3.241) because the coupling
between two short modes is negligible compared to the coupling between a short- and

long mode i.e., [P(l)(k‘s)]Q < PW(kg)PW(kr). For the scalars we find,

ES k
gS HSH]
P(l) (I{Z )P(l)(ks) < 1L 1’Yl k ka > < 1S 1 1 k‘g) { SL f 1SHS Lk’ 5 ]{35‘]{5

(T7 + F8/1/S)
ki

ks
IiFQ Tk + (Ty + FlZHs),uS K2 + (T11 + Tigpd) 2

mr

£

k
<b1L iy L e ) <b15 - %) {bSL - fb1s/lSMLki —1I's Zi:ﬁ

kr

ks
—(I0y + FlQMS)HS + (T11 + Digp3)

(F7 i FS/ts) { I
2 k’2

k2 k:qk:2

(3.242)

The expansion of (3.242) gives,

B
PO (k) PO (ks)

= b1sbirbsr + {bls(bsmz — fAipgut) + bisbin (7 + Dsp?)
1
— b1z (Do + Tiopd) pg — brsyn (i1 + FlSN%)N%] 1z
L

1
+72 [bls(F7 +Tspg) — 71 (To + Flzu%)ué] e (3.243)
L
where we neglect the terms proportional to odd powers of pug and pp because,

1 +1 1 2
/ dug (,ug)n = / dw (,u,L)n =0 for odd n. (3.244)
2 -1 2T 0

We average (3.243) over w to eliminate u? since (3.228) shows that,

1 2

o dwpd =1—p% . (3.245)
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Then, we average over pg to obtain the monopole as,

B3’ B, B
g5 _ 2 4
TIATEAIT By + 2 (3.246)
where,
2 2 4
By = Ob T+ 2 ghibaf + b [ B S0
o2 23 4 4
b2f + 245]‘ 1051" ; (3.247)
By = 1(2)5 {72 (80by f + 42by f + 105b7 + 7001 f + 105b1ba + 35ba f + 18 + 6£7)
+7by [5(361 + )T + (51 +3/)Ts| = 91| (3561 + 7f)Tu + (7b1 +3f)Ts]
+f[(35b1 + )T + (Thy + 3f)r8} —m [(71)1 +3F) fn + 7(5by + f)To
+3(Tbr + f)To] } , (3.248)
2
Bi = v [5(351 + f)T7 + (5bast3F)Tg—14 (50 + 3F12)] . (3.249)

In the absence of relativistic projection effects;-the only surviving term is the Newtonian

term By.
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Chapter 4

The GR projection effects in the

Gaussian galaxy bispectrum

In this chapter we present the numerical-results.. We are using our own Fortran code
which computes the galaxy bispectrum for any triangular shapes, including all the
second-order local relativistic effects-discussed-in. Chapter 3. We choose an isosceles

configuration,
k1 = kg = ks|| and kg = kp = kgy/2(1 + pi2) - (4.1)

where we have set r = 1"in (3.107). For the astrophysical parameters, we use:
b1(z) = V1+z, bo(z) = —0.1v/1 + 2, be=0=0, (4.2)

and consider z = 1. We want to show the contributions of the second-order scalars
(S), vectors (V) and tensors (T) in the monopole®. Since the vectors vanish for an
equilateral shape (see (3.126)-(3.128)), therefore we choose a moderately squeezed shape
with g2 = —0.999 (012 = 177°). Then, from (4.1) we find that k3 ~ kg/16.

4.1 Method of computation

e We define:

— The Newtonian galaxy bispectrum Byn(k1, k2, k3) as,

KO (k)KL (k) K (K1, kg, ks) PY) (k1) P (ky) + 2 cycl. perm.  (4.3)

3The imaginary part of the monopole of By is always 0 (refer to Section 3.4.3).

90

http://etd.uwc.ac.za/



Chapter 4. The GR projection effects in the Gaussian galaxy bispectrum 91

— The GR galaxy bispectrum with second-order scalars Byg(k1, k2, k3) as,
KD (k1)K (k)KL (K1, g, ks) P (k1) PD (ky) + 2 cycl. perm.  (4.4)

where K1) = ICI(\%) + ICSE{.

— The GR galaxy bispectrum with second-order vectors Bgy (k1, k2, k3) as,
KD (k) KD (k) K (o1, kg, k3) PD (k) PV (ky) 4 2 cycl. perm.  (4.5)
— The GR galaxy bispectrum with second-order tensors Byt (k1, k2, k3) as,
KD (k1)K (k) KP) (1, kg, kg) PD) (k1) PV (ky) + 2 cycl. perm.  (4.6)
— The full GR galaxy bispectrum By (k1, k2, k3) as,
KD (kKD (k)KP (Ey, ko, ks) PD (k1) PY (ky) + 2 eyel. perm.  (4.7)

where K2 = ICI(\?) == /Cém - /Cg) + IC(T2).
e We compute the following-two cases:

— Method 1: The absolute value of (3.220) i.e., ’BS‘.

— Method 2: The monopoleof the absolutevalue,

il 27
ngs,o _/ dul/ dw ‘Bg(kuk%k&ﬂl,w)‘ ) (4.8)
==} 0

where By = Byr + iByi. This method receives contributions from all the

multipoles of By.

4.2 The effect of the tidal term

We begin with (4.3),

Byx(k1, k. ks) = K\ (k) (ko) K (K, g, k3) PO (k) PO (k) + 2 cyel. perm.
(4.9)
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which is the Newtonian galaxy bispectrum. The first- and second-order kernels are given

by (3.17) and (3.63) respectively. We list them down again,

KO () = by + fui2 (4.10)

2

’Cl(\?)(kla k27 k3) == blFQ(kla k2) + b2 + fGQ(kl, kig),u,% 7(b1 — 1)52(’61, kg)

+ f2H1M2 (paky + u2k2)2 + 1?1L [(,u% + u%)/ﬂkz + p 2 (k% + kzg)} )
kl kQ kl k2
(4.11)
where the expression for the tidal bias coefficient is given in [64],
2
bTidal = —?(b1 -1). (4.12)

We can use (4.10) and (4.11) in (4.9) and isolate the tidal term such that we obtain,

Byn(ki, ko, k3) — Byn(ki, ko, k3) + Byridal (K1, k2, k3) | (4.13)
S —

standard Newtonian

where,

2
Byrida (K1, k2, k3) = *?(bl —1) [b% b by fi(p] Fs) 4 P uius| Sa(k, ko) P(ki)P(ks)

+ 2Agyclipern, (4.14)

Figure 4.1 shows the plots. . T'he; Newtonian galaxy bispectrum is purely real. The top
left plot is the absolute value of the monopole. The tidal term makes the standard New-
tonian curve (Bgy, orange) to go negative on large scales (red curve). We use dashed

line to indicate negative.

Ezxplanation: We are considering z = 1 and this gives b; &~ 1.41. Therefore, in (4.14)
the only term which controls the overall sign of Byriga must be Sy because all the other

terms are positive. In the exact squeezed limit we have,
2 1
Sg(ks, —kg) = 3 and Sy(—kg,kr) = Sg(k:L, ks) = 3 (4.15)
which leads to,

Byrida(ks, —ks,kr) = —[..|P(ks)P(ks) , (4.16)
Byridal(—ks, k. ks) = Bgrida(kr, ks, —ks) = +[...] P(ks)P(kz) . (4.17)

The P(ks)P(ks) term in (4.16) is neglected since it is very small. Hence, Byridal is

positive and makes the overall Bgy in (4.13) always positive. However, in moderate
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squeezed configurations, So grows positive on large scales [119]. The P(ks)P(ks) term
does contribute to Byriqal and dominates over the P(kg)P(kz) term. This results in the

overall Byn to be negative on large scales.

In the coming sections on GR effects we include the tidal term throughout.

Oky, ka, ks) / Mpc®

abs,
B!

Hy

g =

1074 1073 1072 1074 1073 1072
ks / Mpe™! ks / Mpe™!

FIGURE 4.1: The monopole of the galaxy bispectrum at z = 1 in the Newtonian
approximation. The triangular.econfiguration-is a moderately squeezed shape (k; =
ko = kg, ks =~ kg/16).-We-use solid line for positive-and-dashed line for negative. Left:
Monopole computed using Method 1. Right:s Monopole computed using Method 2.

4.3 Correlations in-the galaxy bispectrum

The complete expression for the relativistic galaxy-bispectrum contains various 3-point

correlations as given in (3:199),

By(k1, ko ks) = |KO(R)K (k)KL (o1, ko, ks) + KU (k1 )KSY (k) KEL (K, K, Kes)
+ KO () KD (ko) K (Key, Kea, i) + KU (ke )G (k) KD (K, Koo, Kis)
+ 260 (k)G (e2) { IS (et oo, ) + G (R Ko, Ks) | } P(ky)P(ks)

+ 2 cyc. perm. , (4.18)
where /Cgf){ = ICg) + IC£,2 )y IC(T2 ). The correlations which are unaffected by the second-
order GR projection effects (S, V and T) are,

(A )AL ()AL (k3)),  (AQ (k1) AGL (k)AL (Rs)),  (AGK (o) AL (k2) AP (k) -

(4.19)
We show the plots below in Figure 4.2. The pure Newtonian correlation (red) domi-
nates on small scales. The correlation having only one first-order GR projection term

ie., <A§)(k1)A8%{(k2)A1(\?)(k3)> (cyan), is the most dominant on super-equality scales.
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— (AP DAY (k) AL (k2))
(AP k)AL () AL (Ry))
(DG Re) AL (1) A (Rs))

— (AP )AL () AL (Ra))
(AQ () A () A (hs)
(AL AG (R)AL (k)
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ks

104 107 1072 104 107 1072
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FIGURE 4.2: The monopole for the 3-point correlations listed in (4.19) at z = 1. The

triangular configuration is a moderately squeezed shape (k1 = ko = kg, k3 =~ kg/16).

We use solid line for positive and dashed line for negative. Left: Monopole computed
using Method 1. Right: Monopole computed using Method 2.

If we omit the first-order GR projection effects, we will definitely miss this contribution

to the full squeezed galaxy bispectrum.

The remaining correlations-which-contain-informationabout the second-order relativistic

effects are,

(AGR(kDAGR (k) AGR (3)). (AR (k) AGR (B AGR (k3), (AL (k)AL (k2) AR (R3)) -
(4.20)

It is important to isolate these correlations because they help to identify the dominant

relativistic terms in the full*galaxy bispectrum. [Here, we study these correlations in

details as follows:

e We split A(GQI){ into scalars (S), vectors (V) and tensors (T).

e We look at the scalars which contain the quadratic first-order and intrinsic second-

order terms (refer to Section 1.6.3 and Section 3.2.2).
e Then, we consider the vectors and tensors.
We do not show plots for the monopole of the imaginary part of B, because it is always

0 (by definition, ngs has no imaginary part). For other multipoles, the imaginary part

can be non-zero. We leave this topic for future work.

4.3.1 Quadratic first-order and intrinsic GR second-order scalars

We start by looking at the scalars. In that case the kernels to be used are:
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1. The first-order kernels, ICI(\} ) and ICS%t are given by (3.17) and (3.18) respectively.
2. The second-order Newtonian kernel, ICI(\I2 ) is given by (4.11).

3. The second-order kernel for the local relativistic scalars (IC(Gzl)DL = ICéZ)) is given by
(3.65).

e At first, we set the Is to 0 in order to remove the intrinsic GR second-order
scalars (see Section 3.2.2). In this case, the second-order scalars are computed

in the Newtonian approximation.

e Then, we include the I’s and show their importance by computing the per-

centage fractional difference.

o 108 F TNso_t 10!

rr=Hp

2 =,
< s -
’:‘(]5 104 : .E !
< -
a e < ) 1072
[
10! <
10° 104
10 1073 102 108 103 102
ks / Mpc
10%
10
_; 100
L;: 107!
= :
10 H
10° 107°
10 1073 1072 10 107 1072
ks / Mpe!
FIGURE 4.3: Left  panel: The monopole for the 3-point correlation

<Ag§(k1)A8ﬁ(k2)Agﬁ(k3)> at z = 1. The triangular configuration is a mod-

erately squeezed shape (k1 = ko = kg, ks =~ kg/16). We use solid line for positive and

dashed line for negative. The magenta curve is for the quadratic first-order terms only.

The blue curve includes the intrinsic second-order terms. Top left panel: Monopole

computed using Method 1. Bottom left panel: Monopole computed using Method

2. Right panel: The percentage fractional difference between the blue and magenta
curves.
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FIGURE 4.4: Left -~ panel:

(AQ (k1) AGR (k) ASY (R3)) o] = 1 1.

The blue curve includes-the-intrinsic-second-order terms.
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104
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1073

3-point

1072

correlation

The triangular configuration is a moder-
ately squeezed shape (ky = ks = kg, k3 =2 |ks/16). We use solid line for positive and
dashed line for negative. The magenta curve is for the quadratic first-order terms only.
Top left panel: Monopole
computed using Method 1. Bottom left panel: Monopole computed using Method
2. Right panel: The percentage fractional difference between the blue and magenta
curves.
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Ficure 4.5: Left'rpanel: The -monepole —for the 3-point correlation
1 1 2 . L
<A§\I)(k1)A1(\I)(k2)AE}%(k3)> at' z = 1. The| triangular configuration is a moder-

ately squeezed shape (ky = ks = kg, k3 =2 |ks/16). We use solid line for positive and

dashed line for negative. The magenta curve is for the quadratic first-order terms only.

The blue curve includes-the-intrinsic-second-order—terms. Top left panel: Monopole

computed using Method 1. Bottom left panel: Monopole computed using Method

2. Right panel: The percentage fractional difference between the blue and magenta
curves.

The plots in Figure 4.3, Figure 4.4 and Figure 4.5 show that the intrinsic GR second-

order scalars becomes non-negligible on fairly large scales which are still within the hori-

zon. Failing to include these terms will lead to a wrong estimation when computing the

galaxy bispectrum. At this stage onwards, we take into account both the quadratic first-

order and intrinsic GR second-order terms when we consider the second-order scalars

(9).

4.3.

2 Vectors and tensors

The second-order kernels for the vectors (V) and tensors (T) are given in (3.126)-(3.128)
and (3.163)-(3.165) respectively. We show the V-T contributions for the different cor-

relations given by (4.20) below in Figure 4.6. We can see that the second-order scalars

(blue) largely dominate over the vectors (green) and tensors (purple).
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FIGURE 4.6: V-T contributions in the monopole of the 3-point correlations listed in
(4.20) at z = 1. The triangular configuration is a moderately squeezed shape (k; =
ko = kg, ks =~ ks/16). We use solid line for positive and dashed line for negative. Left
panel: Monopole computed using Method 1. Right panel: Monopole computed using
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4.4 The full local relativistic galaxy bispectrum

In Figure 4.7, we compute the monopole for the expression given in (4.7) which is for the

case of the full GR. We also show the percentage difference relative to the Newtonian

approximation. On scales around equality, we can find a power-law fit for the fractional
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10°

10!

% fractional difference

=Hy

ks

10?

obs.0
_— If{yiull GR

10 e

ks

1072

ky = Hy

1074 10°%
ks / Mpct

To=2 1074

1073 1072

FI1GURE 4.7: The monopole at; z =-1. The triangular configuration is a moderately
squeezed shape (k1 = ko = kg, ks & ks/16). We use solid line for positive and dashed
line for negative. The red curve is the Newtonian appoximation. The black curve is
the full local relativistic galaxy bispectrum. Top left panel: Monopole computed using
Method 1. Bottom left-panel:—NMonopole-computed-using Method 2. Right panel:
The percentage fractional difference relative to the Newtonian approximation.

GR corrections to the Newtonian prediction:

B) = Bix[1+AB|, ABze(

Lz
k:eq

) . 0.007Mpc ™t < k3 <0.07Mpe !,

(4.21)

TABLE 4.1: Amplitude of the fractional GR corrections at ks ~ 0.01 Mpc™! for Fig-

ure 4.7.
AB e x 102 n
Method 1 —0.0408 2.01
Method 2 0.0408 2.01
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4.5 2-D colour plot

To explore other triangular configurations, we generate a colour intensity map where we
impose the condition k1 > k9 > k3 to avoid redundancy and choose k; = 0.01 Mpc_l.
The maps are given in Figure 4.8 with the colours being normalized. We show the
monopoles for the Newtonian (N) and full GR galaxy bispectra as defined in (4.3) and
(4.7) respectively. We also show the percentage difference relative to the Newtonian

approximation. The difference is greatest close the squeezed limit.

BY /MpcS, z=1.0, ky = 0.01 Mpc ™!

0
Bjancr

oL 0.6 08 02 04 0.6 0.8
kafhy kafky

B0 [ Mpc®, 2 Emlnl), F =01 Misemd

abs, 0
Byincr

02 04 06 0 o2 04 o6 0% 02 04 06 08 -L0
Ky /Ky ks fk ks /ky

FIGURE 4.8: The monopole of the galaxy bispectrum with &1 = 0.01 Mpc™* at z = 1.0.
The upper left tip of the wedge is the squeezed limit (k1 = ko, k3 — 0) and the upper
right tip is the equilateral shape (k1 = ko = k3). Top panel: Monopole computed using
Method 1. Bottom panel: Monopole computed using Method 2. Left column: The
Newtonian monopole (N). Middle column: The monopole for the full GR case. Right
column: The percentage fractional difference relative to the Newtonian approximation.
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In Figure 4.9 we show the colour plots for the monopoles with V (left) and T (middle)
only. We also compute the difference between the two plots (right) to show that the

second-order vectors and tensors contribute differently to the monopole.

B /Mpc®, 2 =10, ki =0.01 Mpe?

—_— o

kafky

02 0.4 06 08 ~10
Kalky

FIGURE 4.9: The monopole of the galaxy hispe¢trum with &1 = 0.01 Mpc™! at z = 1.0.

The upper left tip of the wedge is the squeezed limit (k; = ko, k3 — 0) and the upper

right tip is the equilateral shape (ki = ko = k3). Top panel: Monopole computed using

Method 1. Bottom panel:—Monopole-computed-using-Method 2. Left column: The

monopole with second-order vectors (V). Middle column: The monopole with second-
order tensors (T): Right column: Theldifference’ between V and T.

F Chapter 5
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Chapter 5

The GR projection effects in the

non-Gaussian galaxy bispectrum

5.1 Local primordial non-Gaussianity

The galaxy 2-point correlation function (2PCF) i real space or equivalently the galaxy
power spectrum in Fourier space is al powerful statistical tool which has been used to
put constraints on cosmological parameters extracted from galaxy surveys. In linear
perturbation theory, the-statistical properties-of the perturbations are often taken to
be Gaussian and therefore, they are fully explained by, the power spectrum. On very
large scales, it is possible to detect non-Gaussian contributions to cosmological corre-
lations. The galaxy power spectrum already provides constraints on the amount of
non-Gaussianity on large scales. For better constraints, we have to go beyond the power

spectrum and the next level in the galaxy correlation function is the bispectrum (3PCF).

Future galaxy surveys e.g., the SKA, will increasingly make use of the galaxy bis-
pectrum to do the forecasts on cosmological parameters. These surveys will probe
higher redshifts and bigger volumes in the Universe at scales beyond the equality scale
(keq ~ 1072 Mpc1). Those scales contain fossil records from the primordial Universe.
These are non-Gaussian features in the primordial gravitational potential ®,(x). The
most studied example is the local form of primordial non-Gaussianity (PNG) in which

P, is expressed as a power series of a single primordial Gaussian field ¢(x) [120-122],

— ®p(x) = () + fxr (¢ (@) — (¢*) + ... (5.1)

where the constant fyr, measures the amount of non-Gaussianity. The minus sign arises

because of our convention for the first-order ® and ¥ in (1.43). This local form of PNG

102

http://etd.uwc.ac.za/



Chapter 5. The GR projection effects in the non-Gaussian galazy bispectrum 103

shows high signatures in the galaxy bispectrum for the squeezed configuration. Different
models of inflation predict different values of fnr. In many multi-field inflationary
models, fxr, is predicted to be of O(Z 1) [123]. The single field slow-roll inflation predicts
a very small value for non-Gaussianity in the squeezed limit of the bispectrum [24].
Planck 2015 measurements of the Cosmic Microwave Background (CMB) bispectrum
gives —9.2 < fnr, < 10.8 at 95% confidence level [124].

5.2 Second-order dark matter and velocity kernels in the

presence of PNG

In Fourier space, the dark matter density field  and velocity divergence § = V - v have

perturbative solutions [28],

5(n, k) = Z/d(kzl,kz,...,k:n)Fn(k:l,kz,...,kn), (5.2)
n=1
O(n, k) = —HfZ/d(kl,kQ,...,kn)Gn(kl,kQ,...,kn), (5.3)
n=1

where I, and G,, are the n'-order Fourier kernels. The first-order (n = 1) solutions are

obtained by setting F| = (1 = 1 and this |gives;
5(n. k)E 0 (), el | Bnyk) = - HFSY (. k) (5.4)

which we have seen in Chapter 3 (*T7 denotes the total matter gauge). We relate (5(T1 ) to

the primordial Gaussian gravitational potential ¢ via the Poisson equation [28],

68 (1, k) = a(n, K)o (k) . (5.5)
where, )
a(n, k) = w (5.6)

Note that ¢ = —®(1). Then at second-order we can find that [28],

) _ a(n, k)
6T (7], k) = /d(kl, ko, k) l:FQ(kl, kz) + fNLa(T], kl)a(n, ]{72):| , (5.7)

a(n, k)

(2)
0 (n, k) a(n, k1)a(n, ka)

“Hf [ dlhr ks k) [Gzacl,ka) e } . (58)

where fyi, introduces mode coupling. If it is 0, we recover (3.21) and (3.22).
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5.3 Galaxy overdensity with PNG

Apart from the Planck CMB data, galaxy surveys are also good tracers for the underlying
dark matter and velocity fields. The continuity equation gives the relation between these

two fields as [64],
D,d(n.q) = —0(n.q)[1 +d(n, q)], (5.9)

where D, = D/Dn is the convective derivative and q is the Lagrangian coordinate. If

we assume that there is no velocity bias between the galaxies and dark matter then,

D,d4(n,q) = —0(n, @) [1 + 64(n,q)] , (5.10)

where d, is the galaxy overdensity. We equate (5.9) and (5.10) and obtain the following

differential equation,
Dyoy D,0

(5.11)

(1+0,) 1+0)°

In the Lagrangian frame, the conveetive derivative becomes a partial derivative (see

Table 5 in [64]) and thereforeintegrating(5.11) gives;

(5.12)

In 1+ 64(n, )] = I [154(n, z)] +'1n [H_(Sg(nf’wf)]

1 + 6(77f7 :Bf)

where we have fixed the integration 'constant with the galaxy overdensity, d4(ng, ),
defined on the formation time slice with 1 = 7y and @ = x;. Here, x is the Eulerian
coordinate corresponding 'toa fixed Lagrangian position, ¢ = ax(n = 0). Therefore,
x¢ corresponds to the pesition;on: the formation time slice. The mapping between the

Lagrangian and Eulerian coordinates is as follows [27, 28, 64],
z=q+Y(gn), (5.13)

where Y is the first order Langrangian displacement and T(I)(q, n=0)=0. We can

write (5.12) as,
14+ 6(n,x)

1 14
gy (5.14)

14 8,000) = |

and expand up to second-order as,

1+ 0 + %59 =1+48® -5 4 60

+%$”—%$”+1$”+[$W2—MU&”+MU§?—énﬂn (5.15)

9 gt gt >

where the subscript ‘f” denotes quantities evaluated on the formation time slice (¢, x¢),

while those without a subscript ‘f” are evaluated at (n,x). To simplify the right-hand
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side of (5.15) we begin with Y1) and express it in terms of §(1) as [64, 125],
YO (. 2) = =~ 50 (0. 2) = — > D)ol 5 16
77733) - 2 (7773:) - (77) 0 (.’L’) ’ ( . )

where D is the linear matter growth factor and ‘O’ denotes present time. Then using

(5.13) we have at first-order,

xp = x + (l;f — 1) YO (n, ). (5.17)

With (5.17) we can obtain the following expansion,

W _ (D5 (Lo (Pr )\ pgis)

B <D>5 +(D - —1)1ais (5.18)
2 2

@ _ (D)@ (PN (Dr \pais@)

B <D>6 +<D 5 1) 170 (5.19)

Lastly, we need a bias prescription for the galaxy overdensity, d,¢, and we use the fol-

lowing [28],

1 11 . 1 1
5;}’2) = [bm (5(1)—1—26(2))+bo190—bo1T§1)8199+2b20 [5(1)]2—‘r§b02902+b115(1)90+§bTida1 [Kz'j]z ;

f
(5.20)
where K;; is given by (2.88). We|can jagain use (5.17) to express the right-hand side in
terms of quantities evaluated-at{n-x)—Then we substitute (5.18), (5.19) and (5.20) in

(5.15), and collect the first-,and second-order terms as,

s = [1 + %(bgo ] 1)} 0® & ibm@ (5.21)

52 = [1+ @;) (b, — 1)]5@) + [ bﬁogf< %") + <l;f> b ][5“)]2
T e e A R
o 2 (1 Y a0 (20 b
+2[bgll;f< gf>+(1;f> b ]5< o . (5.22)
The definition for the Lagrangian displacement in (5.13) enables us to obtain an alter-

native way of writing the second-order solution of (5.7) as [27],

9 .
21Ky = Wais) | (5.23)

(172
60 42

T2

where we have multiplied the first term by 2 to keep the consistency of our notation. If

we allow ¢ — 0 (implying Df/D — 0), but define finite values for the Lagrangian bias

http://etd.uwc.ac.za/



Chapter 5. The GR projection effects in the non-Gaussian galazy bispectrum 106

as [64],
L L Dy L De\? L Di\?
blO - blO ) 501 b10a bn = D bn ’ b02 = f b02 ) b20 = 5 b20 )
Dy
ledal <D> ledal ) (524)

and use (5.23) to eliminate Tgl)(‘?id(l) in (5.22) we obtain,

50 = (14056 + B, (5.25)
2 .
P = (L oh)a® | ok | 0001+ (v — 2ok [5)° - b1V

+ bi® + 2(bfy + Y)W (5.26)

by, bYy and bf, are obtained from the combinations of the two independent Lagrangian

bias parameters, bt and b%, as [27, 126, 127],

6161 = 2fNL(scb%o , b =2 (5cb%0 - b%o) and by = 4fRL0 (50550 - 2be0) )

(5.27)
where 4. is the threshold density-in the halomass function given by [128],
3(12 2/3
5e(2) = ’(—sz [+ 0012318 Q1 (2)] (5.28)

We can obtain the definition for the Eulerian bias parameters from (5.25) and (5.26)
(see Section 2 in [64]) as

blo =1+bp, boy =bg, by = 21b o+b, b =0y +b, b =g,
ledal ledal 7 (bllﬂ() - 1) ) (529)
and this leads to,
1 i, L 2
oF = vF, <5<1>+25<2>>+b§1¢—b§m§ 9 oS5 [0+ bogcp bW - ledal[ "k
(5.30)

where 5gE is the galaxy overdensity in the Eulerian frame. We set b'Ifidal =01in (5.29) to
obtain the limit of the local Lagrangian bias [64]. Using (5.27) and (5.29) we obtain,

by = 2fnude (bp—1) , (5.31)
o= 2fnL [6() < Se — 1) } (5.32)
A 4f1%L50[ —2 24150 1) 1)]. (5.33)
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5.4 PNG in the squeezed Newtonian galaxy bispectrum

The Fourier transform of (5.30) gives,

0N (ks) = P%+ba]MWm>
g a(ks3)

+% /d(kl,kg,kg) [bllao (Fg(kl,kg) + fNLa(k:Cf)(];)(kg)) + bgo

Na(kg, k1) = Na(ky, k b
_bOEl< 2(ka, k1) | Na(ky, 2)>+a( 02

a(ky) a(ks) k1)a(ks)
+b13 <a<;1> + a(i@)) - %(b?o - 1)52(’61,162)] :

(5.34)

The first line of (5.34) shows the scale-dependent part of the linear galaxy bias, bg; /a(k)
which is proportional to fxi/k?. In the second line we have the non-linear effects of
PNG with the following:

e N is the Fourier kernel generated by the convective term, T(l)ﬁigo in (5.30). It is

i

given by [28],
No(k, k1) No(ky, k
210 )0l = flaci ko) (F25ER + PR s
where,
R -k
Ny (ky, ky) = 1k2 £ (5.36)
1

e The terms in bf; and b¥, are proportional to fxi,/k>.

e The term in bf, is proportional to f2; /k*.
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The above modifies the first- and second-order Gaussian Newtonian kernels given in
(4.10) and (4.11) respectively as,

Kiae (k1)

’Cl(\IQI)lG (kla k2, k3)

b,
a(ky)’
vt [F2(k1, ko) + fnL

o fud (5.37)

Oé(kg)
a(ky)a(ks)

k1 k
+ f? {2H1N2 + 12 (Hlk + 2]{2)}

k1 ko

} + vby

+ i3 [G2(k17 k2) + fnL

No(ka, k1)
—E ’
01( atk)
2 2
M1 K k1
+ bE{ + + (
f 01 CK(ICQ) Oé(k’l) H1p2 Oé(kl)k'g

2
+ fbio [Ml + 113+ pape (k: + k1) ] - ;(b?o —1)Sa(k1, ko)
No(ki, k)

a(ks) B 1 1
Oé(kl)a(kz)] o (a(k) N a<k2>>
)+ e
(k) a(kr)a(ks)
k
a(k;)]ﬁ)] . (5.38)

Henceforth, we suppress the superseript-“E’to.reduce clutter. In the squeezed limit,

No(ks, —ks) ==l No(=ks, ki) =0, No(kr,ks) =0. (5.39)
We again omit the tidal term for simplicity. Then at first-order,
b
ICI(\IlIzG(kS) = ’Cl(\h)l(“( ks)="bio+ fM9 + (215) ) (5.40)
bot
el L 5.41
Nnc (L) ) (5.41)
At second-order,
2) 2
Kyna (ks —ks, kr) boo + —— ) (b1 — bo1) , (5.42)
10 fNL 6 fNL
K& (~ks, ki, k b b 2
NI’IG( SyRL, S) 10|:7 +O[(I{ZL):| + 20+f,us|:7 (k’ ):|
k k
+ fouo | i + i3 — pspn | o+ 2
kr ks
ks k
+ f? [2M§ML pShL (usk + %,f)}

1 1 bo2
alks) a(kLJ T alks)alks)

pE B < ks kL ﬂ
+fb01[oz(kL)+a(ks) HSPL G hyhr  alk)ks )]

(5.43)

o
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KI(\?QG(kLakS,—kS) = b10[7 + s s ]

alk J”Q”f“s[? alks)

ks |k
+fb10[N%+,uL MSML<k ké)]

kg k1,
+ f? [QFLSUL+USML(MSk +M2Lk )}
1 1

boz2
hu [a(lm " <m] T alks)alkr)

1% 1 ks kL
ke [a(km Tatke) T “S“L<a<ks>kL * Oé(kL)k?S)] |
(5.44)

We can now work the analytical expression for the non-Gaussian Newtonian galaxy

bispectrum in the squeezed limit,

S 2
Bie = Klaa(ks)Kins(—ks)Klrs (ks, —ks, kp)[PD (ks)]
+ KGae (—ks) K (k) Krg (ks r, ks) PW (ks) P (k)
+ KU ey KD ek ek, —ks) PO (k) PW (ks) . (5.45)

In doing so, we neglect the-following:

o [p(l)(ks)]2 because [P(l)(kg)}z < PV (kg PWOlky).

e 1/a(ks) because it is proportional to (1/]6%) < 1.

For the long mode kj we have (k7 )~21 (refer to Figure 3.5). Hence,

2k% (1 + 2)D(2)

kr) ~ 4
We average (5.45) over w and ug to obtain the monopole as,
s Dy Dy
Boe = |Bo+ w2 + W PO (k)PD (kp) | (5.47)
where the first term is the same By given by (3.247),
52 ) 12
By = - blo + o7 b0 f + 2b30bao + b1052of + 105b10f + b 10+ b 10f + 5b1of
—b 2, 143 % yl
20.f +245f + 105f (5.48)
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which is the monopole of the galaxy bispectrum in the Newtonian approximation with

initial Gaussian conditions (refer to Chapter 3). The others are the PNG coefficients,

1 QuH?
Dy = o | (6% + 54bio f* + 21007y f + 2105} baob b
1= 350+ 2)D0) [(Gf + 54b10f* 4 210070 f + 210b30) fxr, + T0baobos (f + 3b10)
+ 3bo1 f (312 + 28b1o f + 35b3g) + Tbur (% + 10610 f + 15b§0)] ,
(5.49)
Dy = 3 A bor £ (3f + 5bio) (28 fx1 + bo1) + 35bo1b11 (f + 3b1o) (5.50)
70 (1 +2)2D2(z) :

which give 0 when fyr, = 0. Equations (5.49) and (5.50) are in agreement with [28, 99].
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FIGURE 5.1: Left panel: The monopole at z = 1.0. We use solid line for positive and

dashed line for negative. The red curve is the Gaussian Newtonian galaxy bispectrum.

The pink curve is the non-Gaussian Newtonian galaxy bispectrum. The black curve is

the full Gaussian relativistic galaxy bispectrum in Chapter 4. Top left panel: Monopole

computed using Method 1. Bottom left panel: Monopole computed using Method 2.

Right panel: The percentage fractional difference relative to the Gaussian Newtonian
curve.

Figure 5.1 shows the plots for the moderately squeezed configuration (k1 = ko =
ks, ks = kg/16). We choose a value of fxr, = 0.5 to get the non-Gaussian Newto-
nian curve close to the full Gaussian GR curve (this value is consistent with [99]). The

left plots show that the non-Gaussian Newtonian curve (pink) is trying to mimic the
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full Gaussian GR curve (black).

The percentage fractional difference relative to the Gaussian Newtonian curve shows
that the non-Gaussian Newtonian and full Gaussian GR curves are roughly the same
order of magnitudes. This shows that it is possible to find a value of fni, (which will
depend on the galaxy bias, evolution bias, magnification bias and redshift) that closely
matches the effect of the second-order relativistic corrections to the Gaussian Newtonian
prediction. Therefore, neglecting the second-order GR projection effects in the galaxy
bispectrum will lead to a misinterpretation of primordial Universe. This is because on
the false basis of a Newtonian interpretation, we will conclude that the primordial Uni-
verse is significantly non-Gaussian and that the non-Gaussianity is of the local type [96].

This has already been shown in [31, 34] for the case of the galaxy power spectrum.

5.5 PNG in the full relativistic galaxy bispectrum

fn1 does not affect the 'second-order—kernels—for the vectors and tensors but, it does
modify that of the second-order scalars in large proportion. The changes to the Newto-
nian kernels are already given in (5.37) and (5.38). For the second-order GR scalars, we

begin with the kernel in the Gaussian case given by (8.65) in Chapter 3 as,

1 - -
Ké2)(k1,ki2,k3) = kaQ{Fl + I + Eg(kil,kiz, kg) Iy
L)
3 ([ ka F poka )2 & Thot {F2(k17 ko) T's 4+ Ga(ki, k2) F4}
'3

+ (u1kipoks) Ts + (ki - ko) Te + (KT + k3) Tz + (uTkT + p3ks) Ts
+i[ (mki’ + M2k3) Ly + (pik1 + poka) (k1 - k2) T'io

+ kika (ks + poke) Ty + (U3} + p3k3) T

k2 k2
+ ppokike (ki + poke) I'ig + M31732 G (k1, k2) F14} } .

k
(5.51)
Below, we list the changes that PNG brings to (5.51):
e By (5.7) and (5.8), F3 and G2 need to be modified as,
a(ks) a(ks)
Fy(k1, k Fy(ky, k ————, Gk, k Ga(k1, k —_ .
2(k1, k2) — Fa(ki, 2)+fNLa(k1)a(k2) , Ga(ki, k2) = Ga(ka, 2)+fNLagk1>a)(k2)
5.52
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e We have additional terms to the dynamical correction I'; as follows:

Iy Ty +T1, (5.53)
where,
T 25, [ _4o_ -9 #H
HE 109mfNL[ 1+2f+b. —409 H 7
9 21-9) 37—[/]
“Qy 5-2f —4Q - T = 7%
t3 ffNL[ f—4Q H 7
6 9 f!
+ 5ffNL(3 - be) - 5meNLﬁ . (5.54)

e Because fni introduces coupling between the short and long modes, we have to
restore the long modes vgl)% and 6&2 )GR .

— We have the Doppler term 8”1181)DL that leads to a term of the form,

iusks [fg(z) = EQ(ktl, ko k23) f‘g(z)] /(k1k2)2 R (5.55)
where,
Ly 9 i —e) K 2 2f
3= 2me|:_be+2Q+T+@:| |:1_5fNL<1+SQm>] )
(5.56)
Ls _. IVERSTRN of
5= 3me{be yEBD H?} ! (5.57)

— We have the GR correction to the second-order Kaiser term —H‘laﬁvg}){

which gives,

p3k3 [D4(z) + Ea(ky, ko, k3) Ts(2)] / (k1k2)? (5.58)
where,
f4 9 2 2f f"6
2= I fl1=-2 1+—|, = =30.f. .
e 5 f[ 5fNL< +39m>:| 72 = 3mf (5.59)
— 55112 )GR modifies I'g and I'7 as follows,

¢ = Te+T6(z), T'7—T7+T7(2), (5.60)
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where,
e 3 2f 2f
r, 2f 3 2f
T ‘?’Qm[ 30, 5 NL( +3gﬂ (5.62)

e The first line in (5.34) shows the linear galaxy bias which can be written as,

bl(z, k) = b10(z) —+

(5.63)

Due to the scale dependent part of (5.63) we have the following extra terms:

(kliz)Q { (afkli) + af]i))fg(z) +i[(§(1:3 + M(Q:Q3))F9(Z)

(5.64)
where
Ty 3 PN 37 0 Aboy
=B = 2 |be 1+ e Hiol 230 =11 Yo 4ol L
H2 2 {01< % 2 i )t T YH)omL
1t BN ||
—f[b01<—4+be—7_£2>+%} (5.65)
r
ﬁg = —ggmbm \ (5.66)
0 = Fleg —1+b.—20— - Yoo 4 of - L .
H f[ 01( * T )T T YH/)omL
(5.67)
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Therefore (5.51) becomes,

K (K1, ko, kes) {n + Ty + Ty + Ba(k, ko, k) T

k2k2

[ (paky + poka) Ta 4 pzks(

kK2

Lo + Ey(ky, ko, k3) F3)}
+(kahkﬁ+JNL(g(?)>F3
a(ks

k:2
k%@<G(k ko) + f )>r
pkipioks) Ts + p3ks (F4 + Ey(k1, ko, k3) T's)

klk)ag+r@+(ﬁ+kgay+rﬂ

+

+(
+(

k?
r k2 ky) T
(a( >8+( 2+ 5 2) 8
pkd o poks -
k3 k T
il s+ o+ (B + 25
+ (1ky + poks) (k1 - k2) Tio + kika (pka + p2kr) Ty

By, 121
kik r 3k ky) T
+Ky 2( ) — (lﬁ)) 10+ (1 T 2) 12

+ pirprokyko (prky 4 pnho ) Uiz
2,2

‘+ us% (G2(k1,k2) + fNL%) 1114] } .

(5.68)

Figure 5.2 shows the comparison between ithe ‘Gaussian.and non-Gaussian galaxy bis-
pectra. We are still working with fxp, = 0.5. The Gaussian Newtonian curve (red) goes
negative on super-Hubble scale due to the tidal term. With fyr,, this negative part is
pulled within the horizon scale (pink). For the case of the full Gaussian relativistic curve
(black), it goes negative on large scales because the second-order scalars are negative.
Adding the effect of fnp, moves the negative part towards the right i.e., further within

the horizon scale (grey).
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FIGURE 5.2: The monopole at z = 1.0. We use solid line for positive and dashed line
for negative. The red and black curves are the Gaussian Newtonian and full relativistic
galaxy bispectra (refer to Chapter 4). The pink and grey curves are the non-Gaussian
Newtonian and full relativistic galaxy bispectra respectively. Top left panel: Monopole
computed using Method 1. Bottom left panel: Monopole computed using Method 2.
Right panel: The percentage fractional difference relative to the Gaussian Newtonian

curve.

http://etd.uwc.ac.za/



Chapter 6

Conclusion and future work

First we highlight the main findings of the project.

6.1 Summary

We begin by giving a summary of each chapter:

e Chapter 1 starts with the fundamentals-of cosmology. It talks about the standard
model of the background Universe and gives the relevant important equations for
an expanding FLRW Universe.: It then explores the first- and second-order pertur-
bation theory in the!ACDM model: It also sumimarizes the essential cosmological-

related sciences of the SKA.

e Chapter 2 shows a detailed derivation on the first-order relativistic corrections in
the galaxy number count. At second-order, it uses the general formula provided
by [49] and breaks down the highly complex equation into simple parts: scalars,
vectors and tensors. All integrated terms are omitted since we work with the
Fourier galaxy bispectrum at a fixed redshift so that we necessarily are within the
plane-parallel approximation where integrated and wide-angle effects cannot be
simply incorporated. In order to include these effects we need to use the angular
bispectrum which also would allow for the correlation of different redshift bins
(we work at fixed redshift). The initial condition for the primordial gravitation

potential is assumed to be Gaussian.

e Chapter 3 derives all the Fourier kernels for the first- and second-order terms
discussed in Chapter 2. It then shortly introduces the galaxy power spectrum

and fully derives the galaxy bispectrum, giving the analytical expressions in the

116
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squeezed limit. Unlike the galaxy power spectrum which is always a real quantity,
the galaxy bispectrum has real and imaginary parts. With m = 0, the even
multipoles of the bispectrum are always real whilst the odd multipoles are always

imaginary.

e Chapter 4 looks at the monopole of the galaxy bispectrum for a moderately
squeezed configuration with k1 = ke = kg and k3 = kp = kg/16. It explores the
different correlations in the galaxy bispectrum, showing the contributions from the
scalars (S), vectors (V) and tensors (T). For the chosen configuration, the scalars
dominate over the vectors and tensors, and provide a good approximation to the

full GR galaxy bispectrum.

e Chapter 5 complements the results presented in Chapter 4. First, it adds the effect
of non-Gaussanity i.e., the fnr, parameter to the Newtonian prediction. We find
that at z = 1.0, the non-Gaussian Newtonian curve with fxr, = 0.5 mimics the full
Gaussian GR curve on large scales (top left plot in Figure 5.1). Finally, it shows
the full non-Gaussian GR,_curve where a-value of fyi, = 0.5 pulls the negative part
of the curve well inside the-Horizon scale as-compared to the full Gaussian GR

case (top left plot in Elgure 5.2).

6.2 Major findings of the project

The effect of non-Gaussianity in the'galaxy distribution'is generated by the following;:

e Primordial nature of the gravitational field ®.
e Intrinsic second-order GR projection effects.

e Quadratic first-order GR projection effects.

The standard Newtonian galaxy bispectrum takes care of redshift space distortions and
excludes all other relativistic projection effects. This has further been explored in [129]
where they consider the GR effect arising from weak lensing and omit all the other
lightcone effects. This PhD thesis complements their work by computing for the first
time the galaxy bispectrum for a primordial Gaussian Universe, including all the local
GR projection effects up to second order. We assume the plane-parallel approximation
in Fourier space which breaks down on the ultra-large transverse scales. The galaxy
bispectrum is very sensitive to the galaxy bias parameters. To avoid spurious gauge
effects, we incorporate a careful treatment of the galaxy bias on ultra-large scales. We

choose to work with the local model for the non-linear bias which includes the tidal effect
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[64]. This leads to a relativistic bias relation for the Poisson-gauge galaxy overdensity

contrast given by (2.89).

We give a full analysis on the second-order scalars (S), vectors (V) and tensors (T)
in the galaxy bispectrum. We present all the details on the Fourier geometry in Chap-
ter 3. We give the explicit forms of the kernels for S, V and T in (3.65), (3.126)-(3.128)
and (3.163)-(3.165) respectively. We also provide the analytical formula for the squeezed
galaxy bispectrum in (3.246). We show the plots for a moderately squeezed configuration
(k1 = ko = kg, k3 =~ kg/16) in Figure 4.7. The GR lightcone effects can be significant
e.g., when the short modes are at equality scale (kg = 0.01 Mpc~!) we have a percentage
GR correction of O(50%) in the bispectrum monopole at z = 1.0. To show information
on other triangular configurations, we generate 2-D colour intensity maps as shown in
Figure 4.8 and Figure 4.9. These maps show the percentage difference between the GR

and Newtonian galaxy bispectra. The difference is greater near the squeezed limit.

We also look at the Newtonian. galaxy bispectrum in a non-Gaussian Universe. We
show in Chapter 5 a full 'description-on-thenon-linearities due fn,. The bias relation is
given by (5.30) and the Fourier kernels are presented in (5.37) and (5.38). We derive the
analytical expression for the non-Gaussian Newtonian monopole in (5.47). At z = 1.0,
we find that the non-Gaussian Newtonian monopole with a value of fxr, = 0.5 mimics
the full local GR effects .in-the-Gaussian-case.—This-is.shown in the top panel of Fig-
ure 5.1. Then we attempt to include the effect of fnr, in the full local relativistic galaxy
bispectrum. This leads to the modification of the kernel for the second-order scalars
which is given by (5.68).. The vectors and tensors are unaffected by fnr,. We show the

plot for the case of a moderately squeezed configuration in Figure 5.2.

6.3 Upcoming projects

We have taken the first step towards a complete analysis of the second-order lightcone
projection effects in the galaxy bispectrum. Our results are incomplete because we have

omitted:

e Second-order effect of the radiation era on initial conditions for sub-equality modes.
e Non-local projection effects i.e., the integrated GR effects.

e Wide-angle and radial (cross-bin) correlations.

The first point will require the use of a second-order Boltzmann code, as in [98]. The

last two points will be the hardest ones to achieve since they will require an angular
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bispectrum analysis on the past lightcone. This will involve a high degree of complexity

[129]. Other possible interesting projects in the pipeline for publications will be:

e Extracting information from the other multipoles of the galaxy bispectrum.

e Applying our derived second-order Fourier kernels to the case of HI intensity map-

ping. This will require setting,

do

Tr =0 and (6.1)

Q:]-)

inputting a proper model for the evolution bias as in [130],

CdIn [(1+2)" %]

be = dln(1+ 2)

with 7, = (14 2)*HThr , (6.2)

where the background HI brightness temperature is given by the fitting formula
131],

Tii(z) = 5.5919xT0=21.2.3242-x10-2=2.4136 x 1072 2% mK . (6.3)
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