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ABSTRACT

In a teaching experiment conducted over a period of three weeks,
matric pupils were exposed to the teaching of introductory calculus
in a graphically enriched environment. Materials were designed to
explore and experiment with the rules of differentiation by making
use of a graphics calculator, the CASIO f(x) 7000GB.

The motivation for implementing this approach to the teaching of
specifically calculus is that the current mathematics curriculum is still
dominated by a manipulations - skills mentality which does not allow
much space for pupils to explore, experiment with, and create their
own mathematics. Mastery of computational skills is still the primary
means of assessing pupils' competency in mathematics and as such,
does not take advantage of the avenues opened up by the
introduction of innovative microcomputer technology.

Underpinned by a constructivist theory of knowledge acquisition
which recognizes that pupils possess a mathematical reality of their
own and actively construct knowledge in their idiosyncratic ways, this
minithesis reports on the results of the three week long teaching
experiment in which it was found that under appropriate conditions,
pupils were able to formulate the different manipulation rules of
differentiation when exposed to a graphically enriched environment.
This report also highlights the necessity of ongoing research in the
design and testing of materials to be implemented in a radically
different curriculum.
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Chapter One:

Introduction and Overview

"Situations of practice have unique characteristics of complexity,

specificity, instability, disorder and indetermination.”

Joao Pedro da Ponte (1994:203)

1.1  The need for change

Mathematics has become one of the most important subjects in the school curriculum this
century. As modern societies have increased in complexity and as this complexity has
accompanied rapid developments especially in the field of microcomputer technology, so the
learning and teaching of mathematics have come under increased scrutiny. Yet despite this
intense focus on the learning and teaching of mathematics specifically and the role of
innovative computer technology in education in general, relatively little change can be seen in

the classrooms as is so succinctly pointed out by Engel (1979:250):

A typical school has one or two (computer) terminals. Lack of terminals is
currently one of the biggest bottle-necks. Student access is very restricted
and this severely limits individual exploration. Another problem is the
narrow base of educational computing. Usually one or two mathematics
teachers are involved. The majority of schools are operating within an

information vacuum. Many schools are still "reinventing the wheel".
This is still very much the case in South Africa where the overwhelming majority of schools

still do not have any computing facilities and where these are available, it is still typically used

for administrative purposes only.
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A restrictive factor which further bedevils the teaching of mathematics is the rigid approach
adopted for the teaching of standard algorithms. It is also well known that the teaching of
mathematics is dominated by what Julie (1993:347) calls the "manipulations-skills mentality".
This extremely time-consuming approach refuses to acknowledge that there are more
profitable ways of implementing the curriculum and so devalues other more innovative ways of
teaching standard algorithms. The strict adherence to the manipulation of algorithms and
development of skills denies the recipients, the pupils, the time to explore the subject matter
and develop their own concepts with respect to any given subject matter. An inevitable
consequence of such an approach is that teachers themselves are inhibited from assessing
whether pupils have gained a conceptual understanding of work taught through transmission
only. Very often the criteria for gauging whether a specific area of work has been understood
is when pupils can regurgitate a specific bit of mathematical knowlédge "successfully". This
approach to learning ignores research findings about what constitutes successful learning. In

this regard Terezinha Nunes (1993:40) reports:

Pupils success is not evaluated on the basis of whether a specific bit of
mathematical knowledge was accomplished. Instead pupils success is
evaluated on the basis of the progressive sophistication of their
methods and their building of relatidnships between concepts,

symbols, notations and terminologies.

It is my contention that a particular part of the mathematics syllabus namely,
introductory calculus for matriculants, is especially susceptible to the manipulations -
skills approach. A mere cursory review of current textbook approaches to
introductory calculus confirms this. Most texts feature a theorem-proof style as the
primary method of exposition. No significant texts depart from this approach. The
typical text begins with a short review of basic concepts such as tangents to a curve

and then introduces the notion of limits.
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This is followed by the idea of continuous functions and then the concepts of a derivative. The
treatment of derivatives starts with the limit orientated definition but almost immediatel);
proceeds to algebraic differentiation formulas followed by curve sketching of cubic functions
to problems of determining maxima and minima of functions. Variation to this approach is
only very slight. Marvin L. Johnson (1991:66) calls this approach an "unprofitable practice"

and he reflects:

It is clear that calculus texts are in a rut... the problematic state of calculus

instruction is due to the presuppositions embodied in the way it is taught.

It is no wonder then that research conducted by Confrey (1989:1) found that many students
experienced a devastating intimidation by and alienation from mathematics leading to an
avoidance of the subject that often would extend throughout their lives. Such an indictment on
the mathematics community need not be so since there is now a body of research findings
(Fey, J.T. :1989, p.237; Ruthven, K. : 1989, p.233) which conclude that teachers could
enhance their teaching considerably if they were to make use of innovative and currently

available microcomputer technology. In this regard James T. Fey (1989:237) writes:

One of the most important tasks in mathematics education today is the
revision of curricula and the teaching methods to take advantage of electronic
information technology. Developments in this decade alone have presented us
with inexpensive and powerful hardware and software tools that challenge
every traditional assumption about what we should teach, how we should

teach and what students can learn.

It becomes clear then, that there is a dire need for change in the way we teach mathematics.
The use of the chalk-board as the primary technological tool through which knowledge is
imparted is long outdated. We can no longer ignore the relevant role that currently available

technology is playing in education today.
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The results of an ostrich approach to the technological revolution could prove incalculable.
We can no longer excuse ourselves for lack of available funds or time when we consider that
innovative technological devices are now relatively inexpensive and more readily available to

teachers and students.

1.2 The research question

Given the fact that the rigid style of teaching mathematics based on a manipulations- skills
approach is decreasing in importance and is considered to be an unprofitable practice, and
given the fact that significant technological advances especially in the field of microcomputer
technology has endowed us with a spectrum of innovative technological devices such as the
graphic calculator, it is incumbent upon practising mathematics teachers to seek equally
innovative ways of utilizing such devices and at the same time de-emphasizing the rigid
algorithmic approach to teaching mathematics. The motivation for undertaking this research is
to see whether a change to the approach to teaching mathematics by making use of currently
available technology would conceiveably enhance the pupils opportunities of exploring
mathematics. For this purpose a teaching experiment is engaged in to answer the following

research question:

Does the use of a graphic calculator in a calculus course for matriculants
permit pupils to formulate manipulation rules of differentiation in a

graphically enriched environment?

The research is underpinned by a constructivist theory of learning and as such, the research
allows for the pupils to express themselves in their idiosyncratic ways, taking into account the
mathematical reality of the pupils thus allowing them the freedom to act in ways they choose.
As such, particular attention is paid to how they formulate the following rules of

differentiation:
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1. Ky = x*, then dy/dx = X!

2. D [if(x)] = kD [fx)]

3. Iff(x) = k, k a constant, then f(x) = 0

4. If f and g differentiable with respect to x then:

DJfx) + gx)] = DIf(x)] + DJgx)]

1.3 Justification for the research

From the introduction to this chapter it is evident that the rigorous style of teaching
mathematics based solely on a manipulations-skills approach is fast becoming archaic and is
also evidently unprofitable. Furthermore, the feeling is that such approaches result in pupils
experiencing an unnatural fear for and alienation from mathematics which often extends
throughout their lives. The introduction of innovative and currently available microcomputer
technology holds the promise of rejuvenating the teaching of mathematics. The use of graphic
calculators in particular, holds much promise in that they are not dependent on a supply of
electricity, are relatively cheap, and they possess some rather unique characteristics which
need to be explored. Their particular features of allowing the user to move through various
modes of functioning, that is from a graphic mode to a symbolic mode (and vice versa) of
functioning, the larger display window, and the fact that they are portable affording every
pupil the opportunity to have access to one, are all features from which the teaching of

mathematics could benefit.

As a multi-representational tool, the graphic calculator certainly gives the pupils the
opportunity to explore mathematical ideas in recognizable forms, assists them in making
significant progress towards learning certain concepts based on their own unique experiences
through interaction with the calculator, and allows them the freedom to act in ways they
choose. However, the most profound justification for undertaking the research is found in the

words of John Mason (1994:181):
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In mathematics it is possible to accept a result stated by another
mathematician (although one ought to test it for oneself), but in education it
is impossible to build upon the the proposed 'result' without testing it in one's
own experience and situation. If it checks out, sheds light, sharpens
awareness, or extends the range of actions, it will be taken as valid for that

individual, otherwise it will fade into the background.

This is of particular significance to especially the teaching and leaming of mathematics in
South Africa where the efficacy of computer technology in education is still in its embryonic

stages.

1.4  Summary of this chapter

Mathematics has become one of the most important subjects in school. Its increased
importance is accompanied by rapid technological changes. Yet, the teaching of mathematics
is still dominated by a manipulations -skills mentality. There is evidently a dire need for change
in the way we teach mathematics, but especially introductory calculus. Based upon this
assumption the research question has been framed and justification provided for undertaking

this research.

1.5  Structure of the minithesis

A brief outline of the remaining chapters of this research report is given below:

In chapter 2 a study of the relevant literature is undertaken to justify the use of the graphic
calculator as an exemplar of currently available and accessible microcomputer technology
which serves as an appropriate mediating tool to implement a differenf approach to the
teaching and leamning of calculus for matriculants. The graphic calculator is placed into
perspective by first examining the role of computers in education in general and then looking
specifically at the role of computers in mathematics education with specific emphasis on the

role of the graphic calculator.
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In chapter 3 the theoretical framework underpinning this research is examined. This chapter
therefore gives an account of constructivism as a theory of knowledge acquisition that
recognizes the unique reality of pupils, as being an appropriate theory to underpin this

research.

In chapter 4 the research design adopted for conducting the research experiment is outlined.
Developmental research as an appropriate methodology is discussed as well as each phase

engaged in the research.

The implementation of the project is outlined in detail in chapter 5 as well as the didactic

deliberation sessions.
In chapter 6 the research project is analyzed and evaluated in relation to the research question

and the theoretical framework. This is followed by a brief conclusion and some possible

recommendations.
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Chapter Two:

Technology in Mathematics Education

"The use of information technology is a - arguably the - major current area
of development in mathematics education... the major impact on
professional thinking and practice has taken place in the last fifteen years,
in the wake of successive waves of technological innovation which have
swept information into the workplace and the home, as well as the school.”

Kenneth Ruthven (1989:233)

2.1 Introduction

The intrusion of technology into the classroom is not new. More than a decade ago David C.

Lukens (1984:15) remarked that:

_.We would do well to remember that technology has been part of

mathematics for a long time.

What is now becoming abundantly clear is that current information technology pervades every
sphere of human endeavour. The advent of the Technology Revolution (Atiyah, 1985:43;
Blakely, 1985:59; ICMI, 1986:1) has seen the rapid development of computers,
communication systems, automatic teller machines, industrial robots and automated
manufacturing systems. Microelectronics appears to be the most pervasive of these
technologies and emanating directly therefrom is the astonishing dévelopment of the
microcomputer once considered by Sir Jeuan Maddock, former British Government Chief

Scientist, as :
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the most remarkable technology to confront mankind.

(Bamber, 1989:5)

The purpose of this chapter is to place the graphics calculator as an exemplar of current
micromputer technology into perspective, and to examine its possible utilization in the

teaching of mathematics.

2.2  Technology in the classroom

Educational technology as it is used in this chapter refers, according to Richmond, (1970:5)

to:

... the application of scientific knowledge about learning, and the conditions
of learning to improve the effectiveness and efficiency of teaching and

training.

Implicit in this definition is the fact that it is an integrating process involving people,
procedures, devices, ideas and organization so that problems could be analyzed, solutions
could be devised, managed, implemented and evaluated in all aspects of learning. In essence,
the search for finding better ways of doing things, results in the development of newer
technologies that become an extension of one's self through an interactive and reciprocal
process. Julie (1991:116) refers to the development of even the humble compass as an
example of a technological device that had come about as a result of the search for finding

better ways of doing things.
This search for finding more efficient and effective ways of doing things has resulted in what is

now commonly called the Information Revolution or Technological Revolution whose impact

parallels and even surpasses that of the Industrial Revolution.
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The ubiquitous book was a revolutionary technological advance of about five centuries ago
which was brought about by the invention of the Gutenberg press. Its impact on fifteentﬁ
century Europe revolutionized access to learning and effectively challenged the dominance of
the written language as a means of maintaining hegemony and privatization of knowledge and
ideas. The invention of the Gutenberg press effectively signalled the end of the Mediaval

Period and, according to J. Allen Watson (1987:7):

..qualitatively altered and restructured human thought to the point that
many of our arts and sciences trace their origins to the period following

1460.

We have come a long way since the invention of the Gutenberg press. Whilst in past centuries
especially in epoch making periods such as the Renaissance and the Reformation, ideas appear
to have been the mainstream and dynamic of societal metamorphosis, in the modern world the
emphasis is firly placed on technology with changes resulting from the implementation of
technology being counted in decades and of late, even in years,, not centuries. A currently
available technological device that is exciting the mathematical community is the graphics
calculator which is examined more closely in section 2.2.3. What is important at this juncture

is that the impact of technology on learning and teaching should be assessed and analyzed.

2.2.1 Technology: Its impact on mathematics teaching

The history of the development of computers and especially microcomputers is well
documented. (See: Thomas and Kobayashi, 1987:25-34; Richmond, 1970:35-80). Its intrusion
into especially the mathematics classroom has had an impact on three specific areas that is the
subject of much debate in countries around the world. That there is a Special relationship
between mathematics and microcomputer technology is evident from the fact that many
researchers see mathematics as providing the impetus for the development of computer

technology. Atiyah (1985:45) comments that:
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.. Historically, it was mathematical knowledge which provided the

theoretical basis for computers.

Blakely (1985:59) holds a similar view when he states that:

... the subject matter of mathematics is intimately related to the operation of

a computer.

This reciprocal relationship between mathematics and computer technology is put more aptly

by Cathleen Heid and James T. Fey (1984:20) when they state:

There is a special relationship between computers and mathematics. It was
the search for a tool to perform rapid arithmetic and logical computations

that led to modern computers:

Therefore, when considering the impact of microcomputer technology on the teaching and
learning of mathematics one needs to take into consideration the reciprocal relationship

between mathematics and computer technology.

According to Richmond (1970:27) technology has an impact on education, and consequently

on mathematics education, in the following three areas:

¢ The education system
*  General education

¢  (Classroom instruction

Firstly, because science and technology are transforming modern societies both in developing
and developed countries, there is a need for these technology oriented societies to structure

their educational systems such that it ensures an adequate supply of scientists and technicians.
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This demand for trained personnel has a direct consequence for the mathematics curriculum.
What we should teach, how we should teach, and what students can learn, are direct outcomes
of how the educational system is structured to meet the challenges of providing trained
personnel. Consequently, there is a dire need to rethink the mathematics curriculum. In this

regard James T. Fey (1989:237) writes:

One of the most important tasks in mathematics education today is the
revision of curricula and teaching methods to take advantage of electronic

information technology.

Maria Bottino (1994:112) considers the revision of the mathematics curriculum as a dynamic
change not emanating from within the mathematics community as a consequence of

developments within that discipline, but as a natural outcome of:

the great social and economic reality provoked by the impact of new

information technologies.

Identified areas of curriculum revision include restructuring the existing curriculum to
accommodate current information technology. One needs to examine how current technology
can be incorporated into the existing curriculum, a process requiring the identification of new
areas of study and how best to prepare pupils to deal with such changes. New methods of
teaching and learning should accompany any curriculum changes and should be
interdisciplinary. For effective and efficient curriculum changes to take place more fully and

completely, Scanland and Slatery (1989:12) advises that:

teachers should re-examine their personal philosophy of the
teaching/learning experience, the nature of the teaching role, national and
educational long range goals and present teacher/student outcomes of the

educational process.
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The second way in which technology relates to education in general but specifically to.
mathematics education, is the question of the general education of all citizens specifically in
the sciences. The overriding premise is that orientation in the sciences would alleviate the
pressures arising for a mathematically literate society, an especially difficult task in South
Africa where inequity of resources is still a major setback. Laridon (1993:40) quotes a market
research report that estimated that approximately 300 000 teachers would have to go through
pre-service education in order to realize the goal of having a mathematically literate society by

the year 2000.

The presence of technological tools in the classroom such as close circuit television, video
recorders, and computers is the third way in which technology impacts on the teaching and
learning of mathematics. These technological tools permit greater access to learning and
increase the potential for teaching large numbers of students in innovative and exciting ways.
A concomitant effect of these technologies is that teachers are required to in a sense, "re-
invent the wheel" each time curriculum change is brought to or generated by the introduction
of such technologies to the instructional process. Not keeping pace with technological
advancement in the instructional process results in a noticeable gap between invention and
utilization. It is within this area of technological application that this study is firmly rooted.
The use of the graphic calculator as an exemplar of currently available and relatively
inexpensive microchip technology is studied and its particular role in the formation of concepts

in an introductory calculus course for matriculants, is examined and evaluated.

2.2.2  Calculators and computers in instruction
The advent of the technology/information revolution has made new tools available to schools,
particularly the pocket calculator and the microcomputer. Their intrusion into the instructional

process has been well documented.
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Marilyn Suydam, director of the Calculator Information Centre at the University of Ohio in the
United States of America, released a report prepared by the International Working Group on
Calculators in 1980 which researched the role of calculators in countries around the world.
(Lukens, D. :1984, 15) They reported that calculator use in schools is almost universal and in
some countries almost every household has one. These findings are corroborated by other
research reports such as those carried out by Blakely (1985:59) and Ray Hembree (1986:84).
Hembree, (1986:86) who integrated 79 research reports on calculator and microcomputer use
in especially mathematics classrooms, found, through a meta-analysis, that the most important

reasons for using these devices, were based on the advantages it afforded users:

Aside from the computational value of calculators, a host of expectations for
their usage could be listed: to aid algorithmic instruction; facilitate concept
development; reducing the demand for memorization; enhance the scope of
problem-solving; provide motivation; and encourage discovery, exploration,

and creativity.

Similar findings have been reported by Hans Brolin (1990:189) who researched the
introduction of calculators into Swedish schools. The ARK project - a project commissioned
by the Swedish educational authorities to analyze pockét calculator usage in schools falling

under their jurisdiction, found that students who used pocket calculators:

e gained a better understanding of concepts;
 gained better proficiency in estimations and mental arithmetic;

* did not lose their basic skills in algorithmic calculations.

Kathleen Heid (1988:22) found that students performed better on measures of conceptual
knowledge when they had access to and use of computers. Studies conducted in other parts of

the world, notably in the United States of America, Britain, the Netherlands and Australia

reported similar results in the use of calculators in classrooms.
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A study conducted by the National Council of Teachers of Mathematics (NCTM), (1984:309)

reported that:

Several authors, find significant improvements (in attitudes, personal

computational skills, understanding of concepts, and in problem solving).

The NCTM report (1984:309) concluded that almost all researchers concur with the finding

that "...no negative effects appear in any study."

In a major research program conducted in 1986 on the effects of handheld calculators in pre-

college mathematics, Ray Hembree (1986:84) found that:

At all grades but grade 4, the use of calculators in concert with traditional
mathematics instruction apparently improves the average student's basic
skills with pencil and paper, both in working exercises and in problem
solving... Across all grade and ability levels, students using calculators
possess a better attitude toward mathematics and an especially better self

concept in mathematics than students not using calculators.

2.2.3 The graphic calculator

A major advance in the field of microcomputer technology has been the development of
‘advanced calculators' and 'pocket computers' as these machines are now commonly being
referred to. One specific pocket computer that is exciting the mathematics community is the
development of the graphic calculator, first developed by CASIO in 1986, according to
Penelope Dunham (1993:89). Kenneth Ruthven (1990:431) describes the graphic calculator as

a scientific calculator that extends beyond pure computation to include:
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... a graphical display of mathematical expressions and data. Essentially, the
user of a graphic calculator is able to treat the screen as a specified part of
the coordinated plane, to plot points and to graph symbolic expressions

constructed from standard operations and functions.

The large screen display allows for more graphical and symbolic notation to be visible to the
user in that s/he can toggle between graphic and symbolic displays. Some graphic calculators
have the added advantage in that they are programmable, thus allowing much of the drudgery
of remembering long algorithmic manipulations to be removed. Furthermore, graphic
calculators are much cheaper than microcomputers, are portable and are not dependent on a
supply of electricity. These are especially important aspects when one considers the the

implications it has of providing access to disadvantaged communities.

Some of the graphic calculator's more distinct features are listed by Julie (1993:343):

... Graphic calculators have advanced to the point where users are allowed

to.

* enter a defining equation for a graph in a form more or less consonant
with the pencil-and-paper format,

¢ freely select a domain and range of their choice,

* choose scaling factors of their choice,

* zoom in and out of particular regions of interest,

¢ overlay (superimpose) graphs,

®  access any part on a graph and display the coordinates of a point, and

* shade regions of inequalities.

[See fig. 1.1 below]
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Figure 1.1

Given these unique features, the graphic calculator can be considered as a multi-
representational tool in that the user can move through different modes of operation, that is,
from a symbolic mode to a graphic mode and vice versa. Jere Confrey (1989:1) considers
these features particularly important to conceptual development in that a multi-

representational tool such as the graphic calculator:
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o Invites the exploration of mathematical ideas in forms recognizable to
students;

d allows students the freedom to act in ways they choose, and

. assists them in making significant progress (by their own standards)

towards learning about a good idea.

Charles B. Vonder Embse (1992:65) agrees with Confrey in that he sees the graphic calculator
as providing an ideal environment for the teaching and learning of mathematics. The unique
features of the graphic calculator as espoused by Julie and other researchers permit
exploration of functions of graphing, investigation and interpretation, comparison and
exploration of concepts in a way not possible on an ordinary calculator. Several studies have
been undertaken with the expressed purpose of investigating the impact of the graphic

calculator on the teaching and learning of mathematics.

An extensive project undertaken from 1991 to September 1994 by the Freudenthal Institute in
the Netherlands on the instruction of the Dutch education authorities, involved the extensive
use of the TI-82 graphic calculator. With respect to some of the aspects relating to the use of
the graphic calculator in a Realistic Mathematics Education project, the researchers of the

Freudenthal Institute hypothesized that the use of the TI-82 would:

i remove time-consuming methods of algorithmic manipulation thereby
shifting the emphasis to mathematizing on realistic mathematics
problems rather than on the drudgery of manipulative work;

d allow pupils to explore problems, and creating new ones and being
able to generalize about these. In this way the pupils become more
active participants rather than passive reproducers of pre-conceived

unrealistic mathematics problem solving;
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o permit students to develop a critical attitude to numerical solutions
obtained algorithmically thereby de-emphasizing the rigorous, drill-

and-practice techniques traditionally used to solve problems.

Doorman et al (1994:135) reports that after extensive investigation by the Freudenthal

Institute the following conclusions were reached:

d The graphic calculator will penetrate mathematics education. Due to
technological developments as well as price policies, the machine
definitely deserves a place in mathematics education.

d The graphic calculator is a valuable tool in the current curriculum at
upper secondary level. It enables an exploratory approach to many
subjects.

d The graphic calculator gives room for the use of realistic contexts.

. The graphic calculator changes the curriculum at least from the inside
in the sense that a more dynamic and integrative treatment of
mathematic subjects is stimulated.

o The graphic calculator demands more flexibility from the student with
regard to skills and techniques.

. The introduction of the graphic calculator in secondary education

demands the development of specific skills on the part of the teacher.

The research group also highlighted exploration as one of the more distinct advantages of
graphic calculator use. This feature is particularly important for students in that they are

challenged to get involved in interesting mathematical playing.
Kenneth Ruthven (1990:432) used the graphic calculator to compare the mathematical

performance of upper-secondary school mathematics pupils who had access to graphic

calculators with that of non graphic calculator users. Ruthven's argument was that:
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Enthusiasm generates ambitious claims concerning access to, and experience

with, information techiology on mathematical performance of pupils.

Consequently, Ruthven undertook a critical investigation of the benefits of using a graphic
calculator and compared the results with that of non-users. Two specific items were tested,
namely symbolization items that required an algebraic description of some cartesian plain, and
interpretation items, calling for the extraction of information from some verbally

contextualized graph. Ruthven (1990:431) concluded that under appropriate conditons:

... access to information technology can have an important influence both on
the mathematical approaches employed by students and on their
mathematical attainment. On the symbolization items, use of graphic
calculators was associated not only with superior attainment by all students,

but with greatly enhanced relative attainment on the part of female students.

Julie (1991:117) contends that ownership of graphic calculators can seemingly contribute

towards "...equality of opportunity to learn mathematics by doing."

Julie cites a project by S.J. Khumalo (1990) in which pupils requested the researcher to permit
them to take home the graphic calculators so that they could explore and further experiment
with graphs. This exemplifies Julie's argument that access to graphic calculators stimulates and
gives the economically disadvantaged student the advantage to learn mathematics by doing. In
another report Julie (1993:25) contends that the availability and accessibility of graphic
calculators affords the mathematics education fraternity the opportunity to : "... start exploring

a radically different curriculum”.
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Consequently a number of research projects involving the use of the graphic calculator are

currently being undertaken by post-graduate students at the University of the Western Cape

and elsewhere.

Other research projects utilizing the graphic calculator include the Graphic Calculators in
Mathematics project based in Britain, the Calculator and Computer Precalculus (C2PC)
project based in Ohio in the United States of America as well as those taking place under the
guidance of professor Shlomo Vinner in Israel. Preliminary research reports emanating from
these research projects regard the use of and access to graphic calculators as impressive, to the

extent that Kenneth Ruthven (1989:233) declared:

The use of information technology is a - arguably the - major current area of
development in mathematics education ...the major impact on professional
thinking and practice has taken place in the last fifteen years, in the wake of
successive waves of technological innovation which have swept information
technology into the workplace and the

home, as well as the school.

However plausible these findings of researchers on the éupposed benefits of the graphic, it is
not possible to build on a proposed "result" without determining the relevance of the research
findings in one's own context and experience. It is in the light of this that the current project

has been undertaken.

2.3 Summary

The revolution in technology especially in the field of microcomputers has made its way into
the classroom. It impacts on several areas of the mathematics curriculum and influences what
we teach, how we teach and how pupils can learn. The natural inertia of educational systems is

insufficient for the impact of these technologies to be completely ignored for long.
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What needs to be recognized is that the use of currently available graphing technologies such
as the graphic calculator is naturally preceded by intensive research to establish its relevance to
mathematics education. It is also important to understand that invention and implementation of
any technology does not take place inside an epistemological void, but that it is supported and
underpinned by a particular philosophy of teaching and learning. This research project is

framed within a particular theoretical paradigm, the subject of the next chapter.
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Chapter Three:

Theoretical Framework

"Defining mathematics for students to include the mathematical reality of
students, and their ways of modifying these realities as a result of their
experiences, makes mathematics education a very exciting field and marks
it as a professional practice rather than a common sense practice.”

Leslie P. Steffe and Heid Wiegel (1992:448)

3.1  Introduction

In the preceding chapter on Technology in Mathematics Education, the graphic calculator, an
exemplar of current microcomputer technology, was discussed as a technologically innovative
tool which, if properly utilized, could assist pupils in concept formation and concomitantly,
could result in a de-emphasis of the algorithmic process of teaching certain concepts of
calculus for matriculants. This assumption about the apparent advantages of the use of the
currently available technology is supported by research findings of particularly, Doorman et al
(1994:135), Julie (1993:343), Ruthven (1990:431), Heid (1988:22), and Hembree (1986:86). 1
concluded the previous chapter by stating that the study of and research into the use of
technology in particularly mathematics education, does not take place in an epistemological
void but that such research is underpinned by a particular theory of knowledge acquisition. As
this research is informed by and conceptualized within a particular theoretical framework, it

becomes imperative that these theoretical underpinnings be clearly stated.

In chapter 2 the graphic calculator was referred to as a multi-representational tool in that it
enables the user to move through different modes of operation, that is, from a symbolic mode
of operation to a graphic mode of operation and vice versa. Confrey (1989:1) considers these
features particularly important to conceptual development in that a multi-representational tool

(such as the graphic calculator):
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o invites the exploration of mathematical ideas in forms recognizable to
students;

d allows students the freedom to act in ways they choose, and

\d assists them in making significant progress (by their own standards)

towards learning about a good idea.

From this statement one can infer that pupils have a mathematical reality of their own and
consequenly, teachers cannot be considered as being the final authority on what this reality
constitutes. Constructivism is a theory of knowledge acquisition that encompasses this unique
reality of students. It is this theory of knowledge acquisition that undergirds this research.
Consequently, this chapter examines the notion of constructivism, its implications for
mathematics teaching, and discusses how invention and implementation of current computer

technology can be informed by a constructivist theory of knowledge acquisition.

3.2  Constructivism

A fundamental premise of constructivism is that there is a real world that we experience and
that we impose meaning on the world rather than such meaning existing independently of us.
The meaning we impose upon the world is "...rooted in, and indexed by, experience". (Brown,
Collins, and Duguid, 1989:32). Implicit in this statement is a belief that individuals construct
their own reality through interpreting perceptual experiences of the external world.
Consequently, knowledge construction becomes a function of our prior experiences and

mental operations, and is framed by our beliefs and biases about the world.

According to Martin Simon and Deborah Schifter (1991:310) constructivist theory is based
early empirical and theoretical work of Jean Piaget and on the more recent work of theorists
and researchers such as Von Glasersfeld (1987:3-17); Cobb(1992:2-33); Steffe (1992:445-
465); Confrey (1992:2-49), and others. Simon and Schifter (1991:310) emphasized that a

fundamental tenet of constructivist theory is that:
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... learners actively construct their own understandings rather than passively

absorb or copy the understandings of others.

Accordingly, new knowledge is created by the cognizing subject in a process that involves the
presence of disequilibrium in his/her pre-existing cognitive structures. This disequilibrium is
caused by a situation perceived by the cognizing subject as being problematic and stimulates
him/her to act until equilibrium is restored. A modification of previously held ideas results
from the mental activity which stimulated the cognizing subject to act towards restoring the
disequilibrium caused by the initial perturbation. This modification is brought about by the
individual engaging in reflective abstraction, which, according to Grayson Wheatly,

(1992:529):

.. is central to the theory of constructivism as put forth by Von Glasersfeld.
In "coming to know", persons make major cognitive advances by taking
their actions as objects of thought. Learners move beyond being "in the

action" when they engage in reflection.

In Piagetian theory the concept of reflective abstraction is used to describe the construction of
logico - mathematical structures. As such reflective absfraction is present in the very earliest
stages in the coordination of sensory- motor structures and continues up through higher
mathematics. Ed Dubinsky (1991:99) describes reflective abstraction as a process which
involves the extraction of properties from physical or mental actions at a distinct level of
thought which necessarily implies an awareness or consciousness of actions. This could imply
an act of separating form from its content. That which is thus abstracted is-projected onto a

next level of thought where other more resilient actions and modes of thought are present.

It is at this point where a construction of new schemes by a conjunction of abstractions occur

which result in equilibruim being restored in the cognitive structures of the cognizing subject.
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Reflective abstraction therefore results in a second order construction giving the person a
greater control over his/her thinking. A consequence of reflective abstraction, that is, the
ability to decontexualize ideas from context and apply them in a new context is, according to

Von Glasersfeld, (1987:11):

... best demonstrated in situations where something new is generated,

something that was not originally available to the operator.

Such constructions are based on the person's own cognitive structures and is necessarily
framed by his /her unique apperceptions of the world. As such individuals can have no ultimate
shared reality, but rather, reality is the outcome of individual constructions. Confrey

(1990b:108) elaborates:

... constructivism can be described essentially as a theory about the limits of
human knowledge, a belief that all knowledge is necessarily a product of our
cognitive acts. We can have no direct or unmediated knowledge of any
external or objective reality. We construct our understandings through our
experiences, and the character of our experiences is influenced profoundly

by our cognitive lenses.

It becomes clear that a constructivist perspective such as that espoused by Confrey, Simon and
Von Glasersfeld, makes a complete break with an objectivist view of knowledge construction.
Whereas in objectivism the emphasis is firmly on the object of our knowing, in constructivism

the emphasis is on how we construct knowledge. -

According to constructivism, we come to know through constructing mental models based on
prior experiences. We constantly modify our mental models through reflective abstraction as a

result of inconsistencies in our current cognitive structures.
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Our constructions are profoundly influenced by previous experience, something that
objectivism denies, and consequently, reality as we experience it, is necessarily subjective. Von
Glasersfeld (1987:5) sums up this perspective very aptly when he postulates that the world as
we see it is necessarily the world as we construct it. 'Facts' are made by us and not conveyed
to us by a pre-existing independent world. We cannot however construct the 'facts’ in a fashion
that suits us. To be viable, the facts we create must not clash with experience. Their tenure is

ensured as long as they continue to do what we expect them to do.

What needs to be emphasized at this point is that learning, from a constructivist perspective, is
characterized as being an active process in which individuals are continuously engaged in
making constructions about their own unique experiences. Confrey (1993a:3) contends that
constructivism as such, is undergirded by four basic "planks' . The first of these is that
knowledge can only be understood in terms of its genesis. The potential of knowledge to assist
human beings in making sense of their experiences and solving problems requires that
knowledge be assessed in terms of its viability, viability being the second of the basic 'planks'.
Knowledge constructed through a formation of schemes which allow predictability in one's
actions, forms the third of Confrey's 'planks'. Confrey (1993a:3) describes schemes as
interlinked patterns of problematic, actions and reflections. The last plank on which
constructivism is based concerns communication and interaction with others through
collaborative participation in activities and the negotiation of meaning similar to one's self.

Constructivism based on these four 'planks' covers a panoply of theoretical positions within the
constructivist school of thought that necessarily qualifies its adherents as being either naive
(trivial) constructivists or radical constructivists. A third but different form of constructivism
in that it is based primarily on Vygotskian theory and not on Piagetian theory, is what Paul

Ernest (1992:42) calls social constructivism. The different forms are discussed below.
3.2.1 Naive constructivism
Proponents of constructivism adhere to the first of two principles of constructivism which are

attributed to Von Glasersfeld (1987:23) namely that:
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Knowledge is not passively received either through the senses or by the way

of communication. Knowledge is actively built up by the cognizing subject.

Central to constructivism based solely on this principle is the notion of an individual as being
"active" and not just someone responding to external stimuli, as espoused in behaviourist
rubrick. The individual is seen to be constantly engaged in the active building of constructions,
reflecting on his/her actions, and modifying current cognitive structures. Even in learning
situations that appear to be relatively straightforward, constructive processes operate. Mental
structures are formed, elaborated, tested and modified until a temporary satisfactory structure
emerges. Ernest (1993:168), who refers to naive constructivism as "information processing
constructivism", argues that constructivism based on Von Glasersfeld's first principle, spawns

the metaphor of the mind as being a computer in that it:

.. actively processes information and data, calling up various routines and

procedures, organizing the memorization and retrieval of data.

The essence of a metaphoric understanding of the mind as being a computer is not at variance

with what Confrey and others have said about learning being an active process.

3.2.2 Radical constructivism
Radical constructivism is based on an acceptance of both principles of constructivism as
espoused by Von Glasersfeld (1987a:22) namely that:
1) Knowledge is not passively received either through the sehses or by
way of communication. Knowledge is actively built up by the
cognizing subject.
2a) The function of cognition is adaptive, in the biological sense of the

term, tending towards fit or viability;
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b) Cognition serves the subject's organization of the experiencial world,

not the discovery of an objective ontological reality.

Constructivism founded on the acceptance of both these priciples, conceives of reality as being
subjective as it is constructed by the cognizing subject based upon his/her subjective mental
activity. While not precluding the existence of an external reality, radical constructivism
espouses the view that there can be no single objective reality of any objective entity that can
be described in any objective way; rather the real world is a product of the mind that
constructs the world. Constructivism thus conceived is steeped in a radical epistemology that
rejects any claims of ontological certainty. The traditional conception of knowledge as a
construct that mirrors (matches) objective reality of the real world is considered as misguided
and is consequently rejected. Reality therefore, cannot be represented in any iconic,

incorrigible form.

A rejection of knowledge that reflects an objective ontological reality leads radical
constructivism to ground its epistemology on four basic 'planks', which - according to Confrey
(1992:12-17)- are essential to an understanding of radical constructivism. The first of these
'planks' namely that "... Knowledge can only be understood in terms of its genesis" is rooted in
Piaget's genetic epistemology which postulates that a parallelism exists between progress made
and the corresponding formative psychological processes. Because the construction of
knowledge is bound inextricably to time, its construction has to be studied ontogenetically
(that is, in relation to the origin and development of the human being through time) and
phylogenetically (that is, in relation to the origin and development of language of humans

through time).
The second of these 'planks' namely that knowledge can only be assessed in terms of its

viability represents in essence a relinguishing, according to Confrey (1993a:3) once and for all,

of "meta-physical" realism. An inevitable consequence of this relinguishing of meta-physical
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realism is that we can no longer accept that a natural progression towards a mirror image of

the real world is conceivable. Confrey (1990:108) puts this more aptly:

We can have no direct or unmediated knowledge of any external or objective
reality. We construct our understanding through our experiences, and the
character of our experiences is influenced profoundly by our cognitive

lenses.

The construction of knowledge then, is evolutionary in that it only becomes internalized if it is
viable. It is viable only if it possesses goodness of fit or experiential adequacy. It obtains
reliability, predictability and certainty if it guides one to succeed in goal-directed behaviour.

Such knowledge, according to Von Glasersfeld (1987b:5):

... does not represent a picture of the "real" world but provides structure
and organization to experience. As such it has an all-important function: It

enables us to solve experiential problems.

The third 'plank’ of constructivism, namely that "... knowledge if formed through the formation
of schemes" is based, according to Confrey (1992:14) on Piaget's schema theory, in which a
scheme is conceived as "... whatever is repeated or generalizable in an action".(Confrey,

1992:15)

Schemes allow one predictability in one's experiences in that they allow operationalized
patterns of problematic